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Abstract

We present the Enhanced-Discretization Interface-Capturing Technique (EDICT) for computation of unsteady flow problems with
interfaces, such as two-fluid and free-surface flows. In EDICT, we solve, over a non-moving mesh, the Navier—Stokes equations together
with an advection equation governing the evolution of an interface function with two distinct values identifying the two fluids. The starting
point for the spatial discretization of these equations are the stabilized finite element formulations which possess good stability and accuracy
properties,

To increase the accuracy in modeling the interfaces, we use finite element functions corresponding to enhanced discretization at and near
the interface. These functions are designed to have multiple components, with each component coming from a different level of mesh
refinement over the same computational domain. The primary component of the functions for velocity and pressure comes from the base
mesh called Mesh-1. A subset of the elements in Mesh-1 are identified to be at or near the interface, and depending on where the interface
is, this subset could change from one time level to another. A Mesh-2 is constructed by patching together the second-level meshes generated
over this subset of elements, and the second component of the functions for velocity and pressure comes from Mesh-2. For the interface
function, we have a third component coming from a Mesh-3 which is constructed by patching together the third-level meshes generated over
a subset of elements in Mesh-2.

With parallel computation of the test problems presented here, we demonstrate that the EDICT can be used very effectively to increase the
accuracy of the base finite element formulations. © 1998 Elsevier Science S.A.

1. Introduction

When we need to solve an unsteady flow problem with interfaces, such as fluid—fluid interfaces or
free-surface flows, the location of the interface is also an unknown function of time and needs to be determined
as part of the overall solution. Depending on the circumstances and the wave lengths at the interface, one can
use a fixed mesh or moving mesh method. An interface-tracking method typically requires a moving mesh
method, whereas an interface-capturing method can very efficiently be implemented with a fixed mesh approach.

In the category of moving mesh methods, we can mention moving finite element, arbitrary Lagrangian—
Eulerian, and the space—time formulations. The stabilized space—time finite element formulation for flows with
moving boundaries and interfaces was first introduced, in the context of incompressible flows, in [1,2]. The
examples in [2] included 2D simulation of a free-surface flow problem with long-duration time-integration of
the free surface.

In the stabilized space—time formulation, the finite element formulation of the problem is written over its
space—time domain, and therefore motion of the boundaries and interfaces are taken into account automatically.
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The finite element functions are linear both in space and time, continuous in space, but discontinuous in time.
The computations are carried out one space—time ‘slab’ at a time, where the ‘slab’ is a slice of the space—time
domain between two consecutive time levels. The changes in the shape of the spatial domain is managed by
updating the mesh with the combined approaches of moving the mesh (without changing the element
connectivities), and remeshing it (i.e. generating a new set of nodes and element) as needed when the mesh
distortion becomes too high. Moving the mesh is accomplished by special methods for specific problems and by
automatic methods for more general cases. In 3D simulations, especially those based on paraltel computing,
reducing the frequency of automatic remeshing becomes essential, because the cost of frequent 3D automatic
mesh generation could become prohibitive. Therefore, in designing our mesh update methods, we have always
taken reducing the frequency of remeshing as a high priority issue. With parallel implementation of the
stabilized space—time formulation, we carried out simulations for a number of 3D problems, such as sloshing in
a vertically vibrating container [3], a gas stream impinging on a liquid [4] and flow past hydraulic structures [5].

When the interface is complex and very unsteady, especially in 3D simulations, reducing the frequency of
remeshing becomes a difficult task, and sometimes not possible. In such cases, interface-capturing methods with
fixed meshes remain as practical alternatives. Typically, these interface-capturing methods are more flexible but
yield less accurate representation of the interface compared to the interface-tracking methods.

