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Summary

This paper is an overview of the finite element methods developed by the Team for Advanced Flow Sirn-
nlat ion ind N{odeling (T*AFSM) lhttp:/ /www.mems.rice.eaulf lrSu/] for computation of f low problems
s'ith moving boundaries and interfaces. This class of problems include those with free surfaces, two-fluid
interfaces. fluid-object and fluid-structure interactions, and moving mechanical components. The methods
developed can be classified into tu'o main categories. The interface-tracking methods are based on the
Deforrrring-Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation, '"r'here the mesh moves to track
the interface, u''ith special attention paid to reducing the frequency of remeshing. The interface-capturing
methods, typically used for free-surface and tu'o-fluid flows, are based on the stabilized formulation, over
non-rnoving meshes, of both the flou. equations and the advection equation governing the time-evolution of
an interface functiori rnarking the location of the interface. In this category, vr''hen it becomes neccessary
to increase the accuracy in representing the interface beyond the accuracy provided by the existing mesh
resolution around the interface, the Enhanced-Discretization Interface-Capturing Technique (EDICT) can
be used to to accorriplish that goal. In development of these two classes of methods, we had to keep in mind
the requirement that the methods need to be applicable to 3D problems r''ith compiex geometries and that
the associated large-scale computations need to be carried out on parallel computing platforms. Therefore
our parallel implementations of these methods are based on unstructured grids arrd on both the distributed
and shared memory parallel computing approaches. In addition to these two main classes of methods, a
number of other ideas and methods have been developed to increase the scope and accuracy of these two
classes of methods. The review of all these methods in our presentation here is supplemented by a number
nurnerical exarnples from parallel computation of complex, 3D florn' problems.

1 INTRODUCTION

In this paper we provide an overview of the methods developed in recent years by the Team
for Advanced Flow Simulation and Ndodeling (T*AFSN'I) fwww.mems.rice.edu/TAFSM/] to
address the computational challenges involved in simulation of flow problems with moving
boundaries and interfaces. Within this general category. the classes of flow problems we
identified as areas of computational mechanics where we expect to make an impact include:
unsteady flows with interfaces, fluid-object and fluid-structure interactions. airdrop systems.
and flows with rapidly-moving mechanical components. The main computational challenge
in flows with moving boundaries and interfaces is that the spatial domain occupied by
the fluid changes in time, and the formulation must be able to handle this accurately and
efficiently. In some classes of problems the location of the boundaries or interfaces is an
unknown that needs to be determined as part of the overall solution. The location of the
boundary or interface might be unknown within the fluid mechanics problem or through
dependence on the solution of the non-fluid part of a multi-phvsics problem.

Unsteady flows with interfaces can involve two-fluid (such as two different liquids or
a liquid and a gas) or free-surface flows. For example, simulation of operational stability
of vehicles carrying bulk liquids requires solution of this class of flow problems. This is a
class of problems where the location of the boundaries and interfaces is unknown within
the fluid mechanics problem) and must be determined together with the solution of the
Navier-Stokes equations.
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Abstract

This paper is an overview of the finite element methods developed by the Team for Ad-
vanced Flow Simulation and Modeling (T?AFSM) [http://www.mems.rice.edu/TAFSM/]
for computation of flow problems with moving boundaries and interfaces. This class of prob-
lems include those with free surfaces, two-fluid interfaces, fluid-object and fluid-structure
interactions, and moving mechanical components. The methods developed can be classified
into two main categories. The interface-tracking methods are based on the Deforming-
Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation, where the mesh moves to
track the interface, with special attention paid to reducing the frequency of remeshing. The
interface-capturing methods, typically used for free-surface and two-fluid flows, are based
on the stabilized formulation, over non-moving meshes, of both the flow equations and the
advection equation governing the time-evolution of an interface function marking the loca-
tion of the interface. In this category, when it becomes neccessary to increase the accuracy
in representing the interface beyond the accuracy provided by the existing mesh resolution
around the interface, the Enhanced-Discretization Interface-Capturing Technique (EDICT)
can be used to accomplish that goal. In development of these two classes of methods, we
had to keep in mind the requirement that the methods need to be applicable to 3D problems
with complex geometries and that the associated large-scale computations need to be car-
ried out on parallel computing platforms. Therefore our parallel implementations of these
methods are based on unstructured grids and on both the distributed and shared memory
parallel computing approaches. In addition to these two main classes of methods, a num-
ber of other ideas and methods have been developed to increase the scope and accuracy of
these two classes of methods. The review of all these methods in our presentation here is
supplemented by a number numerical examples from parallel computation of complex, 3D
flow problems.

1 INTRODUCTION

In this paper we provide an overview of the methods developed in recent years by the Team for
Advanced Flow Simulation and Modeling (T?AFSM) [http://www.mems.rice.edu/TAFSM/]
to address the computational challenges involved in simulation of flow problems with moving
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boundaries and interfaces. Within this general category, the classes of flow problems we
identified as areas of computational mechanics where we expect to make an impact include:
unsteady flows with interfaces, fluid-object and fluid-structure interactions, airdrop systems,
and flows with rapidly-moving mechanical components. The main computational challenge in
flows with moving boundaries and interfaces is that the spatial domain occupied by the fluid
changes in time, and the formulation must be able to handle this accurately and efficiently.
In some classes of problems the location of the boundaries or interfaces is an unknown that
needs to be determined as part of the overall solution. The location of the boundary or
interface might be unknown within the fluid mechanics problem or through dependence on
the solution of the non-fluid part of a multi-physics problem.

Unsteady flows with interfaces can involve two-fluid (such as two different liquids or a
liquid and a gas) or free-surface flows. For example, simulation of operational stability of
vehicles carrying bulk liquids requires solution of this class of flow problems. This is a class
of problems where the location of the boundaries and interfaces is unknown within the fluid
mechanics problem, and must be determined together with the solution of the Navier-Stokes
equations.

In fluid-object interactions, in addition to the interactions between solid objects and the
fluid these objects are moving in, we might have interactions between the objects themselves,
such as collisions and groupings. In the modeling of this class of problems, the flow is
governed by the Navier-Stokes equations. The 3D dynamics of the objects is governed
by the Newton’s laws. The fluid forces acting on these particles are calculated from the
computed flow field. The motion of the particles is influenced by the fluid forces, and in
turn influences the fluid behavior. Therefore the governing equations need to be solved in
a coupled fashion. Most of our attention in this class of problems have been focused on
fluid-particle interactions, where the particles are of spherical shape.

Fluid-structure interactions involve fluids with moving boundaries and unsteady inter-
faces between the fluid and the structure. This is somewhat similar to fluid-object inter-
actions. However, now the “objects” are deformable, and these deformations need to be
determined coupled with the solution of the Navier-Stokes equations. In this category, we
have been mainly focusing on parachute fluid-structure interactions and fluid-structure inter-
actions in interior flows with moving mechanical components. Examples of airdrop systems
are: aerodynamic behavior of round and ram-air parachutes, aerodynamic interaction be-
tween an aircraft and a paratrooper, and a parachute crossing the wake flow of an aircraft.
These simulations involve fluid-object and fluid structure interactions. They also involve
aerodynamics of complex shapes, and, in some cases, unsteady long-wake flows generated by
such complex objects.

Examples of flows with rapidly-moving mechanical components are flow past a propeller
and flow around a helicopter with its main rotor in motion. In this special class of problems,
the additional challenge is that the relative motion between the mechanical components
involved is too fast to be handled with the general-purpose methods developed for updating
the finite element mesh as the spatial domain occupied by the fluid changes in time.

We have developed a number of methods and ideas to support simulation and modeling of
the classes of problems described above. The Deforming-Spatial-Domain/Stabilized Space-
Time (DSD/SST) method is the base, general-purpose formulation developed for flow prob-
lems with moving boundaries and interfaces. Special- and general-purpose mesh update tech-
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niques were developed to be used in conjunction with the DSD/SST formulation. For flow
problems with rapidly-moving mechanical components, we developed the Shear-Slip Mesh
Update Method (SSMUM). A special DSD/SST formulation has been developed for spatially
periodic flows. The Space-Time Contact Technique (STCT) is being proposed for computa-
tion of fluid-solid contact problems based on the DSD/SST formulation. For more efficient
computation of some special cases of fluid-object interactions, we propose the Fluid-Object
Interactions Subcomputation Technique (FOIST). The Enhanced-Discretization Interface-
Capturing Technique (EDICT) was developed for more accurate representation of the inter-
faces computed with interface-capturing techniques. We have developed new, EDICT-based
methods for computation of compressible flows with shocks and for computation of vortex
flows, and propose an EDICT-based approach for mesh refinement near solid surfaces with
boundary layers. We propose the Mixed Interface-Tracking/Interface-Capturing Technique
(MITICT) for computation of flow problems that involve both interfaces that can be accu-
rately tracked with a moving mesh method and interfaces that are too complex or unsteady to
be tracked and therefore require an interface-capturing technique. The Edge-Tracked Inter-
face Locator Technique (ETILT) is being proposed to enable interface-capturing techniques
to have better volume conservation and yield sharper representation of the interfaces. We
have developed a special DSD/SST formulation for computation of free-surface flow prob-
lems based on the shallow water equations. Iterative solution techniques were developed for
solving the large, coupled nonlinear equation systems that need to be solved at every time
step of a computation. The Mixed Element-Matrix-Based/Element-Vector-Based Compu-
tation Technique (MMVCT) is being proposed to improve the effectiveness of the iterative
solution techniques, and the Enhanced-Discretization Successive Update Method (EDSUM)
is being proposed to extend these solution techniques to multi-scale computations.

All methods developed are for flow problems involving complex geometries, and all soft-
ware used in generating the results reported here was developed and implemented on parallel
platforms by the T?AFSM. All simulations, except those for testing a new method, were
carried out in 3D. Furthermore, all computations reported here were performed on parallel
computing platforms.

This overview article is largely based on earlier publications by the T?AFSM, particularly
recent overview articles on flow simulation methods for complex flow problems [1, 2]. In
Section 2 we review the governing equations used in the computations. Stabilized finite
element formulations and different approaches for computation of moving boundaries and
interfaces are reviewed in Section 3. The DSD/SST formulation is reviewed in Section 4.
The mesh update methods for the DSD/SST formulation are described in Section 5. The
SSMUM is described in Section 6, and the DSD/SST formulation for spatially periodic
flows is described in Section 7. The STCT and FOIST are introduced in Sections 8 and
9. The EDICT is reviewed in Section 10, with the construction of the function spaces
used in the EDICT described in Section 11. Extensions of the EDICT to other classes of
problems are described in Section 12. In Sections 13 and 14, we introduce the MITICT and
ETILT. Extension of the DSD/SST formulation to shallow water equations is described in
Section 15. Section 16 provides an overview of the iterative solution methods and parallel
computing platforms used. Related to the iterative solution techniques, in Sections 17 and
18, we introduce the MMVCT and EDSUM. In Section 19 we report several examples of
flow simulations, and finish with concluding remarks in Section 20.
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2 GOVERNING EQUATIONS

In both compressible and incompressible flow cases, the governing equations used in numer-
ical modeling are the time-dependent Navier-Stokes equations. The space and time domains
will be denoted by Ωt and (0, T ), where Γt is the boundary of Ωt. In some cases the spatial
domain may change with respect to time, and the subscript t indicates such time-dependence.
This will be the case if in the formulation addressing flows with moving boundaries and inter-
faces the spatial domain is defined to be the part of the space occupied by the fluid(s). The
symbols ρ(x, t), u(x, t), p(x, t) and e(x, t) represent the density, velocity, pressure and the
total energy, respectively. The external forces (e.g., the gravity) are represented by f(x, t).

COMPRESSIBLE FLOWS

The Navier-Stokes equations of compressible flows can be written as

∂U

∂t
+

∂Fi

∂xi

− ∂Ei

∂xi

− R = 0 on Ωt ∀t ∈ (0, T ), (1)

where U = (ρ, ρu1, ρu2, ρu3, ρe) is the vector of conservation variables, and Fi and Ei are,
respectively, the Euler and viscous flux vectors, defined as

Fi =




uiρ
uiρu1 + δi1p
uiρu2 + δi2p
uiρu3 + δi3p
ui(ρe + p)




, (2)

Ei =




0
Ti1

Ti2

Ti3

−qi + Tikuk




. (3)

Here δij are the components of the identity tensor, qi are the components of the heat flux
vector, and Tij are the components of the Newtonian viscous stress tensor:

T = 2µεεε(u), (4)

where µ is the dynamic viscosity and εεε is the strain rate tensor, defined as

εεε(u) =
1

2
((∇∇∇u) + (∇∇∇u)T ). (5)

The equation of state used here corresponds to the ideal gas assumption. The term R
represents all other components that might enter the equations, including the external forces.

