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A new mixed clustered element-bv-element (CEBE)/cluster companion (ClCl) prccondit ioning
method for f lni te element computations is introduced. ln the CEBE precondit ioning, the elements :rrc
merged rnto clusters of elements, and the prccondit ioners are defined as series products of cluster levcl
matrices. The CC precondit ioning method, which is also introduced in this paper, shares a cornmon
philosophy with the mult i-grid methods. The CC precondit ioners are based on companion meshes
associated with dif ferent levels of clu-stering. For each lcvcl o1 clustcring, we construct a CEBE
prccondit ioner and an associated CC precondit ioncr. Becausc thcsc two precondit ioners ln a sense
complement each other, when they are used in a mixcd way, they can be expectecl to give better
performance. In fact. our numerical tests, for two- and three-dimensional pnrblems governed by the
Poisson equation. demonstrate that the mixed CEBE/CC prccondit ioning results in convergence rates
which are, in most cases, signif icantly better than thc convergence rates obtained with thc best of the
CEBE and CC precondit ioning methods.

l. Introduction

The element-by-element (EBE) preconditioners, which are constructed as series products
of element level matr ices, have been successful ly appl ied to several  c lasses of problems [1-41.
Thev can be used effectively with the conjugate-gradient and GMRES [5] methods. and are
highly vector izable and paral lel izable (see [3.6,7]) .  They can also be used together with the
implicit-explicit and adaptive implicit-explicit time integration schemes 14,7-91.

In the clustered element-by-element (CEBE) precondit ioning [10, l l ] ,  the elements are
merged into clusters of elements, and the preconditioners are constructed as series products of
cluster level matr ices. In [10],  the CEBE precondit ioning, together rvi th the conjugate-
gradient method, was used for solving problems with symmetr ic spat ial  opcrators (e.g..  for
problems governed by the Poisson equat ion).  In U1l,  the CEBE precondit ioning was
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employed, in conjunct ion with the GMRES method, to solvc comprcssible and incompressible
flow problems. Applications to the spacc-timc finite element formulation of incornpressible
flows were also included in [11]. To facilitate vectorization and parallcl processing, as is done
in the grouped elemcnt-by-clcmcnt (GEBE) method [6],  the clusters can be groupcd in such a
way that no two clusters in any group are connected. Furthermore, depending on the number
of elements in the cluster.  within each cluster,  elements can again be grouped in the same
way. Each cluster matrix is formed by assembling togcthcr the clement level matrices
associated with the elements in that c luster.  The number of elements in each cluster can be
viewed as an optimization parameter that can be varied to n-rir-rimizc the computational cost. In
fact, in [2], some of the unsteady incomprcssiblc flow computations wcrc pcrformed by using
a space-time finite element formulation with a nearly optirnal clustcr sizc which was
determincd by numerical  experimentat ion.

In this paper, we introduce the cluster companion (CC) preconditioning, which shares a
common basis with the multi-grid methods. In the construction process of the CC pre-
conditioners, we first start with a 'primary' mesh with different levels of clustering. For each
level of clustering in this primary mesh, we define a 'companion' mesh, such that each cluster
of the primary mesh forrns an element of the companion mesh. We then define a CCI
preconditioner based on each companion mesh, such that there is a CC preconditioner
associated with each CEBE preconditioner based on a certain level of clustering. This way, for
each level of clustering, we obtain a CC preconditioner which we expect to havc more
inter-cluster coupling information than the associated CEBE preconditioncr has. Conversely,
the CEBE preconditioner can be expected to have more intra-cluster coupling information
than the associated CC preconditioner has.

The mixed CEBE/CC preconditioning we propose in this paper is based on the belief that
the CEBE and CC preconditioners complement each other, and therefore when they are
mixed together they will result in better convergence rates. The mixed preconditioning can be
implemented by using these two preconditioners alternately at each iteration of the conjugate
gradient method or at each outer iteration of the GMRES method. Recently Saad [13] has
formulated a new version of the GMRES algorithm which allows changing the preconditioner
at every inner iteration. In fact, a GMRES subroutine, based on this new formulation and
made available to us by Saad, is what we use to implement our mixed preconditioning.

The CEBE, CC and the mixed CEBE/CC preconditioning techniques are described in
detail in Sections 2,3 and 4. The numerical test results for problems governed by the Poisson
equation are reported in Section 5.