In this paper we present an interface-capturing method with enhanced discretization. We call this the
Enhanced-Discretization Interface-Capturing Technique (EDICT). The EDICT was first introduced in [6] and
described in more detail in [7]. In EDICT, we start with the basic approach of a volume of fluid (VOF) method
[8—10]. The Navier—Stokes equations are solved over a non-moving mesh. An interface function with two
distinct values serves as a marker identifying the two fluids. The evolution of the interface function is governed
by a time-dependent advection equation. Our objective is to accurately represent and advect the front between
the two distinct values of the interface function and to accurately model the interface between the two fluids. We
also incorporated into the method a front-sharpening algorithm [11].

Our spatial discretizations are based on the stabilized finite element formulations with the streamline-upwind /
Petrov—Galerkin (SUPG) [12], pressure-stabilizing /Petrov—Galerkin (PSPG) [13], and least-squares terms.
These terms are added to the standard Galerkin formulation of the momentum equation, incompressibility
constraint and the advection equation governing the interface function. They provide stability and accuracy in
computation of advection-dominated flows and permit usage of equal-order interpolation functions for velocity
and pressure.

To increase the accuracy in representing the interface, we use function spaces corresponding to enhanced
discretization at and near the interface. To achieve this, we start with a base mesh that we call Mesh-1. A subset
of these elements are identified as those at or near the interface. A more refined Mesh-2 is constructed by
patching together second-level meshes generated over each element in this subset. Which elements will be in this
subset will change from one time level to another, depending on which elements the interface is passing
through. An element which is in this subset now, may be out of it some time later, and come back in again some
time after that. For each element in this subset there will be a unique second-level mesh. If an automatic mesh
generator is used to generate that, the mesh will be generated only once and stored, to be used later if that
element needs a second-level mesh again. The trial and weighting functions for velocity and pressure will all
have two components each: one coming from Mesh-1 and the second one coming from Mesh-2.

To further increase the accuracy in representing the interface, we construct a third-level Mesh-3 for the
interface function. This is done by identifying a subset of the elements in Mesh-2 as those at or very near the
interface. Mesh-3 is constructed by patching together third-level meshes generated over each element in this
subset. Which elements in Mesh-2 will be in this subset will change from one time level to other, depending on
where the interface is. The construction of Mesh-3 from Mesh-2 will be very similar to the construction of
Mesh-2 from Mesh-1. The trial and weighting functions for the interface function will have three components,
each coming from one of these three meshes.

Mesh-2 and Mesh-3 will not be re-defined every time step but frequently enough to keep the interface in
zones covered with these higher level meshes. In parallel implementation, re-defining these meshes will involve
some load balancing cost, but we do not expect this to be a major cost. We will of course have the option of not
having a third-level mesh for the interface function. We also have the option of having zones covered by Mesh-2
and Mesh-3 to match. An advantage in keeping them non-matching, however, is that we can keep Mesh-2 wider
than Mesh-3, target keeping the interface within Mesh-3, and solve for the interface function only over the part
of the computational domain covered by Mesh-2.
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At every time step of a simulation, a large, coupled system of nonlinear equations is solved with the
Newton-Raphson method. At every step of the Newton—Raphson sequence, a large, coupled system of linear
equations is solved iteratively, using diagonal preconditioners with the GMRES [14] update technique. At each
of these iterations, the residual of the linear equation system needs to be computed. In performing these residual
computations, a vector-based technique is employed to reduce the memory requirements associated with
large-scale computations. This matrix-free technique [15,16] totally eliminates the need to compute or store any
coefficient matrices, even at the element level. For more information on the iterative computation methods used
here, see [5]. The EDICT has already been implemented on the shared-memory parallel computing platform of
the SGI multi-processor systems, and this was reported in [6,7].

In Section 2 we review the governing equations. The finite element formulation for the EDICT is presented in
Section 3. We provide more details on the concept of enhanced discretization in Section 4. Numerical examples
are presented in Section 5, and we end with concluding remarks in Section 6.