Equation (1) can further be written in the following form:

∂U

∂t
+ Ai

∂U

∂xi

− ∂

∂xi

(
Kij

∂U

∂xj

)
− R = 0 on Ωt ∀t ∈ (0, T ), (6)
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where

Ai =
∂Fi

∂U
, (7)

Kij
∂U

∂xj

= Ei. (8)

Appropriate sets of boundary and initial conditions are assumed to accompany Equation (6).

INCOMPRESSIBLE FLOWS

The Navier-Stokes equations of incompressible flows can be written as

ρ

(
∂u

∂t
+ u · ∇∇∇u − f

)
−∇∇∇ · σσσ = 0 on Ωt ∀t ∈ (0, T ), (9)

∇∇∇ · u = 0 on Ωt ∀t ∈ (0, T ), (10)

where ρ is assumed to be constant, and

σσσ = −pI + T, (11)

where I is the identity tensor. This equation set is completed with an appropriate set of
boundary conditions and an initial condition consisting of a divergence-free velocity field
specified over the entire domain:

u(x, 0) = u0, ∇∇∇ · u0 = 0 on Ω0. (12)

If the problem does not involve any moving boundaries or interfaces, the spatial domain
does not need to change with respect to time, and the subscript t can be dropped from Ωt

and Γt. This might be the case even for flows with moving boundaries and interfaces if in
the formulation used the spatial domain is not defined to be the part of the space occupied
by the fluid(s). For example, we can select a fixed spatial domain, and model the fluid-fluid
interfaces by assuming that the domain is occupied by two immiscible fluids, A and B, with
densities ρA and ρB and viscosities µA and µB.

Remark

(1) When we model a liquid-gas interaction, we let Fluid A be the liquid and Fluid B
the gas. If we model a free-surface problem where Fluid B is irrelevant, we assign a
sufficiently low density to Fluid B.

An interface function φ serves as a marker identifying Fluid A and B with the definition φ =
{1 for Fluid A and 0 for Fluid B}. The interface between the two fluids is approximated to
be at φ = 0.5. In this context, ρ and µ are defined as

ρ = φρA + (1 − φ)ρB, (13)

µ = φµA + (1 − φ)µB. (14)
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The evolution of the interface function φ, and therefore the motion of the interface, is gov-
erned by a time-dependent advection equation:

∂φ

∂t
+ u · ∇∇∇φ = 0 on Ω ∀t ∈ (0, T ), (15)

Remark

(2) One can also see Equations (13) - (15) as those representing the constitutive law of the
fluid system. How accurately this law will be modeled will depend on how accurately
the front between φ = 1 and φ = 0 will be represented and advected.

Remark

(3) We will not address here the surface tension effects at the interfaces.

3 INTERFACE-TRACKING AND INTERFACE-CAPTURING METHODS,
STABILIZED FINITE ELEMENT FORMULATIONS

In computation of flow problems with moving boundaries and interfaces, depending on the
nature of the problem, we can use an interface-tracking or interface-capturing method. An
interface-tracking method requires meshes that “track” the interfaces. The mesh needs to
be updated as the flow evolves. In an interface-capturing method, the computations are
based on fixed spatial domains, where an interface function, such as the one described in
Section 2, needs to be computed to “capture” the interface. The interface is captured within
the resolution of the finite element mesh covering the area where the interface is.

The Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation is an
interface-tracking method, and was first introduced in [3–5]. In the DSD/SST method the
finite element formulation of the problem is written over its associated space-time domain.
This automatically takes into account the motion of the boundaries and interfaces. At each
time step of a computation, the locations of the boundaries and interfaces are calculated
as part of the overall solution. The stabilized space-time formulations were used earlier by
other researchers to solve problems with fixed spatial domains (see for example [6]).

The interface-tracking and interface-capturing methods described in this paper are based
on stabilization techniques. Namely, the Streamline-Upwind/Petrov-Galerkin (SUPG) [7–
11], Pressure-Stabilizing/Petrov-Galerkin (PSPG) [3,12], and Galerkin/Least-Squares (GLS)
[13,14,3] formulations. The SUPG method is one of the earliest and most widely-used stabi-
lized methods. The SUPG formulation for incompressible flows was first introduced in [7,8].
The SUPG formulation for compressible flows, on the other hand, was first introduced, in
the context of conservation variables, in a 1983 AIAA paper [9]. Several researches designed
and studied SUPG-like methods for compressible flows. For example, the Taylor-Galerkin
method, which is described in a 1984 paper [15], is very similar, and under some conditions
identical, to one of the SUPG methods introduced in [9]. Other researchers also reported
in papers in 1984 and later years SUPG-like methods for compressible flows in the context
of conservation variables (see for example [16, 17]). The SUPG formulation for compress-
ible flows was recast in entropy variables and supplemented with a shock-capturing term
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(see [18]). It was shown in [10] that, the SUPG formulation introduced in [9], when sup-
plemented with a similar shock-capturing term, is very comparable in accuracy to the one
employing entropy variables. In fact, it was shown in [11] for inviscid flows and in [19]
for viscous flows that for the 2D comparative test problems computed, the SUPG formula-
tions in conservation and entropy variables yield rather indistinguishable results. The PSPG
formulation was introduced in [3] and assures numerical stability while allowing us to use
equal-order interpolation functions for velocity and pressure and other unknowns. An earlier
version of this stabilized formulation for Stokes flows was reported in [20].

The stabilization techniques described above prevent numerical oscillations and instabil-
ities when the flow involves high Reynolds and/or Mach numbers and strong shocks and
boundary layers. In SUPG, PSPG and GLS formulations, the stabilization is accomplished
without introducing excessive numerical dissipation (i.e. without “overstabilizing”). Over-
stabilizing is not always easy to be fully aware of, as the symptoms are not necessarily
qualitative. The SUPG, PSPG and GLS formulations were developed with this concern in
mind, and perform quite well when the implementation is based on a sound understanding
of these methods.

In more recent years, research efforts in flows with moving boundaries and interfaces
intensified significantly (see for example [21–28]). A discussion on the geometric conserva-
tion properties of various methods developed for moving boundaries and interfaces can be
found in [22], which includes a conclusion that the space time formulation leads to solution
techniques that inherently satisfy the geometric conservation law.

4 DSD/SST FORMULATION

In the DSD/SST method, the finite element formulation of the governing equations is written
over a sequence of N space-time slabs Qn, where Qn is the slice of the space-time domain be-
tween the time levels tn and tn+1 (see Figure 1). At each time step, the integrations involved

t

x1

x2

tn+1

tn

Γn

Ωn+1

Γn+1

Pn

Ωn

Qn

Figure 1. Space-time concept.

in the finite element formulation are performed over Qn. The finite element interpolation
functions are discontinuous across the space-time slabs. In the computations reported here,
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we use first-order polynomials as interpolation functions. We use the notation (·)−n and (·)+
n

to denote the function values at tn as approached from below and above respectively. Each
Qn is decomposed into space-time elements Qe

n, where e = 1, 2, . . . , (nel)n. The subscript n
used with nel is to account for the general case in which the number of space-time elements
may change from one space-time slab to another.

The DSD/SST formulations for compressible and incompressible flows are based on the
same concepts and look very similar. We review them here both for completeness.

DSD/SST FORMULATION FOR COMPRESSIBLE FLOWS

For each slab Qn, we define appropriate finite-dimensional space-time function spaces
Sh

n and Vh
n corresponding to the trial solutions and weighting functions, respectively. While

the superscript h implies that these are finite-dimensional function spaces, the subscript
n implies that corresponding to different space-time slabs we might have different spatial
discretizations. The DSD/SST formulation of Equation (6) can then be written as follows:
given (Uh)−n , find Uh ∈ Sh

n such that ∀Wh ∈ Vh
n :

∫
Qn

Wh ·
(

∂Uh

∂t
+ Ah

i

∂Uh

∂xi

)
dQ +

∫
Qn

(
∂Wh

∂xi

)
·
(
Kh

ij

∂Uh

∂xj

)
dQ

−
∫

Qn

Wh · RhdQ +
∫
Ωn

(Wh)
+

n ·
(
(Uh)+

n − (Uh)−n
)
dΩ

+
(nel)n∑
e=1

∫
Qe

n

τττ SUPG (Ah
k)

T

(
∂Wh

∂xk

)
·
[
∂Uh

∂t
+ Ah

i

∂Uh

∂xi

− ∂

∂xi

(
Kh

ij

∂Uh

∂xj

)
− Rh

]
dQ

+
(nel)n∑
e=1

∫
Qe

n

τSHOC

(
∂Wh

∂xi

)
·
(

∂Uh

∂xi

)
dQ =

∫
Pn

Wh ·HHHhdP. (16)

Here HHHh represents the Neumann-type boundary condition, Pn is the lateral boundary of
the space-time slab, τττ SUPG is the SUPG stabilization matrix, and τSHOC is the scalar shock-
capturing parameter. The SUPG stabilization parameter τττ SUPG originated in [9] as a scalar
parameter, and was later modified in [29] to its matrix version used here. The shock-
capturing parameter τSHOC was introduced in [10]. The solution to Equation (16) is obtained
sequentially for all space-time slabs Q0, Q1, Q2, ..., QN−1, and the computations start with

(Uh)−0 = Uh
0 , (17)

where U0 is the specified initial value of the vector U.
The first four integrals, together with the right-hand-side, represent the time-discontinuous

Galerkin formulation of Equation (6), where the fourth integral enforces, weakly, the con-
tinuity of the conservation variables in time. The first series of element-level integrals are
the SUPG stabilization terms, and the second series are the shock-capturing terms. For
problems not involving moving boundaries and interfaces, Equation (16) can be reduced to
a semi-discrete formulation by dropping the fourth integral and converting all space-time
integrations to spatial integrations.
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DSD/SST FORMULATION FOR INCOMPRESSIBLE FLOWS

The trial function spaces for velocity and pressure will be denoted by (Ŝh
u)n and (Ŝh

p )n.
The weighting function spaces corresponding to momentum equation and incompressibility
constraint will be denoted by (V̂h

u)n and (V̂h
p )n (= (Ŝh

p )n). The DSD/SST formulation of

Equations (9) and (10) can be written as follows: given (uh)−n , find uh ∈ (Ŝh
u)n and ph ∈ (Ŝh

p )n

such that ∀wh ∈ (V̂h
u)n and ∀qh ∈ (V̂h

p )n:

∫
Qn

wh · ρ
(

∂uh

∂t
+ uh · ∇∇∇uh − f

)
dQ +

∫
Qn

εεε(wh) : σσσ(ph,uh)dQ

+
∫

Qn

qh∇∇∇ · uhdQ +
∫
Ωn

(wh)+
n · ρ

(
(uh)+

n − (uh)−n
)
dΩ

+
(nel)n∑
e=1

∫
Qe

n

τLSME

1

ρ

[
ρ

(
∂wh

∂t
+ uh · ∇∇∇wh

)
−∇∇∇ · σσσ(qh,wh)

]

·
[
ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
−∇∇∇ · σσσ(ph,uh)

]
dQ

+
(nel)n∑
e=1

∫
Qe

n

τLSIC∇∇∇ · wh ρ∇∇∇ · uhdQ =
∫

Pn

wh · hhdP. (18)

Here hh represents the Neumann-type boundary condition associated with the momentum
equation, and τLSME and τLSIC are the stabilization parameters (see [2, 30]). For an earlier,
detailed reference on this stabilized formulation see [3].

The solution to Equation (18) is obtained sequentially for Q0, Q1, Q2, . . . , QN−1, and the
computations start with

(uh)−0 = uh
0 . (19)

The first four integrals, together with the right-hand-side, represent the time-
discontinuous Galerkin formulation of Equations (9)–(10), where the fourth integral enforces,
weakly, the continuity of the velocity field in time. The two series of element-level integrals
in the formulation are the least-squares stabilization terms corresponding to momentum
equation and incompressibility constraint.