2. Clustered element-try-element (CEBE) preconditioning

Cons ider  a  l inear  equat ion  svs tem

A x :  b  ( 1 )

encountered in finite element computation of a problem. Based on the finite element
discretization of the problem domain O, the matrices A and D are formed by adding together
their  element level const i tuents; i .e. ,
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/ r e l

A : 2  A "  .

l l  
e l

o : 2  t "  '
e : l

wherc ru", is the number of elements.

REMARK 1. The domain A can also be a space-t ime domain, in
space-time elements.

i :  W ' ' t x  .

The scaling matrix W is defined as

W: diagA .

REMARK 3. This definition for the scaling matrix W is
positive-definite. However, when A is not positive-definite,
[2] can be used:

29

(2 )

( 3 )

REMARK 2. The element level matrices A'' and b'' have the same dimensions as the global
matr ices A and D, respect ively;  i .e. ,  r : , ,ex r?..q and n"u X l .  where n"u is the number of
equations. However, the only non-zero entries for these element level matrices are those
corresponding to the nodes of elcmcnt e, and this fact is taken into account in the
implementat ion.

which casc the clcments are

would l ike
procedure.

(s)

(6)

(7 )

(8 )

a good one when the matrix A is
the following alternative definition

We assume that direct solution of (1) is not computationally feasible and that we
to design a good preconditioner to maximize the efficiency of the iterative solution
To achieve this, first we rewrite (1) in a scaled form

i t : r .
where

w - t / 2 A w - t / 2

w ' ' 'b  ,

( 4 )

A :

b :

W : l u m p M ,  ( 9 )

where lumpM is the lumped version of the mass matrixM.It is perhaps reasonable to look
into defining a scaling matrix based on a combination of (8) and (9).

REMARK 4. In scaling a matrix, no matter what the level of that matrix is, the global scaling
matrix IV is the same. For example, the element level matrices A. and b" are scaled as
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i ' '  : w  1 ' : . 4 e 1 r y  t ' 2

6 , '  : W  1 , ) 6 t

The matrix A can be expressed as
. , r  l

A : W  +  >  ( A "  * W ' ) .

In the scalcd form this expression becomes

wherc
B . : A " - W " .  e : 1 , 2 , ,  f l . |

A , :  )  A "
e e F . l

The matr ix A can then be expressed, simi lar to (12),  as

A : W + ) t a , - w , ) .
l = l

In the scaled form this expression becomes

N . ,

A : I + 2 6 , ,
J : 1

/ l e l

A :  I  +  Z  B '
e : 1

tr7)

(  1 ( ) )

( i l )

(  l 3 )

(  l -r)

The element-by-element (EBE) precondit ioning is bascd on the approximation of (13) b-_v a
sequent ial  product of element level matr ices. Earl ier implementat ions can be seen in [1,2]
Various vectorized versions and applications to three-dimensional problems can be found in

[3].  Paral lel  implementat ion of the method is achieved in [7]  based on the grouped element-
by-element (GEBE) approach [6],  in which elements are ordered in groups with no inter-
element coupl ing within each group. The number of groups is minimized to minimize the
overhead associated with synchronization in parallel computations. Applications in conjunc-
tion with the implicit-explicit and adaptive implicit-explicit element grouping can be seen in

14,7-91. Depending on the form of matr ix A, the EBE type precondit ioners can be used with
the conjugate gradient,  GMRES [5],  or some other sophist icated search algori thm.

In the clustered element-by-element (CEBE) method, the set of  elements e is part i t ioned
into clusters of elements e., ,  / :1,2,.  .  .  ,N., .  For example, Fig. I  shows four di f ferent levels
of c luster ing for a uniform 16 x 16 mesh. The cluster boundaries are marked with thick l ines.
In the first frame each cluster consists of one element. and therefore this would lead to an
EBE method. In the last frame the cluster size is 8 x B; the next level of clustering after that
( i .e. ,  level 5) would lead to a direct solut ion method. The global matr ix A, associated with
cluster "I is defined as

( 1-s)

(  l 6 )

(17 )
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Level I l,evel 2

Fig. i .  Four di l ferent levels of clustering for a uniform 16 x 16 mesh; in each frame the thick l ines depict the
ciuster boundaries and the associated comoanion mesh.