2. Governing equations

The flow computations are based on the solution of time-dependent Navier—Stokes equations of incompress-
ible flows. In our notation, {2 and (0, T) will denote the space and time domains, and I” the boundary of 2. The
symbols p(x, 1), u(x, t) and p(x, t) represent the density, velocity and pressure, respectively. The external forces
(e.g. gravity) are represented by f(x,r). The momentum conservation equations and the incompressibility
constraint can be written in the following vector form:

p(i—l:+u-Vu—f>—V~tr=0 on{2 Vie(©,7T), (1)

Vou=0 on 2 Vie(,T), (2)
where

ow,p)=—pl+T, (3)

T =2ue). (4)

Here, I is the identity tensor, u is the dynamic viscosity, and &(u) is the strain rate tensor defined as
1
&) =7 (Vu + (V)") . (5)

To model fluid—fluid interfaces, we consider two immiscible fluids, A and B, with densities p, and pp and
viscosities w, and .

REMARK 1. If we want to model a liquid—gas interaction, we can let Fluid A be the liquid and Fluid B the gas.
If we want to model a free-surface problem where Fluid B is irrelevant, we can do that by assigning a
sufficiently low density to Fluid B.

An interface function ¢ serves as a marker identifying Fluid A and B with the definition ¢ = {1 for Fluid A and
0 for Fluid B}. The interface between the two fluids is approximated to be at ¢ = 0.5. In this context, p and u
are defined as

p=¢pt+(1—d)py, (6)

p=dhpy + (1 — Py . 7N
The evolution of the interface function ¢ is governed by a time-dependent advection equation:

9¢

E‘I»u-Vqﬁ:O ond2 V:ieE(T). (8)

REMARK 2. One can also see Eqgs. (6)—(8) as those representing the constitutive law of the fluid system. How
accurately this law will be modeled will depend on how accurately the front between ¢ =1 and ¢ = 0 will be
represented and advected.
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REMARK 3. We will not address here the surface tension effects at the interfaces.

The set of equations given in this section needs to be completed with an appropriate set of boundary
conditions, a divergence-free initial condition on the velocity field, and the initial profile of the interface
function.

3. Finite element formulation

In writing the stabilized finite element formulation, we first assume that we have some appropriately defined
finite-dimensional function spaces for trial and weighting functions corresponding to velocity, pressure and
interface function. The trial function spaces will be denoted by (9’}’) (9”“) and (& »)» and the weighting
function spaces by (‘V s (‘V") and (‘Vh) While the superscript & 1mp11es that these are finite-dimensional
function spaces, the subscript n implies that corresponding to different time levels we can have different spatial
discretizations. We will give a more precise definition of these function spaces later.

The stabilized formulatlons of Egs. (1) (2) and (8) can be written as follows: glven u and d) find

n+l e(yh)n+l’ pn+1 e(yh)nJrl and ¢n+l E(ycb)nw‘—l’ such that an+| e(th)nH’ an+1 E(CV )1 and
Yyl €V

n+l
ou"
fwﬁ+|-p<7+u V" —f)d.()-i—f E(wfjﬂ):cr(ph,uh)d.()%-f g, V-u',  d0
0 17 o
S TPSPG o ki ou" hoh
+§1 (Twmu W+ anﬂ)'lip( -t u V! —f)—V-a(p,u)]d.()

+2 o TCONTV'W::HPV'uﬁﬂd-Q:J’I wﬁﬂ'hh dr, 9
e=1 ¢ !

h 8¢h h h > h h ad)h h h
J’.(l lﬁn+l T_*_u .V(b d0+2| ﬂe’rtbu ‘Vl//n+l 8t +u 'V¢ dQ:O? (10)

where h" represents the Neumann-type boundary condition associated with the momentum equation. Here,
Tsupa» Tpspae Tcont and 7, are the stabilization parameters:

2“uh” 2 4V 2\ —1/2
Tsurg = h + <?) ) (11)

Tespc = Tsupc » (12)
h
Tcont =~ 5 (13)
where

(Reu ) Re <3

z= 3 Cu
1 Re, >3 (14)
_h

2|’

where Re, is the cell Reynolds number.