For problems not involving moving boundaries and interfaces, Equation (18) can be

reduced to a semi-discrete formulation by dropping the fourth integral and the term ∂wh

∂t
,

and by converting all space-time integrations to spatial integrations.

5 MESH UPDATE FOR INTERFACE-TRACKING METHODS

In interface-tracking methods, as the computations proceed, the mesh needs to be updated
to accommodate the changes in the spatial domain. It is crucial that this is accomplished
as effectively as possible. How the mesh can best be updated depends on several factors,
such as the complexity of the interface and overall geometry, how unsteady the interface
is, and how the starting mesh was generated. In general, the mesh update could have two
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components: moving the mesh as long as it is possible and remeshing (i.e. generating fully
or partially a new set of nodes and elements) when the element distortion becomes too high.

Most real-world problems require simulations with complex geometries. A complex ge-
ometry typically requires an automatic mesh generator to start with. We developed our own
automatic mesh generator to have a number of special features, such as structured layers of
elements around solid surfaces and high-speed mesh generation. The automatic, 3D mesh
generator we have developed is described in [31]. It has been used very effectively in a num-
ber of simulations (for early examples see [32, 33]). This automatic mesh generator has the
capability to build structured layers of elements around solid objects with reasonable geo-
metric complexity. With this capability, we can fully control the mesh resolution near solid
objects. This feature can be used for more accurate representation of the boundary layers.
The mesh generator also has the capability to generate meshes for fluid-object interactions
in spatially periodic flows (see [34]).

Automatic mesh generation might become an overwhelming cost especially when the
number of elements becomes very large or when frequency of remeshing has to be high.
Sometimes special-purpose mesh generators designed for specific problems can be used. De-
pending on the complexity of the problem, such mesh generators might involve a high initial
design cost, but minimal mesh generation cost. We selected this path in a number of our
simulations, and were able to overcome the mesh generation issues very effectively (see for
example [35]).

In mesh moving strategies, the only rule the mesh motion needs to follow is that at the
interface the normal velocity of the mesh has to match the normal velocity of the fluid.
Beyond that, the mesh can be moved in any way desired, with the main objective being to
reduce the frequency of remeshing. In 3D simulations, if the remeshing requires calling an
automatic mesh generator, the cost of automatic mesh generation becomes a major reason
for trying to reduce the frequency of remeshing. Furthermore, when we remesh, we need to
project the solution from the old mesh to the new one. This introduces projection errors.
Also, in 3D, the computing time consumed by this projection step is not a trivial one.
All these factors constitute a strong motivation for designing mesh update strategies which
minimize the frequency of remeshing.

In some cases where the changes in the shape of the computational domain allow it,
a special-purpose mesh moving method can be used in conjunction with a special-purpose
mesh generator. In such cases, simulations can be carried out without calling an automatic
mesh generator and without solving any additional equations to determine the motion of
the mesh. One of the earliest examples of that, 3D parallel computation of sloshing in a
vertically vibrating container, can be found in [36].

In general, however, we use an automatic mesh moving scheme [37] to move the nodal
points, as governed by the equations of linear elasticity. The motion of the internal nodes
is determined by solving these additional equations, with the boundary conditions for these
mesh motion equations specified in such a way that they match the normal velocity of the
fluid at the interface. Similar mesh moving techniques were used earlier by other researchers
(see for example [38]). Mesh moving issues were also addressed in [39] by using a 2D pseudo-
structural model based on springs, and more recently in [21] by using improved versions of
the same model.

In our mesh moving method based on linear elasticity, the structured layers of elements
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generated around solid objects (mentioned above) move “glued” to these solid objects. No
equations are solved for the motion of the nodes in these layers, because these nodal motions
are not governed by the equations of elasticity. This also results in some cost reduction.
But more importantly, the user continues to have full control of the mesh resolution in these
layers. For early examples of automatic mesh moving combined with structured layers of
elements, see [31,32].

6 SHEAR-SLIP MESH UPDATE METHOD (SSMUM)

The Shear-Slip Mesh Update Method (SSMUM) was first introduced for computation of flow
around two high-speed trains passing each other in a tunnel (see [33]). The challenge was to
accurately and efficiently update the meshes used in computations based on the DSD/SST
formulation and involving two objects in fast, linear relative motion. In such cases, a special-
purpose mesh moving method without remeshing would not work, and an automatic mesh
generation method would require remeshing too frequently to have an effective mesh update
technique. The idea behind the SSMUM was to restrict the mesh moving and remeshing to
a thin layer of elements between the objects in relative motion (see Figure 2). The mesh
update at each time step can be accomplished by a ”shear” deformation of the elements
in this layer, followed by a ”slip” in node connectivities (see Figure 3). The slip in the
node connectivities, to an extent, un-does the deformation of the elements and results in
elements with better shapes than those that were shear-deformed. Because the remeshing
consists of simply re-defining the node connectivities, both the projection errors and the
mesh generation cost are minimized. The SSMUM can be seen as an alternative to Chimera
overset grid technique [40], which requires projection of the solution between portions of the
two overlapping grids.

Figure 2. SSMUM concept. Shear-slip layers in linear and rotational relative motions.

For the purpose emphasizing the generality and flexibility of the SSMUM, we point out
a number of options.

A) The meshes outside the shear-slip layers can be structured or unstructured. Those meshes
most of the time simply undergo rigid-body motion, as special cases, with some of them held
fixed. One can exercise all the freedom one would have in generating fixed structured or
unstructured meshes, such as generating very thin structured layers of elements around solid
objects, combined with unstructured meshes further out.

B) In more general cases, the meshes outside the shear-slip layer can undergo more than just
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Figure 3. SSMUM concept. Node connectivities during the shear-slip process.

rigid-body motion, and can be updated with special-purpose mesh moving method without
remeshing and/or an automatic mesh moving method with tolerable frequency of remeshing.

C) Depending on the thickness of the shear-slip layer and the rate of relative motion, it may
not be necessary to have each shear step followed by a slip step. In such cases, multiple
shear steps can be taken followed by a slip step, and this would reduce the cost associated
with the slip steps.

D) Although the SSMUM has so far been implemented with single layers of elements, in
general, the shear-slip zone can be made of multiple layers of elements or even unstructured
meshes. This would allow us to reduce the ratio of the number of slip steps to the number of
shear steps. In such cases, one needs to consider the balance between the decrease in cost due
to decreasing the frequency of the slip steps with the increase in cost due to increased burden
of re-defining node connectivities in a more complex shear-slip zone. If the shear-slip zone is
made of unstructured meshes, then the shear step would require an automatic mesh moving
method. Still, the relative cost associated with this and with redefining connectivities in a
complex shear-slip zone would be bounded by the size of this shear-slip mesh zone relative
to the total mesh size.

E) Furthermore, when the geometrical and implementational requirements dictate, the shear-
slip zones can have shapes that are spatially non-uniform or temporally varying. For example,
the shear-slip layer, instead having a disk shape, can have a conical shape. In such more
general cases, the shear-slip process can be handled in ways similar to those described in
Item D above.

F) Also when the conditions dictate, the SSMUM can be implemented in such a way that
the mesh in the shear-slip zone is unstructured in both space and time.

The SSMUM was first implemented for computation of incompressible and compressible
flows with objects in linear relative motion, and the results for compressible flow around
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the high-speed trains passing each other in a tunnel were reported in [33]. In more recent
years, the implementation has been extended to objects in rotational relative motion (see [41,
42]), and we describe some the results from those computations in the section on numerical
examples.

7 DSD/SST FORMULATION FOR FLUID-OBJECT INTERACTIONS IN
SPATIALLY-PERIODIC FLOWS

In extending the DSD/SST formulation of incompressible flows to computation of fluid-object
interactions in spatially-periodic flows (see [34]), we consider a 2D computational domain
(see Figure 4). This rectangular domain (width × height = L × H) is assumed to contain

ΓI

Ω

Γ1

ΓII

ΓIII

ΓIV

Γ2

ΓN

uI uIII

pIIIpI

V(t)

L

H

y

x

Figure 4. Spatially-periodic computational domain.

N circular objects, with surfaces (inner boundaries for the fluid) Γκ, where κ = 1, 2, . . . , N .
The outer boundaries are denoted by ΓI , ΓII , ΓIII , and ΓIV .

The formulation we would like to derive should be applicable to uni-periodic (i.e. periodic
in one direction), bi-periodic and tri-periodic flows, and where the total volumetric flow rate
in each periodic direction is prescribed. As the first step, the formulation for uni-periodic
flows is derived. Then, this is extended to bi-periodic and tri-periodic cases.

First we re-examine Equation (18), and consider only the stress terms and the associated
natural boundary conditions along ΓI and ΓIII :∫

Q
εεε(w) : σσσ(p,u)dQ =

∫
PI

w · hIdP +
∫

PIII

w · hIIIdP. (20)

We have dropped the superscript h and the subscript n to reduce the notational burden
during the derivation. The flow is assumed to be periodic in the x1 direction, and the
prescribed total volumetric flow rate in this direction is V̇ . We define u∗ and w∗ to be the
periodic velocity field and the associated weighting function:

u∗|PI
= u∗|PIII

, (21)

w∗|PI
= w∗|PIII

. (22)
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Then, Equation (20) becomes:

∫
Q

εεε(w∗) : σσσ(p,u∗)dQ = −
∫

PIII

(w∗ · e1)JdP, (23)

where e1 is the unit vector in the x1 direction. The term J(t) = pIII − pI represents the
pressure jump across the domain in the x1 direction, and this is an additional unknown
corresponding to the constraint imposed by prescribing the total volumetric flow rate in the
x1 direction. This constraint, together with the incompressibility constraint, can be written
as ∫

Q
q(∇∇∇ · u∗)dQ +

∫
I
K

[
V̇ −

∫
ΓIII

(u∗ · e1)dΓ
]
dI = 0, (24)

where K is the weighting function corresponding to J , and I represents the time interval
(tn, tn+1).

To simplify the implementation, we introduce a space reduction by decomposing p and q
as

p = p∗ +
J

L
x1, (25)

q = q∗ +
K

L
x1, (26)

where p∗ and q∗ are continuous across the periodic boundaries, and the discontinuities are
represented by J and K.

With this, Equation (23) becomes:

∫
Q

εεε(w∗) : σσσ(p∗,u∗)dQ −
∫

Q
(∇∇∇ · w∗)

J

L
x1dQ = −

∫
PIII

(w∗ · e1)JdP. (27)

By integrating the second term by parts and further algebraic manipulation, we obtain:

∫
Q

εεε(w∗) : σσσ(p∗,u∗)dQ +
∫

Q

J

L
(w∗ · e1)dQ = 0. (28)

Also as a consequence of this space reduction, Equation (24) becomes:

∫
Q

q∗(∇∇∇ · u∗)dQ +
∫

Q

K

L
x1(∇∇∇ · u∗)dQ +

∫
I
K

[
V̇ −

∫
ΓIII

(u∗ · e1)dΓ
]
dI = 0. (29)

By integrating the second term by parts and further algebraic manipulation, we obtain for
circular or spherical particles:

∫
Q

q∗(∇∇∇ · u∗)dQ +
1

L

∫
I
K

[
LV̇ +

N∑
κ=1

Vκ(U1)κ −
∫
Ω
(u∗ · e1)dΩ

]
dI = 0, (30)

where Vκ and (U1)κ are, respectively, the volume and velocity of sphere κ.
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We can now write the complete DSD/SST formulation for fluid-object interactions in
spatially-periodic flows as follows: given (u∗)−n , find u∗ ∈ (Su∗)n and p∗ ∈ (Sp∗)n such that
∀w∗ ∈ (Vu∗)n and ∀q∗ ∈ (Vp∗)n:

∫
Q

w∗ · ρ
(

∂u∗

∂t
+ u∗ · ∇∇∇u∗ − f

)
dQ +

∫
Q

εεε(w∗) : σσσ(p∗,u∗)dQ +
1

L

∫
Q
(w∗ · J)dQ

−
∫
(Pn)h∗

w∗ · h∗dP +
∫

Qn

q∗∇∇∇ · u∗dQ +
1

L

∫
I
K ·

[
LV̇ +

N∑
κ=1

VκUκ −
∫
Ω
u∗dΩ

]
dI

+
∫
Ωn

(w∗)+
n · ρ

(
(u∗)+

n − (u∗)−n
)
dΩ

+
(nel)n∑
e=1

∫
Qe

n

τLSME

ρ

[
ρ

(
∂w∗

∂t
+ u∗ · ∇∇∇w∗

)
−∇∇∇ · σσσ(q∗,w∗) +

K

L

]
·

[
ρ

(
∂u∗

∂t
+ u∗ · ∇∇∇u∗ − f

)
−∇∇∇ · σσσ(p∗,u∗) +

J

L

]
dQ = 0 . (31)

This formulation is applicable to uni- bi- or tri-periodic flows, with the understanding
that for the flow rate and pressure jump vectors V̇ and J, the components not corresponding
to the directions of periodicity will be set to zero.