3 l

(  18 )

The CEBE precondit ioning is based on the approximation of (17) by a sequential product
of cluster level matrices" Here we give two examples (see [10. 11]): 2-Pass CEBE pre-
conditioner and Crout CEBE preconditioner. The 2-Pass CEBE preconditioner is defined as

Nct I

F , : f l ( r +  j 6 , )  f l  g + ! 6 , 1  ,
. t  : 1  /  N . r

;1nil tl lr, i l i:out CEBE preconditioner is defined as

(  1e)

Ncl N,,t I

F . : f l L , f l b ,  i l  f i , .  ( 2 0 )
t : t  

^  

l : l  J = N . r

where tr,,, D, and U, are the matrices resulting from the following Crout factorization:

{.

-1"- -1-'

I

I

1- -t-



32 T.E. T'ezduyar et al., A nev, mixed preconditioning method

I  +  f r t :  L , b , u ,  ,  J :  r . 2 , .  . .  , N . ,  . ( 2 1 )

In [1U],  these types of precondit ioning were used, in conjunct ion with the conjugate gradient
method, for problems governed by the Poisson equat ion. In [11].  they were used, together
with the GMRES method, for compressible and incompressible flow problems. Of course the
convergence rates depend on the cluster sizes. In [12], for the space-time finite element
formulation of an incompressible flow problem, an optimal clustcr size was determined by
numerical experimentation and was used in thc computations.

3. Cluster companion (CC) preconditioning

Let us consider a mesh with different levels of clustering. For each level of clustering in this
'primary' mesh, we define a 'companion' mesh. such that each cluster of the primary mesh
forms an element of the companion mesh. For example, Fig" I can now also be seen as
showing the companion meshes associated with four different levels of clustering in a 16 x 16
primary mesh. In each frame of Fig. 1, the thick lines not only mark the cluster boundaries for
a certain level of clustering, but also depict the companion mesh associated with that level of
clustering. In the first frame the companion mesh is the same as the primary mesh. In the last
frame the companion mesh is a 2 x 2 mesh. In our notation, the level of clustering and the
associated companion mesh wi l l  be ident i f ied by the same integer number; i .e. .  companion
mesh / will be associated with clustering level /.

Because the companion mesh 1is the same as the pr imary mesh, ( l ) -(3) can also be
written as

(a) ' ( r ) '  :  (D) '  ,

( r . r  )  ,

(A)'  :  ),  {A") '  ,

1 r " 1 ) r

( b ) ' :  )  ( b " ) "

where the superscr ipt  "1" denotes the companion mesh number.
Let (rz)r be the approximation of a displacement-like scalar field u over

mesh 1, such that

(22)

(23)

(24)

the companion

( r , , p ) ,

( u ) t :  >
B : I

where (n.n) '  is the number of nodal points in
associated with node B, and (u)|, is the value
written to approximate u over the companion

(2s)

companion mesh 1, (N); is the shape function
of (u)' at node B. A similar expression can be
mesh 2:
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( n u n  ) ,

(u) ' :  ) ,  (n) i(r) ;  ( :26)

L c t  ( u ) r  :  { ( r ) i ,  B : 1 . 2 . .  . .  ,  ( n " n ) ' }  a n d  ( u ) t :  { ( u ) t n ,  B : 1 , 2 .  , 1 r , n ) ' } .  G i v e n  ( a ) 2 ,
we would l ike to obtain an expression that approximates (z) ' .  Based on least-squares
minimization of the difference (r)t - (u)t, we obtain

M"(u) t  - -  Mt t (u ) t  ,  (27)
where

( M " ) ^ o :  
J , ,  

( N ) l ( N ) ;  d o  .  A ,  B :  r . 2 , .  .  . ,  ( n n o ) '  ,  ( 2 8 )

( M " )  o o :  [ ,  t l u r l ( N ) ;  d o  A :  r , 2 ,  .  . .  ,  ( r . n ) ' ,  B  : 7 , 2 ,  .  .  . ,  ( n . o ) '  .  ( 2 9 )

From (27), we can write

( u ) t  - -  E " ( u ) ' ,  ( 3 0 )

with the ' interpolat ion'  matr ix Err def ined as

E t t : l M t ' l  t M 1 2  ( 3 1 )
or

E " : [ l u m p , l z " ]  | M 1 2  
e Z )

An expression simi lar to (30) can be wri t ten to obtain (a)r f rom 1z;t :