REMARK 4. In Eq. (9), the first three integrals, together with the right-hand side, represent the Galerkin
formulation of (1)-(2). The first series of element-level integrals in the formulation are the SUPG and PSPG
stabilization terms. The second series of element-level integrals are the least-squares stabilization terms based on
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the incompressibility constraint. In Eq. (10), the first integral represents the Galerkin formulation of (8), while
the series of element-level integrals are the SUPG stabilization terms.

REMARK 5. In time discretization, the time derivatives, ou/dt and d¢/ ot are represented as follows:

h h
6" un+l_un
ot A (15)
i by~ b,
Fr v (16)

where Ar is the time step size between time levels n and n + 1. In this time discretization, the functions u”, p”
and ¢" are represented as follows:

we—(1-au' +au, (17)
plepl., (18)
¢"—(1-a)yp, +ad,,,. (19)

where « is a time-integration parameter controlling the stability and accuracy of the integration. Normally, we
set @ =0.5. However, a = 1 in Eq. (19) as well as for the equation governing the surface motion.

4. Construction of function spaces—enhanced discretization

To construct the function spaces corresponding to time level n, we start with a base mesh which we will call
Mesh-1. The set of elements and nodal points will be denoted by € :, and 17,11. The subscript #n implies that Mesh-1
might change from one time level to other, reflecting the possibility that occasionally we might replace the base
mesh with a different one.

A second-level and more refined mesh will be constructed over a subset (€,). of these elements. This Mesh-2
will be generated by patching together the second-level meshes generated over each of the elements in (e ,'l)i (see
Figs. 1 and 2).

REMARK 6. The second occurrence of the subscript n implies that this subset might change from one time
level to another, even though e,i might be the same. In other words, for a given Mesh-1, which elements of this
mesh will be declared to be in (¢.)? might change from one time level to another. An element which might be
declared to be in (€))> at some time level, might fall out of it at some other time, and yet come back in again at
some time later.

REMARK 7. For each element in e,',, there will be a unique second-level mesh. Therefore, if an ¢lement is
declared to be in (e, )’ for a second time, the refined mesh generated over that element will be the same as the
one generated at the earlier declaration. This way, if an automatic mesh generator is being used to generate these
meshes, the cost for that mesh generation will be a one-time cost.

The set of elements and nodal points for Mesh-2 will be denoted by € and 7.

A third-level and even more refined mesh will be constructed over a subset (€). of the elements in Mesh-2.
This Mesh-3 will be generated by patching together the third-level meshes generated over each of the elements
in (¢2)] (see Figs. 1-3).

REMARK 8. The statements in Remarks 6 and 7 apply in this case too, with the mesh level numbers referred to
in Remarks 6 and 7 shifted up by one.

The set of elements and nodal points for Mesh-3 will be denoted by ez and ni.
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.................................

ao\/0 )
Fig. 1. Mesh-1. The sct of elements are denoted by e,. The Fig. 2. Mesh-2. The set of elements are denoted by e,. P’f
elements marked by O are those declared to be in the subset (e)?. elements marked by [ are those declared to be in the subset (€),.

Fig. 3. Mesh-3.

REMARK 9. We will limit ourselves to linear elements in 2D and 3D, as well as bilinear and trilinear elements,
respectively, in 2D and 3D.

We construct u” as follows:
u'=u)+u’. (20)

The function #) comes from a space of functions with the basis set consisting of the shape functions associated
with all the nodes in 7, excluding those ‘surrounded’ by the elements in (€))2. The function u, also needs to
satisfy the Dirichlet-type boundary conditions, except at those nodes that have been surrounded at the boundary
of £2.