8 SPACE-TIME CONTACT TECHNIQUE (STCT)

The DSD/SST formulation, combined with the Space-Time Contact Technique (STCT),
provides a natural mechanism to handle time-dependent flow problems with contacting and
de-contacting surfaces. Formulating this class of problems in the space-time domain can help
us develop more effective methods.

Let us imagine a one-dimensional problem, shown in Figure 5, where there is a possibility
that between the time levels tn and tn+1 the liquid free surface on the right might be con-
tacting a wall. Let us first perform some intermediate calculations for this space-time slab,

x1

t

tn+1

tn

Wall

1

2

3

4

Figure 5. STCT concept in one dimension. Fluid contacting wall.

where we update the positions of the free-surface nodes by assuming that the motion of these
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free-surface nodes are not constrained by the wall. Let us say that these calculations show
that the new position of Node-1 at tn+1 is at location (x1)2, which is beyond the wall. Next,
on the wall, we predict the temporal position of Node-3. Node-3 represents the contact point
in the space-time domain. We calculate this predicted value of t3 − t1 from (x1)3 − (x1)1

and (u1)
+
1 . We can now redo the calculations for this modified space-time slab. Although

we will be using a predicted value for t3 − t1, we can see the calculation for this modified
space-time slab as one in which (x1)4 becomes a known, and t3 − t1 becomes an unknown.
This is as opposed to the intermediate calculations, in which (x1)2 was an unknown, and
t2 − t1 was known. We complete the calculations for this space-time slab by performing a
sufficient number of iterations, in which we update t3 − t1 and (u1)

+
1 , as well as p+

1 , p3, and
p−4 .

In extending this to multi-dimensional cases, we can see the picture as follows. In the
intermediate calculations, we would have t2 − t1 as known and (x1)2, (x2)2, and (x3)2 as
unknowns. In the calculations for the modified space-time slab, (x1)4 would become a
known, and we would have t3 − t1 as unknown, together with (x2)4 and (x3)4. Node-4
would symbolically represent more than one node. We will later provide a picture for a
simple two-dimensional case.

Let us know now imagine another one-dimensional case, shown in Figure 6, where there
is a possibility that between the time levels tn and tn+1 the liquid on the right might be
de-contacting the wall. Again, we first perform some intermediate calculations for this

t

1

2

3

4

Wall

tn+1

tn

x1

Figure 6. STCT concept in one dimension. Fluid de-contacting wall.

space-time slab. In these calculations we assume that Node-1 stays on the wall and maps to
Node-2 at tn+1. During these intermediate calculations, we also predict the liquid pressure
on the wall, namely p+

1 and p−2 . Next, on the wall, we predict the temporal position of Node-3
by calculating t3 when the liquid pressure becomes zero (we assume that the viscous stress is
negligible). Node-3 represents the de-contact point in the space-time domain. We calculate
the predicted value of t3 − t1 from p+

1 and p−2 by seeking the zero of the linear function p(t).
We can now redo the calculations for the modified space-time slab. At each iteration of the
calculations for this modified space-time slab, we update (u1)

−
4 , (x1)4, p+

1 , p3, and p−4 , as well
as t3 − t1 by seeking the zero of the linear function p(t) based on the updated values of p+

1

and p3.
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Figure 7 shows a simple 2D case where we expect that between the time levels tn and
tn+1 Node-1 might be contacting the wall. In principle the calculation process is very similar

Wal
l

1

4a

3

4b

2

t

x1

tn+1

tn

x2

Figure 7. STCT concept in two dimensions. Fluid contacting wall.

to the 1D contact problem. In the intermediate calculations, we have t2 − t1 as known and
(x1)2, (x2)2, and (x3)2 as unknowns. In the calculations for the modified space-time slab,
(x1)4a and (x1)4b become knowns, and we have t3 − t1 as unknown, together with (x2)4a

and (x2)4b. We complete the calculations for this space-time slab by performing a sufficient
number of iterations, in which we update t3 − t1, (x2)3, (x2)4a, (x2)4b, (u1)

+
1 , (u2)

+
1 , (u2)3,

(u2)
−
4a, and (u2)

−
4b, as well as p+

1 , p3, p−4a, and p−4b.
We realize that the 2D computations will require a 3D mesh generation in the space-time

domain, and the 3D computations will require a 4D mesh generation. However, we also
realize that these will be only partial mesh generations, limited to the contact zones.

9 FLUID-OBJECT INTERACTIONS SUBCOMPUTATION TECHNIQUE
(FOIST)

The Fluid-Object Interactions Subcomputation Technique (FOIST) is an intermediate level
approximation between treating the objects as point masses and using a fully coupled fluid-
object interaction formulation. We assume that the nature of the fluid-object interactions,
such as the scales involved and flow patterns expected, allows us to take into account only a
one-way coupling between the main flow field and the motion of the objects. In other words,
we assume that the main flow field influences the motion of the objects, but the presence
and motion of the objects do not influence the main flow field. With this assumption, the
main flow field can be computed without taking into account any of the smaller-scale objects,
and at the same time, the dynamics of the objects can be determined by carrying out flow
subcomputations over smaller-scale domains around the objects. The boundary conditions
for these domains would be extracted from the main flow field, at locations corresponding
to the positions of those boundaries at that instant.

The main flow field would be computed over a fixed mesh. The subcomputation for
each object would be carried out over a fixed mesh, and in a coordinate frame attached
to that object. In the subcomputations, we take into account the geometry of the objects,
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and determine the unsteady flow field around these objects together with the resulting fluid
dynamics forces and moments. These forces and moments would be used, while taking
into account the instantaneous values of the moments of inertia, to compute the path and
orientation of the objects.

Each subcomputation can be carried out as a two-way coupled fluid-object interaction
problem without the need for mesh moving. This is because the coordinate frame is attached
to the object, and the coupling is implemented by updating the boundary conditions as a
function of the orientation of the object, rather than by updating the mesh.

Because the FOIST would typically not involve mesh moving or remeshing, by elimi-
nating the cost associated with those tasks, it would result in a major reduction in the
computational cost. The FOIST can be extended to cases where the main flow computation
or a subcomputation may require mesh update. This could happen for the main flow, for
example, when it involves moving objects that are too large to be handled with the assump-
tions underlying FOIST. For a subcomputation, this could happen, for example, when the
object is undergoing deformations.

Here we also introduce another level of approximation–one that is beyond FOIST, but still
with more realistic assumptions than those used in treating the objects as point masses. In
this technique that we will call ”Beyond- FOIST” (B-FOIST), for each object with a different
shape, we would generate a database of fluid dynamics force and moment coefficients. This
database would be generated from computations for a set of Reynolds numbers within a
range of interest and a set of ”basis directions” for the flow velocity. These would typically
be unsteady flow computations, but the force and moment coefficients would be determined
based on temporal averaging of the results.

With this database, the path and orientation of the objects would be calculated without
flow subcomputations. At each instant of the calculation of the path and orientation of an
object, the force and moment coefficients needed would be estimated by interpolation from
the database of these coefficients. The coefficients corresponding to the Reynolds number
and flow velocity directions at an instant would be calculated by a linear or higher-order
interpolation with respect to the Reynolds number, and by a directional interpolation with
respect to the flow velocity direction. The directional interpolation would use from the
database the basis directions nearest to the direction of the flow velocity.

How effective B-FOIST would be for a given problem would depend on the balance
between i) the computational cost saved by not doing the flow subcomputations, and ii) the
loss of some accuracy and the increased cost associated with generating the database. For
example, if the fluid-object interaction problem involves many objects with identical shapes,
B-FOIST might prove quite effective, because the database generation would not involve
objects with different shapes. In addition, if these objects have one or more symmetry
planes or axes, the cost of database generation would further decrease, gaining additional
incentive for B-FOIST.

The starting point for the basis directions for the flow velocity would be the six directions
identified by (1,0,0), (-1,0,0), (0,1,0), (0,-1,0), (0,0,1), and (0,0,-1). For the flow direction at
an instant, the directional interpolation would use the three nearest of these basis directions.
The components or direction cosines of the flow velocity direction in these three nearest
directions would then be used in calculating a weighted average of the force and moment
coefficients corresponding to these three directions.
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To increase the directional resolution of the database, additional basis directions can
be defined. The first set of additions would be (1,1,1), (-1,1,1), (1,-1,1), (1,1,-1), (-1,-1,1),
(-1,1,-1), (1,-1,-1), and (-1,-1,- 1). The second set of additional directions would be (1,1,0),
(-1,1,0), (1,-1,0), (-1,-1,0), (1,0,1), (-1,0,1), (1,0,-1), (-1,0,-1), (0,1,1), (0,-1,1), (0,1,-1), and
(0,-1,-1).

If an object has one or more symmetry planes or axes, some of the basis directions become
redundant and would be eliminated.

10 ENHANCED-DISCRETIZATION INTERFACE-CAPTURING
TECHNIQUE (EDICT)

With interface-tracking methods, sometimes the interface might be too complex or unsteady
to track while keeping the frequency of remeshing at an acceptable level. Not being able
to reduce the frequency of remeshing in 3D might introduce overwhelming mesh generation
and projection costs, making the computations with the interface-tracking method no longer
feasible. In such cases, interface-capturing methods, which do not normally require costly
mesh update techniques, could be used with the understanding that the interface will not be
represented as accurately as we would have with an interface-tracking method (for related
discussions see [43]). Not needing a mesh update strategy makes the interface-capturing
methods more flexible than the interface-tracking methods. However, for comparable levels
of spatial discretization, interface-capturing methods yield less accurate representation of
the interface. These methods can be used as practical alternatives to carry out the simu-
lations when compromising the accurate representation of the interfaces becomes less of a
concern than facing major difficulties in updating the mesh to track such interfaces. The
desire to increase the accuracy of our interface-capturing methods without adding a major
computational cost lead us to seeking techniques with a different kind of “tracking”.

The Enhanced-Discretization Interface-Capturing Technique (EDICT) was first intro-
duced in [44] with this kind of philosophy. The objective was to enhance the spatial dis-
cretization around an interface so that we could have higher accuracy in representing that
interface. We start with the basic approach of an interface-capturing technique such as the
volume of fluid (VOF) method [45–47]. The Navier-Stokes equations are solved over a non-
moving mesh with an interface function serving as a marker identifying the two fluids (see
Section 2).

In writing the stabilized finite element formulation for the EDICT (see [43]), the notation
we use for representing the finite dimensional function spaces is very similar to the one we
used in Section 4. The trial function spaces corresponding to velocity, pressure and interface
function are denoted, respectively, by (Sh

u)n, (Sh
p )n, and (Sh

φ)n. The weighting function spaces
corresponding to the momentum equation, incompressibility constraint and time-dependent
advection equation are denoted by (Vh

u)n, (Vh
p )n (= (Sh

p )n), and (Vh
φ)n. The subscript n

in this case allows us to use different spatial discretizations corresponding to different time
levels. We will give more precise definition of these function spaces in Section 11.