( . r ) '=  E t t ( .u ) '  ,  (33)
with

Et t  :  IMt t f - tMt '  (34)
or

E 2 t :  [ l u m p M 2 2 ]  
' M t t  

,  ( 3 5 )
where  

r
( M " ) ^ u :  j "  , t , ; ( N ) ;  d r 2  ,  A ,  B :  t , 2 ,  .  .  . , ( n " o ) '  ,  ( 3 6 )

( M " ) o o :  [ ,  t l r t i t N l i  o o  A : t , 2 . .  . .  ,  ( n n o ) t ,  B : 1 . 2 . .  .  . ,  ( r n o ) '  .  ( 3 7 )

More on the A.riuu,ion, related to Et2 and E2tcan be found in Appendix A. Assuming that
the Dirichlet type boundary conditions are somehow taken care of in the implementation, we
can also use (30) and (33) to obtain (x)r and (x)r from each other. That is,

( r ) ' =  8 " ( * ) t ,  ( 3 8 )

( r ) '=  E"( t ) '  (39)
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Fur thermorc .  b1 ,  assumrng tha t  (D) tand (b ) r  a re  fo rce- l i ke  quant i t ies  and tha t  the  encrgv  l i kc
quant i t les  e rxpressed ovcr  the  two compan ion  mcshcs ,  i .e . ,  (a ) ' (x ) '  and  (D) r ( r ) ' ,  a re  equ iva-
lertt. iryt- can write

rvhc re

( h t ' - -  F t ' ( l r ) '  ,

( 6 ) '  =  F ' t ( r ) t  .

F . i  :  ( 8 , , ) '  .

F t 2 :  ( E t ' ) ' .

(40)

( 4 1 )

(42)

(43)

From (22),  (38) and (40) we can wri te an approximatc cxpression for [ (A)r]  
' :

[ ( A ) ' ] - ' - -  E ' ' [ ( A ) t ]  
' F t '  

. (44  )

Ihis expression is the start inq point for us to construct a companion prccondit ioner bascd on
the r--ompanir.rn mesh 2. The matr ix (A)r can hc computcd ci thcr bir  using the del ini t ion of A
ovcr the companion mesh 2. or hy using the fol lowing exprcssion:

(4-s)

We note, for implementat ional purposes, that (45) is equivalent to

t r r - , r '

( A ) t  =  ) ,  F t ' { A " 1 ' E ' t  .  ( 4 6 )

We also note that.  i f  (A)r is symmetr ic and posit ive-de{ini te.  so is (A)r given by the expression
(45) .  Howcver ,  we cannot  say  thc  samc th ing  fo r  [ (A) ' ]  

rg iven  by  the  express ion  (44) .
Therefore, to def ine our companion precondit ioner.  we use a regular izat ion simi lar to the one
used in (12).  The cluster companion prccondit ioner bascd on companion mesh 2 is then
defined as

[ ( P , , . ) ' t ' ]  
' :  w  ' + r " 1 1 1 a ; t 1  t  -  E t ' w  ' F ' ' ) F t '  .  ( 4 7 )

In scaled form. (47) can be rewri t ten as fol lows:

[ ( 4 . ) ' t ' l  
' : r + w t ' E " ( [ ( a ) t l  t - - E t ' w ' F ' t ) F ) t w l  2 .  ( 4 8 )

We also experimented with the following modified version of (47):

[ ( p . . ) ' t ' ] - ' : I v - l  + E ' t [ ( a ) ' ] - r F 2 r ,  ( 4 9 )

which can be written in scaled form as
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[ ( 4 . ) ' t ' ]  
' : l  + w t  2 p ) ' t [ ( a ) t ]  t F 2 t w t  2

We can repeat the cxprcssions given hy (a8) and (50) for t l - re cluster companion
conditioner based on the companion nresh 3:

[ ( F . . ) ' t ' ]  
'  :  i - r  w ' " t 4 ' t ( [ ( a ) t l  I  -  E ' r r w ' t F  ' t ) F t ' w t ' t  ( 5 1 )

[ ( F . . ) " ' ]  
' : I + w ' ' t q ' t [ ( a ) ' ' ]  t F 3 t w i ' 2  , 5 2 )

Flerc E' t  anci  Et '  can be computed ei ther by using <ief ini t ions simi lar to those given by (31),

(32),  (31) and (35),  or by using the fol lowing relat ions:

35

(-50)

pre-

. E ' t :  E t t E t t  .