The function u. comes from a space of functions with the basis set consisting of the shape functions
associated with all the nodes in 7]:, excluding those at the boundaries of the zones covered by the elements in
€. However, we do include the nodes at the boundary of {2 unless they coincide with the nodes in 7} that have
not been surrounded.

We construct pf, in exactly the same way, except for recognizing the fact that the references to Dirichlet-type
boundary conditions do not apply:

Pn=P. P, @1)

We construct ¢/ with more enhancement:
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h_ 41 2 3
¢n - (bn + ¢n + ¢n ‘ (22)

The function ¢ ,1, comes from a space of functions with the basis set consisting of the shape functions associated
with all the nodes in 7,, excluding those ‘surrounded’ by the elements in (e.)>. The function ¢ » also needs to
satisfy the Dirichlet type boundary conditions, except at those nodes that have been surrounded at the boundary
of (2.

The function ¢,21 comes from a space of functions with the basis set consisting of the shape functions
associated with all the nodes in ni, excluding those at the boundaries of the zones covered by the elements in
€. We also exclude the nodes surrounded by the elements in (€2)}. However, we do include the nodes at the
boundary of 2 unless they coincide with the nodes in 7],', that have not been surrounded.

The function ¢,31 comes from a space of functions with the basis set consisting of the shape functions
associated with all the nodes in ni, excluding those at the boundaries of the zones covered by the elements in
ei. However, we do include the nodes at the boundary of {2 unless they coincide with the nodes in ni that have
not been surrounded.

The weighting function are constructed in a similar fashion:

wn = wn = wn > (23)
40 =d,+ 4, (24)
Y=, UL (25)

The components of each weighting function are defined in the same way as we did for the trial functions, except
that the weighting functions need to satisfy the homogeneous form of the Dirichlet-type boundary conditions.

Our objective with this enhanced discretization is to capture the interface as accurately as possible by using
more refined meshes for the velocity, pressure and interface function, and possibly even more refined meshes for
the last. However, we do this in a dynamic fashion by defining (¢,)> and (¢>). depending on which elements in

€) and €’ the interface is passing through, and re-define these subsets occasionally to track the interface.

REMARK 10. We update (¢) and (€.)’ not every time step but with sufficient frequency to keep the interface
within the zones covered by these subsets of elements. Although it would not be ‘illegal’ for the interface to fall
out of these zones, we attempt to estimate or keep track of, how many time steps of the simulation the interface
will remain inside these zones. How many time steps one can carry out the simulations without re-defining these
subsets of elements will depend, among other things, on how ‘wide’ we decide to keep these zones around the
interface.

REMARK 11. Whenever we re-define these subsets, the mesh generation cost will not be a significant one. If
we have to use an automatic mesh generator to generate the second- and third-level meshes, we will be able to
use and re-use the meshes which have been generated at the very beginning of the simulations and stored.

REMARK 2. In parallel implementation, re-defining the subsets will require that load balancing is re-done. We
do not anticipate this to be a major cost, since the METIS mesh partitioning package [17] performs very well,
and its parallel version is now functional.

REMARK 13. It is possible to eliminate ¢,3, by not choosing to go to a third-level of refinement. It is also
possible to design the second- and third-level meshes in such a way that their zones match. One of the
advantages in keeping these zones non-matching is that, by keeping Mesh-2 ‘wider’ than Mesh-3, one can
choose to limit the existence (as an unknown) of ¢ to Mesh-2, and therefore solving for it only over the part of
the computational domain covered by Mesh-2. With this, we have to make sure that the interface remains in
Mesh-2 zone. Since our objective will be to keep the interface in Mesh-3 zone, this would also keep it in
Mesh-2 zone, even if the interface occasionally falls slightly out of the Mesh-3 zone.
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5. Examples
5.1. 2D sloshing in a container

A container with dimensions 10 cm X 7.5 cm (horizontal X vertical) is filled 2/3 with water and 1/3 with air.
It is suddenly subjected to the gravitational acceleration (g =9.8m/s”) and a horizontal acceleration of
magnitude 0.2 g.