The stabilized formulations of Equations (9), (10), and (15) can be written as follows:
given uh

n and φh
n, find uh

n+1 ∈ (Sh
u)n+1, ph

n+1 ∈ (Sh
p )n+1, and φh

n+1 ∈ (Sh
φ)n+1, such that,

∀wh
n+1 ∈ (Vh

u)n+1, ∀qh
n+1 ∈ (Vh

p )n+1, and ∀ψh
n+1 ∈ (Vh

φ)n+1:
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∫
Ω
wh

n+1 · ρ
(

∂uh

∂t
+ uh · ∇∇∇uh − f

)
dΩ

+
∫
Ω

εεε(wh
n+1) : σσσ(ph,uh)dΩ +

∫
Ω

qh
n+1∇∇∇ · uhdΩ

+
nel∑
e=1

∫
Ωe

(
τSUPGu

h · ∇∇∇wh
n+1 +

τPSPG

ρ
∇∇∇qh

n+1

)

·
[
ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
−∇∇∇ · σσσ(ph,uh)

]
dΩ

+
nel∑
e=1

∫
Ωe

τLSIC∇∇∇ · wh
n+1ρ∇∇∇ · uhdΩ =

∫
Γ
wh

n+1 · hhdΓ, (32)

∫
Ω

ψh
n+1

(
∂φh

∂t
+ uh ·∇∇∇φh

)
dΩ

+
nel∑
e=1

∫
Ωe

τφu
h ·∇∇∇ψh

n+1

(
∂φh

∂t
+ uh ·∇∇∇φh

)
dΩ = 0, (33)

where τSUPG, τPSPG, τLSIC and τφ are the stabilization parameters:

τSUPG =


(

2 ‖ uh ‖
h

)2

+
(

4ν

h2

)2



− 1
2

, (34)

τPSPG = τSUPG, (35)

τLSIC =
h

2
‖ uh ‖ z, (36)

where z =

{ (
Reu

3

)
Reu ≤ 3

1 Reu > 3
,

τφ =
h

2 ‖ uh ‖ , (37)

where ν = µ/ρ is the kinematic viscosity and Reu is the cell Reynolds number.

Remark

(4) In Equation (32), the first three integrals, together with the right-hand-side, represent
the Galerkin formulation of Equations (9)-(10). The first series of element-level in-
tegrals in the formulation are the SUPG and PSPG stabilization terms. The second
series of element-level integrals are the least-squares stabilization terms based on the
incompressibility constraint. In Equation (33), the first integral represents the Galerkin
formulation of Equation (15), while the series of element-level integrals are the SUPG
stabilization terms.
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Remark

(5) A new set definitions for the stabilization parameters were introduced in [48]. These
new parameters are computed based on the element-level matrices and vectors, which
automatically take into account the local length scales, advection field and the Reynolds
number.

Remark

(6) In time discretization, the time derivatives, ∂u/∂t and ∂φ/∂t are represented as follows:

∂u

∂t
=

uh
n+1 − uh

n

∆t
, (38)

∂φ

∂t
=

φh
n+1 − φh

n

∆t
, (39)

where ∆t is the time step size between time levels n and n+1. In this time discretiza-
tion, the functions uh, ph and φh are represented as follows:

uh ← (1 − α)uh
n + αuh

n+1, (40)

ph ← ph
n+1, (41)

φh ← (1 − α)φh
n + αφh

n+1, (42)

where α is a time-integration parameter controlling the stability and accuracy of the
integration. Normally we set α = 0.5.

To have a sharper representation of the interface function φ, we incorporate to the for-
mulation a two-step interface-sharpening algorithm [49].

Remark

(7) Tau-Switching and Tau-Ramping. A common practice in obtaining steady-state
solutions at high Reynolds numbers is to use a time-marching method where we set the
parameter α = 1.0 and/or ramp-up the Reynolds number from a lower value to its full
value. The same approach can be followed in time-marching through a transient period
that does not have a physical significance but poses numerical convergence challenges.
In that case, at the end of that initial period, we set α = 0.5 to recover our time-
accuracy, and continue the time-accurate computation for some duration with the full
value of the Reynolds number.

Here, as alternative to or in combination with these approaches, we propose to use
the stabilization parameters as selective switches or ramping parameters in obtaining
steady-state solutions at high Reynolds numbers or in time-marching through im-
material but “difficult” periods. For example, to obtain a steady-state solution, we
can switch τSUPG and τPSPG to zero for the time-dependent terms in the momentum
equation, and ramp-down τSUPG, τPSPG, and τLSIC from some higher values to their for-
mulated values, respectively, for the advective terms, the pressure gradient, and the
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incompressibility constraint. During this process, τSUPG and τPSPG for the other terms in
the governing equations can be left at their formulated values, or could be ramped-up
from some lower values to their formulated values. The same approach can be used
in time-marching through a transient period with no physical significance but with
convergence difficulties. In that case, at the end of that initial period, all stabilization
parameters for all the terms in the governing equations would be brought back to their
formulated values, and the time-accurate computations would be continued for some
duration with these formulated values.

11 CONSTRUCTION OF FUNCTION SPACES FOR EDICT

The basic concept behind the construction of the function spaces used for EDICT is not
complicated. However, the description requires certain formalism and involves a number of
guidelines. For completeness, we repeat them here from [43]. In constructing the function
spaces corresponding to time level n, we start with a base mesh (Mesh-1), with the set of
elements and nodal points denoted by ε1

n and η1
n. The subscript n implies that Mesh-1 itself

might change from one time level to other.
A second-level and more refined mesh (Mesh-2) is constructed over a subset (ε1

n)2
n of the

these elements. Mesh-2 is generated by patching together the second-level meshes generated
over each of the elements in (ε1

n)2
n (see Figure 8).

Figure 8. EDICT concept. Multi-level meshes.

Remark

(8) The second subscript n implies that for a given Mesh-1, which elements of this mesh
are declared to be in (ε1

n)2
n might change from one time level to other. An element

which might be declared to be in (ε1
n)2

n at some time level, might fall out of it at some
other time, and yet come back in again at some time later.

Remark

(9) For each element in ε1
n, there will be a unique second-level mesh. Therefore, if an

element is declared to be in (ε1
n)2

n for a second time, the refined mesh generated over
that element at the earlier declaration can be reused. If an automatic mesh generator
is being used to generate these second level meshes, the cost for that mesh generation
will be a one-time cost.
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The set of elements and nodal points for Mesh-2 are denoted by ε2
n and η2

n.
A third-level and even more refined mesh (Mesh-3) is constructed over a subset (ε2

n)3
n of

the elements in Mesh-2. This will be generated by patching together the third-level meshes
generated over each of the elements in (ε2

n)3
n (see Figure 8).

Remark

(10) The statements in Remarks 8-9 apply, with the mesh level numbers referred to in
Remarks 8-9 shifted up by one.

The set of elements and nodal points for Mesh-3 are denoted by ε3
n and η3

n.

Remark

(11) At this time we limit ourselves to linear elements in 2D and 3D, and bilinear and
trilinear elements, respectively, in 2D and 3D.

We construct uh
n as follows:

uh
n = u1

n + u2
n. (43)

The function u1
n comes from a space of functions with the basis set consisting of the shape

functions associated with all the nodes in η1
n, excluding those ”surrounded” by the elements

in (ε1
n)2

n. The function u1
n also needs to satisfy the Dirichlet-type boundary conditions, except

at those nodes that have been surrounded at the boundary of Ω. The function u2
n comes

from a space of functions with the basis set consisting of the shape functions associated with
all the nodes in η2

n, excluding those at the boundaries of the zones covered by the elements
in ε2

n. However we do include the nodes at the boundary of Ω unless they coincide with the
nodes in η1

n that have not been surrounded.
We construct ph

n in exactly the same way, except for recognizing the fact that the refer-
ences to Dirichlet-type boundary conditions do not apply:

ph
n = p1

n + p2
n. (44)

We construct φh
n with more enhancement:

φh
n = φ1

n + φ2
n + φ3

n. (45)

The function φ1
n comes from a space of functions with the basis set consisting of the shape

functions associated with all the nodes in η1
n, excluding those ”surrounded” by the elements

in (ε1
n)2

n. The function φ1
n also needs to satisfy the Dirichlet-type boundary conditions, except

at those nodes that have been surrounded at the boundary of Ω. The function φ2
n comes

from a space of functions with the basis set consisting of the shape functions associated with
all the nodes in η2

n, excluding those at the boundaries of the zones covered by the elements in
ε2
n. We also exclude the nodes surrounded by the elements in (ε2

n)3
n. However we do include

the nodes at the boundary of Ω unless they coincide with the nodes in η1
n that have not been

surrounded. The function φ3
n comes from a space of functions with the basis set consisting of

the shape functions associated with all the nodes in η3
n, excluding those at the boundaries of

the zones covered by the elements in ε3
n. However we do include the nodes at the boundary

of Ω unless they coincide with the nodes in η2
n that have not been surrounded.

23



The weighting functions are constructed in a similar fashion:

wh
n = w1

n + w2
n, (46)

qh
n = q1

n + q2
n, (47)

ψh
n = ψ1

n + ψ2
n + ψ3

n. (48)

The components of each weighting function are defined in the same way as we did for the
trial functions, except that the weighting functions need to satisfy the homogeneous form of
the Dirichlet-type boundary conditions.

Our objective with this enhanced discretization is to capture the interface as accurately
as possible by using more refined meshes for the velocity, pressure, and interface function,
and possibly even more refined meshes for the interface function. This is done in a dynamic
fashion by defining (ε1

n)2
n and (ε2

n)3
n depending on which elements in ε1

n and ε2
n the interface

is passing through, and re-define these subsets occasionally to track the interface.

Remark

(12) We update (ε1
n)2

n and (ε2
n)3

n not every time step but with sufficient frequency to keep
the interface within the zones covered by these subsets of elements. How many time
steps one can carry out the simulation without re-defining these subsets of elements
will depend on, among other things, how ”wide” we decide to keep these zones around
the interface.

Remark

(13) Whenever we redefine these subsets the mesh generation cost will not be a significant
one. If we are using an automatic mesh generator for the second- and third-level
meshes, we will be able to use and re-use the meshes which were generated (and
stored) the first time these meshes were needed.

Remark

(14) It is possible to eliminate φ3
n by not choosing to go to a third-level of refinement.

It is also possible to design the second- and third-level meshes in such a way that
they overlap. One of the advantages in keeping them as non-overlapping meshes is
that, by keeping Mesh-2 ”wider” than Mesh-3, one can chose to limit the existence
(as an unknown) of φ to Mesh-2, and therefore solving for it only over the part of the
computational domain covered by Mesh-2. With this, we have to make sure that the
interface remains in Mesh-2 zone. Since our objective will be to keep the interface in
Mesh-3 zone, this would also keep it in Mesh-2 zone, even if the interface occasionally
falls slightly out of the Mesh-3 zone.
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12 EXTENSIONS OF EDICT TO OTHER CLASSES OF PROBLEMS

Extension of EDICT to other classes of problems was first reported in [50] for computation
of compressible flows with shocks. This extension is based on re-defining the ”interface”
to mean the shock front. In this approach, at and near the shock fronts, we use enhanced
discretization to increase the accuracy in representing those shocks.

Later, the EDICT was extended to computation of vortex flows. The results were first
reported in [51, 52]. In this case, the definition of the interface is extended to mean regions
where the vorticity magnitude is larger than a specified value. The finite element functions
consist of two components. The first component comes from a base mesh (Mesh-1), generated
over the entire domain. A second-level and more refined mesh (Mesh-2) is constructed over
a subset of the elements in Mesh-1. Mesh-2 is generated by simply subdividing the elements
in that subset. Which elements in Mesh-1 should belong to this subset depends on the
magnitude of the vorticity in those elements and varies from time-step to time-step. This
version of the EDICT gives us the capability to compute the long-wake flows more accurately,
without making the computations too costly.

Here we propose to extend EDICT to computation of flow problems with boundary lay-
ers. In this extension, the ”interface” means solid surfaces with boundary layers. It is known
that in 3D problems with complex geometries and boundary layers, mesh generation might
pose a serious challenge. This is because accurate resolution of the boundary layer requires
elements that are very thin in the direction normal to the solid surface. However, this needs
to be accomplished without having a major increase in mesh refinement also in the tangen-
tial directions or creating very distorted elements. Otherwise, we might end up increasing
our computational cost excessively or decreasing our numerical accuracy unacceptably. We
propose two different ways of using EDICT to increase the mesh refinement in the boundary
layers in a desirable fashion.