- E t '  :  E t t E t '

In any case. the inatr ices FI ancl  F' ' t  are def ined as

F , ,  :  ( 9 , , ) ,  .

F ' ,  :  ( 8 . , ) '  .

REM,4RK ,5. I t  is qui te clear that the phi losophy behind
to the phi losophy behind mult igr id i terat ion methods.

(55  )

(s6)

th is type of precondit ioning is simi lar

(s3)

( ,54)

REA{ARK 6. One couid also incorporate the ide a of 'companion'  meshes in conjr :nct ion with
formulat ions employing higher-order elements. For example" for a mesh using biquadrat ic
elements. only the nodes at the corners of the higher-order elements wi l l  form thc companion
mesh at level 2.  To so to level 3 one could cluster elements in the mesh at level 2 and so on.

4. Mixed CEBE/CC preconditioning

It  is reasonable to expect that t t re CEBE precondit ioner has more intra-cluster coupl ing
information that the CC preconditioner. It is also reasonable to expect that the CC
precondit ioner has more inter-cluster coupl ing information that the CEBE precondit ioner.
Therefore. because thes;e iw,o precondit ioners in a sense contplement each other,  i t  is
reasonable to hope that when ihev are mi-red together they lead to better convergence rates.

Initially our plan was to use these two preconditioners irlternately at each iteration of the
conjugate gradient method or at ei lch outer i terat ion of the GMF{ES rnethod. However,  i t  was
recent lv brought to our attent ion that Saad [13] has formulated a new version of the GMIiES
algori thm which al iows one to changc the precondit ioner at cvcrv inner i terat ion. A GMI{ES
subroutinc based on this neur fornrulation r.vas made ;rvaiiable to us hy Saad, and we simpl)'
use this subrout inc to impiement our mixed precondit ioning.
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In our notat ion, CEBE-/ wi l l  represent the CEBE precondit ioning based on cluster ing level
/ ,  CC-/ wi l l  represent the CC precondit ioning based on companion mcsh /  associated with
cluster ing level / ,  and CEBEICC-lwi l l  represent the mixing of the two. For example, CC-l
would lead to a direct solution method. and thereforc we will normallv start our test
computat ions with I  :2 or higher.

REMARK 7. We note that as / increases. the cost associated with CEBE,-/ increases and the
cost associated with CC-/ decreases.

5. Numerical tests

We tested the preconditioners defined in Sections 2, 3 and 4 on several test problems
governed by  the  Po isson equat ion :

v t 6 :  f (s7)

Some of these problems are simi lar to the ones solved in [10] using thc CEBE precondit ion-
ers. For all the results reported here, a Krylov space of dimension 20 was used and the initial
guess for the solution vector was set to zero. The matrices (A;1for all the cases were cornputed
direct ly over the corresponding companion meshes, and the companion precondit ioners were
based on (50). To compare the performance of the preconditioners used, we monitored the
scaled residual (normalized by the initial residual) during the inner iteration loop (number of
inner i terat ions is the same as the size of Krylov space) for one outer i terat ion.

5.1. Tests with two-dimensional uniform square meshes

We solved (57) over a unit square computational domain for two different test cases.

CASE 1. For this case f  :0,  and homogeneous Dir ichlet type boundary condit ions are
imposed at three sidcs of the square domain. A parabolic boundary condition with a maximum
value of 6:  I  at  the center is imposed at the fourth side of the domain. Figure 2 shows, for a
pr imary mesh with 64 x 64 elements. the convergence behavior of the diagonal.  CEBE-/.  CC-/
and CEBE ICC-l  precondit ioners for l :3.  4 and 5. We expect the performance of the CEBE
method to improve for higher levels of clustering and this is clearly seen in Fig.2. Also visible
is the faster convergence of the CC method for lower levels of companion grids. At levels 3
and 4, the performance of CEBE and CC preconditioners is closely matched, and a relatively
high rate of convergence of the mixed CEBE/CC scheme is easi ly observed.