We first compute this problem with the stabilized space—time formulation using a highly-refined moving

-mesh. The computational domain is discretized using 200 elements in the horizontal direction and 150 elements
in the vertical direction, and this results in 30 000 quadrilateral elements and 30 351 nodes. The two images in
Fig. 4 show, at t = 0.57 s, the finite element mesh and the air—water interface. We will refer to this solution,
obtained with the Interface-Tracking Technique, as Solution-IT. We will use it to evaluate the solutions obtained
with the Interface-Capturing Technique with no enhanced discretization and the EDICT.

We use this structured mesh at its initial non-deformed configuration to compute the same problem with the
Interface-Capturing Technique with no enhanced discretization. The two images in Fig. 5 show, at t = (.57 s, the
finite element mesh and the air—water interface. We will refer to this solution, obtained with the Interface-
Capturing Technique, as Solution-IC.

Time histories of the horizontal forces exerted on the container derived from Solution-1T and Solution-IC are
compared in Fig. 6. The agreement between the solutions is satisfactory.

Next, we compute the problem with the Interface-Capturing Technique using unstructured, triangular meshes.
The base mesh, Mesh-1, consists of 13 739 elements and 7021 nodes. Mesh-2 is obtained by subdividing each
element in (e)). into four elements, in a style as shown in Fig. 7. Mesh-3 is obtained by subdividing each
element in (€2)] into four elements, in a style as shown, again, in Fig. 7. We set (¢.)] = ¢_; this means that we
have the Mesh-2 and Mesh-3 zones matching. We carry out the computations with a time step size of 0.005 s.
We redefine (e,), at every five time steps, with all elements in €, within a distance of 0.5 cm from the interface
declared to be in (e,)..

Solution-1 is obtained by using the base discretization, where all trial and weighting functions come only
from Mesh-1. Solution-2 is obtained by using the EDICT, where all trial and weighting functions come from
Mesh-1 €6 Mesh-2 (with no third-level discretization for the interface function). Solution-3 is obtained by using a

Fig. 4. 2D sloshing in a container. The two images show, at 1 = 0.57 s, the mesh and the air—water interface for Solution-IT.
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Water

Fig. 5. 2D sloshing in a container. The two images show, at +=0.57 s, the mesh and the air—water interface for Solution-IC.

1.5 T T T T T T r

14 Solution-IT — Solution-IC —-- 1
1.3
12
141
1.0

Force (N)

0.8
08
0.7
0.6

0.5
0 0.2 0.4 0.6

0.8
Time (8)

Fig. 6. 2D sloshing in container. Time histories of the horizontal forces exerted on the container derived from Solution-IT and Solution-TC.

Fig. 7. 2D sloshing in a container. Representive clements from Mesh-1, Mesh-2 and Mesh-3.
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Mesh-1

Mesh—2 (shown on
top of Mesh—1) at

A
i PR 4 t=05s

Mesh-3
(shown
on top of
Mesh—1)
att=05s

Fig. 8. 2D sloshing in a container.

more enhanced discretization, where the trial and weighting functions for velocity and pressure come from
Mesh-1 B Mesh-2, and for the interface function from Mesh-1 & Mesh-2 & Mesh-3.

Fig. 8 shows Mesh-1 together with Mesh-2 and Mesh-3 (both shown on top of Mesh-1) at r=05s.
Refinement of 2221 elements of Mesh-1 results in Mesh-2 having 8884 elements and Mesh-3 having 35 536
elements. The graphs in Fig. 9 show the time histories of the horizontal forces exerted on the container for all
four solutions, We assume that the target solution is Solution-IT, obtained with the Interface-Tracking
Technique, using a highly-refined mesh. It is clear from these graphs that Solution-1 has significant frequency
and amplitude errors. Solution-2 is superior to Solution-1, but it is Solution-3 that is in best agreement with
Solution-IT.