In the EDICT-Clustered-Mesh-2 approach, Mesh-2 is constructed by patching together
clusters of second-level meshes generated over each element of Mesh-1 designated to be one
of the ”boundary layer elements”. Depending on the type of these boundary layer elements
in Mesh-1, Mesh-2 could be structured or unstructured, with hexahedral, tetrahedral or
triangle-based prismatic elements.

In the EDICT-Layered-Mesh-2 approach, a thin but multi-layered and more refined Mesh-
2 is ”laid over” the solid surfaces. Depending on the geometric complexity of the solid surfaces
and depending on whether we prefer the same type elements as those we used in Mesh-1, the
elements in mesh-2 could be hexahedral, tetrahedral or triangle-based prismatic elements.

This EDICT-based boundary layer mesh refinement strategy would allow us accomplish
our objective without facing the implementational difficulties associated with elements hav-
ing variable number of nodes.

13 MIXED INTERFACE-TRACKING/INTERFACE-CAPTURING
TECHNIQUE (MITICT)

The Mixed Interface-Tracking/Interface-Capturing Technique (MITICT) is being introduced
primarily for computation of fluid-object interactions with multiple fluids. In particular, the
class of applications we are targeting are fluid-particle-gas interaction problems and free-
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surface flow of fluid-particle mixtures. However, the MITICT can be applied to a larger
class of problems where we find it more effective to use an interface-tracking technique to
track the solid-fluid interfaces, and an interface-capturing technique to capture the fluid-
fluid interfaces. As before, the interface-tracking technique we would use is the DSD/SST
formulation. The interface-capturing technique ”rides on” the interface-tracking technique,
and is based on solving over a moving mesh, in addition to the Navier-Stokes equations, the
advection equation governing the time-evolution of the interface function (see Equations (13),
(14), and (15)).

In addition to the DSD/SST formulation of the Navier-Stokes equations, we use the
DSD/SST formulation of the advection equation for the interface function:

∫
Qn

ψh

(
∂φh

∂t
+ uh ·∇∇∇φh

)
dQ +

∫
Ωn

(ψh)+
n

(
(φh)+

n − (φh)−n
)
dΩ

+
(nel)n∑
e=1

∫
Qe

n

τφ

(
∂ψh

∂t
+ uh ·∇∇∇ψh

) (
∂φh

∂t
+ uh ·∇∇∇φh

)
dQ = 0. (49)

This equation, together with Equation (18), constitutes a mixed interface-tracking/interface-
capturing technique that would be effective in accurately tracking the solid-fluid interfaces
and capturing the fluid-fluid interfaces that would be too complex or unsteady to track with
a moving mesh. The interface-capturing part of MITICT can be upgraded to the EDICT
formulation for more accurate representation of the interfaces captured.

The MITICT can also be used for computation of fluid-structure interactions with mul-
tiple fluids or for flows with mechanical components moving in a mixture of two fluids. In
more general cases, the MITICT can be used for classes of problems that involve both inter-
faces that can be accurately tracked with a moving mesh method and interfaces that are too
complex or unsteady to be tracked and therefore require an interface-capturing technique.

14 EDGE-TRACKED INTERFACE LOCATOR TECHNIQUE (ETILT)

The objective in the development of the Edge-Tracked Interface Locator Technique (ETILT)
is to have an interface-capturing technique with better volume conservation properties and
sharper representation of the interfaces. To this end, we first define a second finite-dimensional
representation of the interface function, namely φhe. The added superscript ”e” indicates
that this is an edge-based representation. With φhe, interfaces are represented as collection
of positions along element edges crossed by the interfaces. Nodes belong to ”chunks” of Fluid
A or Fluid B. An edge either belongs to a chunk of Fluid A or Fluid B or is an interface
edge. Each element is either filled fully by a chunk of Fluid A or Fluid B, or is shared by a
chunk of Fluid A and a chunk of Fluid B. If an element is shared like that, the shares are
determined by the position of the interface along the edges of that element.

The base finite element formulation is essentially the one described by Equations (32)
and (33). Although the ETILT can be used in combination with the EDICT, to make it
easier to understand the concept, we can assume that we are working here with the plain,
non-EDICT versions of Equations (32) and (33). This simplification consists of dropping the
subscript n + 1 from all weighting functions appearing in the equations.
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In ETILT, at each time step, given uh
n and φhe

n , we determine uh
n+1, ph

n+1, and φhe
n+1. The

definitions of ρ and µ are modified to use the edge-based representation of the interface
function:

ρh = φheρA + (1 − φhe)ρB, (50)

µh = φheµA + (1 − φhe)µB. (51)

In marching from time level n to n + 1, we first calculate φh
n from φhe

n by a least-squares
projection: ∫

Ω
ψh

(
φh

n − φhe
n

)
dΩ = 0. (52)

To calculate φh
n+1, we use Equation (33). From φh

n+1, we calculate φhe
n+1 by a combination

of a least-squares projection:∫
Ω
(ψhe

n+1)P

(
(φhe

n+1)P − φh
n+1

)
dΩ = 0, (53)

and corrections to enforce volume conservation for all chunks of Fluid A and Fluid B, tak-
ing into account the mergers between the chunks and the split of chunks. This volume
conservation condition among the fluid chunks can symbolically be written as

V OL (φhe
n+1) = V OL (φhe

n ). (54)

Here the subscript P is used for representing the intermediate values following the projection,
but prior to the corrections for volume conservation.

These projections and volume corrections are embedded in our iterative solution tech-
nique, and are carried out at each iteration. The iterative solution technique, which is based
on the Newton-Raphson method, addresses both the nonlinear and coupled nature of the set
of equations that need to be solved at each time step.

In the remainder of this section, we provide more explanation of how the projections and
volume corrections would be handled at an iteration step taking us from iterative solution i
to i + 1.

A) In determining (φhe
n+1)

i+1
P from (φh

n+1)
i+1, in the first step of the projection, the position

of the interface along each interface edge is calculated. The calculation for an edge might
yield for the interface position a value that is not within the range of values representing
that edge. This would imply the following consequences.

i) That interface edge does not remain as an interface edge after the projection.
ii) The node at the end of that edge (in the direction of the interface motion) changes from
one fluid to another after the projection.
iii) Different edges among those connecting that node to other nodes might be identified as
edges expected to be interface edges after the projection. An edge connecting that node to
another node would be identified as an interface edge if the other node belongs to a different
fluid. If not, it means that a chunk of one of the fluids is merging with another chunk of the
same fluid. It might also mean, as a special case, that a chunk of fluid is connecting with
itself at another point.

27



In the second step of the projection, the interface positions would be calculated along the
newly-identified interface edges and those predicted to remain as interface edges after the
first step of the projection. If additional steps of the projection are required, the same
procedure would be followed.

B) After the projection is complete, we need to detect the possible occurrence of mergers
between chunks and split of chunks. The mergers can be detected as described earlier when
we discussed the options related to identification of interface edges following a projection
step. To detect the split of chunks, one way is to go through a sorting process. In this
process, for each chunk, we start with one of the nodes belonging to that chunk, identify all
the nodes connected to that node with edges belonging to that chunk, do the same for the
newly-identified nodes, and continue this recursive process until all the connected nodes are
identified.

After this sorting is complete, if we still have some nodes left in that chunk, this would mean
that the chunk we are inspecting has been split. The recursive process needs to be repeated
for the nodes and edges remaining in that chunk, so that any additional splits that chunk
might have undergone are detected.

C) After the process of identifying all the Fluid A and Fluid B chunks is complete, we need
to enforce the volume conservation. For each chunk, we compare the volumes corresponding
interface locations denoted by (φhe

n+1)
i and (φhe

n+1)
i+1. In the cases of mergers and splits, we

compare the aggregate volume of a set of chunks corresponding to (φhe
n+1)

i and constituting
a merger/split group to the aggregate volume of the set of chunks constituting the related
merger/split group corresponding to (φhe

n+1)
i+1.

D) The volume conservation for a chunk or a merger/split group would be enforced by
inflating or deflating its volume. Let us suppose that multiplying the positive and negative
increments along each interface edge by a factor (1 + x) and (1 − x), respectively, results
in a volume correction by a factor (1 + y), where y and x are of the same sign. We need
to determine the value of x, such that the corresponding value of y is sufficiently close to
the volume correction needed. This would be done iteratively, and the convergence of these
iterations can be accelerated by calculating the numerical derivative of y with respect to x
and using that estimate in updating x at every iteration.

15 DSD/SST FORMULATION FOR SHALLOW WATER EQUATIONS

DSD/SST method can be formulated for shallow water equations in the same way it was
formulated for compressible flows in Section 4. This is accomplished by casting the shallow
water equations in the forms given by Equations (1) and (6)-(8). To this end, we need to
define U, F1, F2, E1, E2, and R. The coefficient matrices will be the derived quantities.

The shallow water equations (see [53]) can be written as

∂ζ

∂t
+∇∇∇ · (u[h + ζ]) = 0 on Ωt ∀t ∈ (0, T ), (55)

where u is the depth-averaged horizontal velocity, ζ is the water elevation relative to a
reference position of the water surface, and h is the water-depth for that reference position.
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Defining the total water height as H = h+ ζ, we can re-write Equation (55) in the following
form:

∂H

∂t
+∇∇∇ · (uH) = 0 on Ωt ∀t ∈ (0, T ). (56)

The momentum equations corresponding to the horizontal directions can be written as

∂ (Hu)

∂t
+∇∇∇ · (uHu) + gH∇∇∇ (H − h) − 2νH∇∇∇ · εεε − S = 0 on Ωt ∀t ∈ (0, T ), (57)

where g is the gravitational acceleration, and the strain-rate tensor εεε is defined by Equa-
tion (5), with the velocity u interpreted as the two-dimensional average velocity we have
here. The vector S represents the surface and bottom shear stresses, and is defined as

S =

(
((T31)s − (T31)b) /ρ
((T32)s − (T32)b) /ρ

)
, (58)

where the subscripts “s” and “b” refer to the surface and bottom respectively. We re-write
Equation (57) as

∂ (Hu)

∂t
+∇∇∇ · (uHu) +∇∇∇

(
1

2
gH2

)
− 2ν∇∇∇ · (Hεεε)

−gH∇∇∇h + 2ν∇∇∇H · εεε − S = 0 on Ωt ∀t ∈ (0, T ). (59)

This equation, together with Equation (56), can be used for defining U, F1, F2, E1, E2,
and R, starting with U = (U1, U2, U3) = (H,Hu1, Hu2). The Euler fluxes are:

F1 =


 u1H

u1Hu1 + 1
2
gH2

u1Hu2


 , F2 =


 u2H

u2Hu1

u2Hu2 + 1
2
gH2


 . (60)

The viscous fluxes are:

E1 =


 0

2νHε11

2νHε12


 , E2 =


 0

2νHε21

2νHε22


 . (61)

The vector R is:

R =


 0

+gH (∂h/∂x1) − 2ν [(∂H/∂x1) ε11 + (∂H/∂x2) ε21] + S1

+gH (∂h/∂x2) − 2ν [(∂H/∂x1) ε12 + (∂H/∂x2) ε22] + S2


 . (62)

To define A1 and A2, we first re-write F1 and F2 as follows:

F1 =


 U2

(U2/U1)U2 + 1
2
gU1

2

(U2/U1)U3


 , F2 =


 U3

(U3/U1)U2

(U3/U1)U3 + 1
2
gU1

2


 . (63)
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Then, by using Equation (7), we derive A1 and A2:

A1 =




0 1 0

gU1 − (U2/U1)
2 2U2/U1 0

−(U2/U1)(U3/U1) U3/U1 U2/U1


 ,

A2 =




0 0 1
−(U3/U1)(U2/U1) U3/U1 U2/U1

gU1 − (U3/U1)
2 0 2U3/U1


 . (64)

Similarly, by using Equation (8), we derive K11, K12, K21, and K22:

K11 =


 0 0 0

−2νU2/U1 2ν 0
−νU3/U1 0 ν


 , K12 =


 0 0 0

0 0 0
−νU2/U1 ν 0


 ,

K21 =


 0 0 0

−νU3/U1 0 ν
0 0 0


 , K22 =


 0 0 0

−νU2/U1 ν 0
−νU3/U1 0 2ν


 . (65)

With all these definitions, the DSD/SST method given by Equation (16) can now be
extended to shallow water equations, and the motion of the water-land interfaces can be
taken into account automatically. Beyond this point, the formulation can be seen very much
like the DSD/SST formulation we discussed in previous sections. Several of the DSD/SST
concepts previously discussed, such as moving interior boundaries, mesh update options,
STCT, FOIST, and MITICT, can be extended to this model.