Results obtained for primary mesh with 128 x 12fl elements for /: 4, 5 and 6 are shown in
Fig. 3.  I t  is interest ing to note that the absolute rate of convergence of CEBE/CC-4 and
CEBEiCC-5 precondit ioners on the 64x64 mesh is very simi lar to the rate for the same
precondit ioner on the 128 x tr28 mesh. However,  the performance of the CEBE/CC pre-
conditioners relative to their stand-alone CEBE and CC counterparts is similar between a
given companion mesh level on the 64 x 64 grid and the next (higher) companion mesh level
on the 128 x 128 gr id.
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Fig.  -5.  Problem conf igurat ion ior  the test  cases wi th non-uni form meshes

64. In the governing equat ion given bv (57) we set / :0 and the fol lowing set of
symmetric boundary conditions are used:

0 : r

Q : 0 . 2 5 ( x - x . ) l ( x u - x ^ )

6 : 0 . 2 5 ( y  y o ) l ( y ,  y B )  I  0 . 2 5  o n  1 - ,  .

39

on

on

r t ,

I " ,

non-

(se)

(60)

( 6 1 )

(62)

(63 )

@ : 0 . 5 0 ( r  -  x ) l ( x ,  -  x u )

6 : 0

o n 4

o n 4

Figure 6 shows the convergence histories for the various (l :2. 3 and 4) preconditioners
used on a 128 x 32 primary mesh. Again, the CEBEi CC preconditioners outperform the
others. Results obtained for a 256 x 64 pr imary mesh for / :3,  4 and 5 are shown in Fig. 7.

5.3. Tests with three-dimensional uniform meshes

This case is a three-dimensional extension of the first test with uniform square mesh. The
domain is a rectangular parallelepiped, discretized by tril inear brick elements. For this case

f :0, and homogeneous Dirichlet type boundary conditions are imposed on five faces of the
domain. A boundary condition of biquadratic form, with a maximum value of @: 1 at the
center and @ : 0 at the edges is imposed on the sixth face. In Fig. 8 we show, for a primary
mesh with l28x 128 x 64 elements, the convergence behavior of the diagonal, CEBE-/, CC-/
and CEBEICC-l  precondit ioners for l :4.  At this level the performances of the CEBE and
CC preconditioners are comparable, and the CEBE/CC scheme achieves a much higher rate
of convergence than either of its two components.

REMARK 8. In all two-dimensional ,"r, .ur", we observe that the mixed CEBE/C'C
precclnditioning scheme performs well for all levels of companion meshes down to, and
including, a companion mesh consisting of 8 x 8 elements for uniform meshes, and 32 x 8
elements for non-uniform meshes.
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Appendix A. Derivations related to Etz and .E''

L e t  ( N ) r : { ( N ) ; ,  B : 1 , 2 ,  . . , ( n n o ) ' }  a n d  ( N ) ' � :  { ( N ) ; ,  B : r , 2 , . . . , ( n , , 0 ) ' } .  F u r r h e r -
m o r e ,  l e t  ( V ) ' � '  : l ( . V "  ) o o .  A  :  l .  2 , .  .  . ,  ( n " o ) t ,  B  :  l ,  2 , .  .  . ,  ( n " n ) t ] ,  w h e r e

( v " ) o " : ( N ) 1 ( ( y ) ; ) ,  A : t , 2 , . . . , ( n , , n ) ' ,  B : 7 , 2 , . . . , ( n " n ) '  .  ( A . 1 )

Here (y)i is the coordinate of the node associated with shape function (l/); If we assume
that the value of (N)'�" at (y)i ir defined and that the components of (N)2 can be represented
by linear combinations of the components of (N)', we can write

( N ) ' :  y ' ' ( N ) '  .  ( A . 2 )

Equat ion (A.2) can also be wri t ten as

(N) '  :  (N) 'y  ' '  
,  (A .3)

where
V t t :  ( y ' ' ) ' .  ( A . 4 )

From (29),  (36),  (37),  (A.2) and (A.3) we obtain

M " : M t t v " ,  ( A . 5 )

M t t  : v t t M t '  ,  ( 4 . 6 )
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M t t : v t t M t t v t z  ( A . 7 )

Then.  f rom (31) .  (34) .  (A .5) ,  ( .4 .6 )  and (A  7)  we can wr i te

E t t : v "  ,  ( A . 8 )

E t '  : 1 v t ' M t t v ' . 1  t v ) t M l t  ( A . 9 )

From (A.8) and (A.9) we can show that

E 2 t E t )  : l v t t M t ' v t t l  ' l v t ' M '  ' y ' t l  : I t t  ,  ( A . 1 0 )

where l t t  is an ident i ty matr ix with dimensions (n", .) t  *  (r , ,n)t .
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