5.2. Axisymmetric filling [ impact

This problem was simulated with the EDICT. We have a circular cylinder with both the radius and height of
10 cm. The lower half of the cylinder is filled with a liquid with density equal to that of water but viscosity 100
times that of water. The upper half is filled with air. At 1 =0.0 s we start injecting the same liquid through a
circular section with radius 2.15 cm and positioned concentrically at the top of the cylinder. The injection stream
has a uniform flow speed of 1.0 m/s. Fig. 10 shows the problem geometry.
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Solution-IT —
14F Solution-1 ==+ 4
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Fig. 9. 2D sloshing in a container. Time histories of the horizontal forces exerted on the container for all four solutions.

Filling

Fig. 10. Axisymmetric filling/impact. Problem geometry.
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Fiquid

t=0.095s 1

Liquid

t=0.190s H

Liquid

L

t=0.143s

1=0238s "

Fig. 12. Axisymmetric filling/impact. The pictures show a sequence of air-liquid interactions.
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A finite element mesh with triangular elements is used in the computation. The base mesh, Mesh-1, consists
of 30 000 elements and 15 251 nodes. Mesh-2 and Mesh-3 are generated in the same way as they were generated
in the previous test problem. However, this time, at every redefinition of (ei)i, all elements in f; within a
distance of 0.7 cm from the interface are declared to be in (e,’,)ﬁ.

The solution is obtained by using an enhanced discretization, where the trial and weighting functions for
velocity and pressure come from Mesh-1®Mesh-2, and for the interface function from Mesh-1 & Mesh-

2D Mesh-3.
Fig. 11 shows Mesh-2 (on top of Mesh-1) at 7= 0.15s. Refinement of 8473 elements of Mesh-1 results in

Mesh-2 having 33 892 elements and Mesh-3 having 135 568 elements. Fig. 12 shows a sequence of air-liquid
interactions seen at different instants during the simulation of this problem. The pictures show the injection
stream impacting the still liquid, formation of surface waves, and entrapment of air in the liquid.

6. Concluding remarks

In this paper we have presented the Enhanced-Discretization Interface-Capturing Technique (EDICT) for
simulation of unsteady flow problems involving fluid—fluid interfaces and free surfaces. An advection equation
governing the evolution of an interface function with two distinct values identifying the two fluids is solved
together with the Navier—Stokes equations. To solve these equations, we use the streamline-upwind [ Petrov—
Galerkin, pressure-stabilizing / Petrov—Galerkin, and least-squares stabilization methods as the base finite
element formulations.

Although these formulations already possess good stability and accuracy properties, our objective here was to
further increase the accuracy in modeling the interfaces. For this purpose, we use finite element functions with
multiple components. Each of these components corresponds to one of the multiple levels of mesh, with the
higher level meshes placed at and near the interface. The first component of the functions for velocity and
pressure comes from the base mesh. A subset of the elements in this mesh are declared to be at or near the
interface. This subset changes in time to track the interface, not at every time level, but frequently enough to
keep the interface within the zone covered by this subset. A more refined mesh is constructed by patching
together the second-level meshes generated over this subset of elements. The second component of the functions
for velocity and pressure come from this more refined mesh. The interface function could have a third
component coming from even a more refined mesh which is constructed by patching together the third-level
meshes generated over a subset of elements in the second-level mesh.

Here, we have used the EDICT to increase, in an efficient way, the accuracy of our stabilized formulations
which function as the base finite element formulations for solution of the Navier—Stokes equations and the
advection equation governing the interface function. Other finite element formulations can also be used as base
formulations, including those well-tuned to accurately solve the scalar advection equation. The EDICT can be
implemented efficiently on parallel computing platforms, and the test problems reported here were computed in
a shared-memory parallel computing paradigm. The results from these test computations show that the EDICT
yields substantial increases in the accuracy of the interface computations.
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