Remark

(15) The MITICT can be extended to shallow water equations to compute the time-evolution
of a surface contaminant spreading in large bodies of water such as bays and lakes.
These computations would be based on using the DSD/SST formulation (as an interface-
tracking technique) for solving the shallow water equations, and using the EDICT for
solving the advection equation governing the time-evolution of the contaminant.

16 ITERATIVE SOLUTION METHODS AND PARALLEL COMPUTING

The finite element formulations reviewed in the earlier sections fall into two categories: a
space-time formulation with moving meshes or a semi-discrete formulation with non-moving
meshes. Full discretizations of these formulations lead to coupled, nonlinear equation systems
that need to be solved at every time step of the simulation. Whether we are using a space-
time formulation or a semi-discrete formulation, we can represent the equation system that
needs to be solved as follows:

N (dn+1) = F. (66)

Here dn+1 is the vector of nodal unknowns. In a semi-discrete formulation, this vector
contains the unknowns associated with marching from time level n to n+1. In a space-time
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formulation, it contains the unknowns associated with the finite element formulation written
for the space-time slab Qn. The time-marching formulations described earlier can also be
used for solving a steady-state flow problem (see Remark 7 in Section 10). In such cases,
the time steps do not have a physical significance, but are only used in “time-marching” to
the steady-state solution.

We solve Equation (66) with the Newton-Raphson method:

∂N

∂d

∣∣∣∣∣
di

n+1

(
∆di

n+1

)
= F − N

(
di

n+1

)
, (67)

where i is the step counter for the Newton-Raphson sequence, and ∆di
n+1 is the increment

computed for di
n+1. The linear equation system represented by Equation (67) needs to be

solved at every step of the Newton-Raphson sequence. We can represent Equation (67) as a
linear equation system of the form

Ax = b. (68)

In the class of computations we typically carry out, this equation system would be too large
to solve with a direct method. Therefore we solve it iteratively. At each iteration, we need
to compute the residual of this system:

r = b − Ax. (69)

This can be achieved in several different ways. The computation can be based on a sparse-
matrix storage of A. It can also be based on storing just element-level matrices, or even
just element-level vectors. This last strategy is also called a matrix-free technique. After the
residual computation, we compute a candidate correction to x as given by the expression

∆y = P−1r, (70)

where P, the preconditioning matrix, is an approximation to A. P has to be simple enough
to form and factorize efficiently. However, it also has to be sophisticated enough to yield
a desirable convergence rate. How to update the solution vector x by using ∆y is also a
major subject in iterative solution techniques. Several update methods are available, and
we use the GMRES [54] method. We have been focusing our research related to iterative
methods mainly on computing the residual r efficiently and selecting a good preconditioner
P. While moving in this direction, we have always been keeping in mind that the itera-
tive solution methods we develop need to be efficiently implemented on parallel computing
platforms. For example, the “parallel-ready” methods we designed for the residual computa-
tions include those that are element-matrix-based [55], element-vector-based [55], and sparse-
matrix-based [56]. The element-vector-based (matrix-free) methods were successfully used
also by other researchers in the context of parallel computations (see for example [57,58]).

In preconditioning design, we developed some advanced preconditioners such as the
Clustered-Element-by-Element (CEBE) preconditioner [59] and the mixed CEBE and Clus-
ter Companion (CC) preconditioner [59]. We have implemented, with quite satisfactory
results, the CEBE preconditioner in conjunction with an ILU approximation [56]. However,
our typical computations are based on diagonal and nodal-block-diagonal preconditioners.

31



These are very simple preconditioners, but are also very simple to implement on parallel
platforms.

Some of our parallel computations were based on shared-memory platforms, such as
multi-processor SGI systems, including a 2-processor SGI ONYX2. Most of our simulations
were carried out on distributed-memory platforms. In this category, our earlier computations
were based on data-parallel paradigm on a Thinking Machines CM-5. The majority of our
more recent computations is based on message-passing paradigm on computing platforms
such as a CRAY T3E-1200. More on our parallel implementations can be found in [55].

17 MIXED ELEMENT-MATRIX-BASED/ELEMENT-VECTOR-BASED
COMPUTATION TECHNIQUE (MMVCT)

Consider a nonlinear equation system of the kind given by Equation (66), re-written in the
following form:

N1 (d1,d2) = F1,

N2 (d1,d2) = F2, (71)

where d1 and d2 are the vectors of nodal unknowns corresponding to unknown functions u1

and u2, respectively. Similarly, we re-write Equation (68) in the form

A11x1 + A12x2 = b1,

A21x1 + A22x2 = b2, (72)

where

Aβγ =
∂Nβ

∂dγ

. (73)

Re-writing Equations (66) and (68) in this fashion would help us recognize or investigate
the properties associated with the individual blocks of the equation system. It would also help
us explore selective treatment of these blocks during the solution process. For example, in
the context of a coupled fluid-structure interaction problem, u1 and u2 might be representing
the fluid and structure unknowns, respectively. We would then recognize that computation
of the coupling matrices A12 and A21 poses a significant difficulty and therefore alternative
approaches should be explored.

Iterative solution of Equation (72) can be written as

P11∆y1 + P12∆y2 = b1 − (A11x1 + A12x2) ,

P21∆y1 + P22∆y2 = b2 − (A21x1 + A22x2) , (74)

where Pβγ’s represent the blocks of the preconditioning matrix P. Here we focus our atten-
tion to computation of the residual vectors on the right hand side, and explore alternative
ways for evaluating the matrix-vector products.

Let us suppose that we are able to compute, without a major difficulty, the element-level
matrices Ae

11 and Ae
22 associated with the global matrices A11 and A22, and that we prefer

32



to evaluate A11x1 and A22x2 by using these element-level matrices. Let us also suppose that
calculation of the element-level matrices Ae

12 and Ae
21 is prohibitively difficult. Reflecting

these circumstances, the computations can be carried out by using a mixed element-matrix-
based/element-vector-based computation technique:

(A11x1 + A12x2) =
nel

A
e=1

(Ae
11x1) +

nel

A
e=1

lim
ε1→0

[
N

e

1(d1,d2 + ε1x2) − N
e

1(d1,d2)

ε1

]
,

(A21x1 + A22x2) =
nel

A
e=1

(Ae
22x2) +

nel

A
e=1

lim
ε2→0

[
N

e

2(d1 + ε2x1,d2) − N
e

2(d1,d2)

ε2

]
, (75)

where A is the finite element assembly operator, and ε1 and ε2 are small parameters used
in numerical evaluation of the directional derivatives. Here, A11x1 and A22x2 are evaluated
with an element-matrix-based computation technique, while A12x2 and A21x1 are evaluated
with an element-vector-based computation technique.

In extending the mixed element-matrix-based/element-vector-based computation tech-
nique described above to a more general framework, evaluation of a matrix-vector product
Aβγxγ (for β, γ = 1, 2, . . . , N and no sum) appearing in a residual vector can be formulated
as an intentional choice between the following element-matrix-based and element-vector-
based computation techniques:

Aβγxγ =
nel

A
e=1

(Ae
βγxγ), (76)

Aβγxγ =
nel

A
e=1

lim
εβ→0

[
N

e

β(. . . ,dγ + εβxγ, . . .) − N
e

β(. . . ,dγ , . . .)

εβ

]
. (77)

Sometimes, computation of the element-level matrices Ae
βγ might not be prohibitively diffi-

cult, but we might still prefer to evaluate Aβγxγ with an element-vector-based computation
technique. In such cases, instead of an element-vector-based computation technique requir-
ing numerical evaluation of directional derivatives, we might want to use the element-vector-
based computation technique described below.

Let us suppose that the nonlinear vector function Nβ corresponds to a finite element
integral form Bβ(Wβ,u1, . . . ,uN). Here Wβ represents the vector of nodal values asso-
ciated with the weighting function wβ, which generates the nonlinear equation block β.
Let us also suppose that we are able to, without a major difficulty, derive the first-order
terms in the expansion of Bβ(Wβ,u1, . . . ,uN) in uγ. Let the finite element integral form
Gβγ(Wβ,u1, . . . ,uN , ∆uγ) represents those first-order terms in ∆uγ . We note that this finite

element integral form will generate
∂Nβ

∂dγ
. Consequently, the matrix-vector product Aβγxγ can

be evaluated as follows:

Aβγxγ =
∂Nβ

∂dγ

xγ =
nel

A
e=1

Gβγ(Wβ,u1, . . . ,uN ,vγ), (78)

where, vγ is a function interpolated from xγ in the same way that uγ is interpolated from
dγ. This element-vector-based computation technique allows us to evaluate matrix-vector
products without dealing with numerical evaluation of directional derivatives.
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18 ENHANCED-DISCRETIZATION SUCCESSIVE UPDATE METHOD
(EDSUM)

In this section, we introduce a multi-level iteration method for computation of flow behavior
at small scales. The Enhanced- Discretization Successive Update Method (EDSUM) is based
on the Enhanced-Discretization Interface-Capturing Technique (EDICT). Although it might
be possible to identify zones where the enhanced discretization could be limited to, we need
to think about and develop methods required for cases where the enhanced discretization is
needed everywhere in the problem domain to accurately compute flows at smaller scales. In
that case the enhanced discretization would be more wide-spread than before, and possibly
required for the entire domain. Therefore an efficient solution approach would be needed to
solve, at every time step, a very large, coupled nonlinear equation system generated by the
multi-level discretization approach.

Such large, coupled nonlinear equation systems involve four classes of nodes. Class-
1 consists of all the Mesh-1 nodes. These nodes are connected to each other through the
Mesh-1 elements. Class-2E consists of the Mesh-2 edge nodes (but excluding those coinciding
with the Mesh-1 nodes). The edge nodes associated with different edges are not connected
(except those at each side of an edge, but we neglect that a side node might be connected to
the side nodes of the adjacent edges). Nodes within an edge are connected through Mesh-2
elements. Class-2F contains the Mesh-2 face nodes (but excluding those on the edges). The
face nodes associated with different faces are not connected (except those at sides of a face,
but we neglect that those side nodes might be connected to the side nodes of the adjacent
face). Nodes within a face are connected through Mesh-2 elements. Class-2I nodes are
the Mesh-2 interior nodes. The interior nodes associated with different clusters of Mesh-2
elements are not connected. Nodes within a cluster are connected through Mesh-2 elements.

Based on this multi-level decomposition concept, a nonlinear equation system of the kind
given by Equation (66) can be re-written as follows:

N1 (d1, d2E, d2F , d2I) = F1,

N2E (d1, d2E, d2F , d2I) = F2E,

N2F (d1, d2E, d2F , d2I) = F2F ,

N2I (d1, d2E, d2F , d2I) = F2I , (79)

where the subscript ”n + 1” has been dropped to simplify the notation.
This equation system would be solved with the Newton-Raphson method. At each

Newton-Raphson step, we would successively update the solution vectors corresponding to
each class. We would start with updating the Class-1 nodes, then update the Class-2E,
Class-2F, and Class-2I nodes, respectively. This sequence would be repeated as many times
as required, and alternating between this sequence and its reverse sequence would be an
option.

Updating the solution vector corresponding to each class would also require solution of
a large equation system. These equations systems would each be solved iteratively, with
an effective preconditioner, a reliable search technique, and parallel implementation. It is
important to note that the bulk of the computational cost would be for Class-1 and Class-2I.

34



While the Class-1 nodes would be partitioned to different processors of the parallel computer,
for the remaining classes, nodes in each edge, face or interior cluster would be assigned to the
same processor. Therefore, solution of each edge, face or interior cluster would be local. If
the size of each interior cluster becomes too large, then nodes for a given cluster can also be
distributed across different processors, or a third level of mesh refinement can be introduced
to make the enhanced discretization a tri-level kind.

19 EXAMPLES OF FLOW SIMULATIONS

In this section we present examples of flow simulations carried out by using some of the
methods described in the earlier sections. In some cases at high Reynolds numbers, we use
a simple turbulence model, where the physical viscosity is augmented by an eddy viscosity
as proposed by Smagorinsky (see [60, 61]). All results were obtained by computations on
parallel computing platforms. All computations were carried out in 3D, except for two of
the EDICT test problems. Each numerical example is described briefly and references are
given to our earlier publications for more information.

Flare maneuver of a large ram-air parachute. The Reynolds number in this computa-
tion is about 10 million. The initial condition consists of the steady glide configuration of an
unconstrained parachute with no flap deflection. The time for the flare maneuver and total
flap deflection is obtained from test data. The parachute is treated as a solid body with
changing shape. The shape of the parachute during the maneuver is interpolated from the
initial and final flap configurations. A special mesh generator/mover was developed. With
this the flare maneuver is simulated without any remesh. The DSD/SST formulation leads
to 2,258,496 coupled, nonlinear equations that need to be solved at every time step. Figure 9
shows the pressure distribution on the parachute surface during three instants of the flare
maneuver. For more on this simulation see [33].

Flow around two high-speed trains in a tunnel. Two high-speed trains are passing
each other in a tunnel. Each train has a speed of 100 m/s. The Reynolds number based on
the train length is around 67 million. The mesh consists of 101,888 hexahedral elements and
230,982 space-time nodes, and leads to 900,274 coupled, nonlinear equations that need to be
solved at every time step. Here the DSD/SST formulation is used together with the SSMUM
to handle the mesh while the trains are in rapid, relative motion. Figure 10 shows the trains
and pressure distribution at different instants. For more on this simulation see [33].

Flow past a rotating propeller. In this computation, the DSD/SST formulation and
SSMUM are applied to simulation of flow past a propeller in a large box. The Reynolds
number, based on the upstream flow velocity and the propeller diameter, is approximately
1 million. The rotational speed of the propeller, scaled with the upstream flow velocity and
the propeller diameter, is 9.11π. The mesh consists of 305,786 space-time nodes and 939,213
tetrahedral elements. Figure 11 shows on the left the mesh at the outer boundaries and on
the outer surface of the shear-slip layer, and on the right the mesh on the propeller surface
and on the inner surface of the shear-slip layer. Figure 12 shows cross-sectional views of
the mesh and the shear-slip layer, with the side view on the left and the top view on the
right. Figure 13 shows on the left, the pressure on the propeller surface and the iso-surface
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Figure 9. Flare maneuver of a large ram-air parachute. Pressure distribution on the
parachute surface during three instants of the flare maneuver.

Figure 10. Flow around two high-speed trains in a tunnel. The trains and pressure distri-
bution at different instants.
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of -0.025 value of pressure, and on the right, the helicity on the propeller surface and the
iso-surface of 0.2 value of helicity. For more on this simulation see [41].

Figure 11. Flow past a rotating propeller. Left: mesh at the outer boundaries and on the
outer surface of the shear-slip layer. Right: mesh on the propeller surface and on the inner
surface of the shear-slip layer.

Figure 12. Flow past a rotating propeller. Cross-sectional views of the mesh and the shear-
slip layer. Left: side view. Right: top view.

Flow past a helicopter. Here we apply the DSD/SST formulation and SSMUM to com-
putation of flow past a helicopter with its main rotor in motion. In this computation the
tail rotor is excluded from the model, although the SSMUM approach could have been used
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Figure 13. Flow past a rotating propeller. Left: pressure on the propeller surface and
the iso-surface of -0.025 value of pressure. Right: helicity on the propeller surface and the
iso-surface of 0.2 value of helicity.

to model it too. The mesh consists of 361,434 space-time nodes and 1,096,225 tetrahedral
elements. Figure 14 shows the surface meshes for the fuselage, rotor, and the top portion
of the inner surface of the shear-slip layer. Figure 15 shows the cross-section of the mesh
through the center of the rotor hub. The helicopter is assumed to be in a forward horizontal
flight at a speed of 10.0 m/s, with a rotor tip velocity of 200 m/s. Figure 16 shows the air
pressure distribution on the surfaces of the fuselage and rotor. For more on this simulation
see [42].

Fluid-object interactions with 1000 spheres falling in a liquid-filled tube. The core
method for this simulation is the DSD/SST formulation. The methods layered around this
include: an efficient distributed-memory implementation of the formulation; fast automatic
mesh generation; a mesh update method based on automatic mesh moving with remeshing
only as needed; an efficient method for projecting the solution after each remesh; and multi-
platform (heterogeneous) computing. Here, while mesh partitioning, flow computations, and
mesh movements were performed on a 512-node Thinking Machines CM-5, automatic mesh
generation and projection of the solution were accomplished on a 2-processor SGI ONYX2.
The two systems communicated over a high-speed network as often as the computation
required remeshing. In more recent simulations of this class of problems (see the next
numerical example), the CM-5 has been replaced by a CRAY T3E-1200. The spheres, in
addition to interacting with the fluid, interact and collide with each other and with the
tube wall. The average Reynolds number is around 8. The mesh size is approximately
2.5 million tetrahedral elements, resulting in about 5.5 million coupled, nonlinear equations
to be solved every time step. The number of time steps is around 1100 in the simulation.
Figure 17 shows the spheres at four different instants during the simulation. The first picture
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Figure 14. Flow past a helicopter. Surface meshes for the fuselage, rotor, and the top portion
of the inner surface of the shear-slip layer.

Figure 15. Flow past a helicopter. Cross-section of the mesh through the center of the rotor
hub.

shows the initial distribution. The colors are for identification purpose only. For more on
this simulation see [62].

Fluid-object interactions in spatially periodic flows. Here we carry out simulation
of fluid-object interactions in spatially tri-periodic flows, where the solid objects are spheres
with equal radii and fall under the action of gravity. In our study, we keep the volume
fraction of the spheres in the fluid-object mixture constant at 26.8%, and investigate how
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Figure 16. Flow past a helicopter. Air pressure on the surfaces of the fuselage (left) and
rotor (right).

Figure 17. Fluid-object interactions with 1000 spheres falling in a liquid-filled tube. Pictures
show at four instants the spheres as they fall.

the mixture behavior varies as the size of the periodic cell is varied to contain more and more
spheres. The flow parameters are defined in such a way that a single sphere, at the solid
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volume fraction of 26.8%, falls at a terminal Reynolds number of approximately 10. The
total volumetric flow rate is set to zero in all three directions, and this is what we expect it to
be the case in sedimentation. We computed five cases, where the number of particles in the
periodic cell was 1, 8, 27, 64, and 125. The mesh sizes for these five cases were approximately
0.012, 0.120, 0.400, 0.930, and 1.8 million tetrahedral elements, respectively. Here, while the
projection of the solution after a remesh, mesh partitioning, flow computations, and mesh
movements were performed on a CRAY T3E-1200, the automatic mesh generation was done
on a PentiumII based PC. The two systems communicated over a high-speed network as
often as the computation required remeshing. The results from these five cases are very
similar, even quantitatively, observed in terms of average settling speed, volumetric fluid
flow rate, particle drag, and pressure jump values. Figures 18 show at, a vertical cross-
section, the velocity vectors. To make the comparison between the results from these five
cases easier, except for the last case, we show the velocity vectors over multiple periodic
cells. The number of periodic cells assembled together for the cases of 1, 8, 27, 64, and 125
particles in a periodic cell is 5 × 5, 3 × 3, 2 × 2, 2 × 2, and 1 × 1, respectively. Figure 19
shows for each case the time history of the average settling speed. One of the notable things
is that for all cases the initial grid arrangement of the particles is breaking up at around the
same time. For more on this simulation see [34].

Free-surface flow past a bridge support. The Reynolds number based on the upstream
velocity is 10 million. The upstream Froude number is 0.564. The mesh consists of 230,480
prism-based space-time elements and 129,382 nodes. The DSD/SST formulation is used
with an algebraic mesh update method. The free-surface height is governed by an advection
equation and solved with a stabilized formulation. Figure 20 shows, at an instant, the
cylinder together with the free-surface color-coded with the velocity magnitude. For more
on this simulation see [63].

Flow past the spillway of a dam. The model represents for the dam a 48 feet-wide section
of the navigation pass crest and stilling basin. It includes an upstream channel, the spillway
crest, and five underwater obstacles intended to dissipate the flow energy. The computation
was based on the DSD/SST formulation, with the mesh updated with our automatic mesh
moving method. The mesh consists of 139,352 space-time nodes and 396,682 tetrahedral
space-time elements. Figure 21 shows the water pressure and streamlines, and the steady
shape of the free surface reached in the final stages of the simulation. For more on this
simulation see [33].

2D sloshing in a container. A container is filled 2/3 with water and 1/3 with air. It is
suddenly subjected to the gravitational acceleration (g = 9.8 m/s2) and a horizontal accel-
eration of magnitude 0.2g. We compute this problem first with the DSD/SST formulation,
where the computational domain is discretized using 6,000 quadrilateral elements and 6,161
nodes. We will refer to this solution as Solution-IT. Next, we compute the problem with the
EDICT. The base mesh, Mesh-1, consists of 30,000 triangular elements and 15,251 nodes.
Solution-1 is obtained by using the base discretization, where all trial and weighting func-
tions come only from Mesh-1. Solution-2 is obtained by using the EDICT, where all trial
and weighting functions come from Mesh-1 ⊕ Mesh-2. Solution-3 is obtained by using a
more enhanced discretization, where the trial and weighting functions for velocity and pres-
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Figure 18. Fluid-object interactions in spatially periodic flows. For the five cases, the
velocity vectors at a cross-section. From left to right and top to bottom: 1, 8, 27, 64, and
125 particles/cell.

sure come from Mesh-1 ⊕ Mesh-2, and for the interface function from Mesh-1 ⊕ Mesh-2
⊕ Mesh-3. Figure 22 shows, on the left, at t = 0.2 s, Mesh-1 together with Mesh-2 and
Mesh-3 (both shown on top of Mesh-1); and on the right, the time histories of the horizontal
forces exerted on the container for all four solutions. We assume that the target solution is
Solution-IT. Solution-1 has significant frequency and amplitude errors. Solution-2 is superior
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Figure 19. Fluid-object interactions in spatially periodic flows. For each case, the time
history of the average settling speed.

Figure 20. Free-surface flow past a bridge support. The bridge support and the free-surface
color-coded with the velocity magnitude.

to Solution-1, and Solution-3 is the one in best agreement with Solution-IT. For more on
these simulations see [64].

Liquid-liquid impact. This is an axisymmetric test computation. We have a container
in the shape of a circular cylinder. The lower half of the container is filled with a liquid.
The upper half is filled with air. At t = 0.0 s we start injecting the same liquid through
a circular section positioned concentrically at the top of the cylinder. The injection stream
has a uniform flow speed. The computation is carried out with the EDICT. The base mesh,
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Figure 21. Flow past the spillway of a dam. Water pressure and streamlines, and the steady
shape of the free surface.

Mesh-1, consists of 30,000 triangular elements and 15,251 nodes. Mesh-2 and Mesh-3 are
generated in the same way as they were generated in the previous test problem. The trial
and weighting functions for velocity and pressure come from Mesh-1 ⊕ Mesh-2, and for
the interface function from Mesh-1 ⊕ Mesh-2 ⊕ Mesh-3. Figure 23 shows a sequence of
air-liquid interactions seen at different instants during the simulation of this problem. The
pictures show the injection stream impacting the still liquid, formation of surface waves, and
entrapment of air in the liquid. For more on this simulation see [43].

3D sloshing in a container. A container is filled with half water and half air. It is
suddenly subjected to the gravitational acceleration, and with both horizontal acceleration
components at 0.2g. The base mesh, Mesh-1 consists of 50 × 30 × 30 (45,000) hexahedral
elements. For this mesh, at each time step, a coupled, nonlinear equation system with over
236,000 unknowns is solved to obtain the solution. We call this Solution-1. Figure 24 shows
for Solution-1, at t = 0.15 s and from two different views, Mesh-1 and the air-water interface.
Next we compute the problem with the EDICT, with only one level of enhancement, using a
Mesh-2 on top of Mesh-1. Mesh-2 has about 85,000 hexahedral elements. For the enhanced
discretization, at each time step, a coupled, nonlinear equation system with around 740,000
unknowns is solved to obtain the solution. We call this Solution-2. Figure 25 shows for
Solution-2, at t = 0.15 s and from two different views, Mesh-2 (on top of Mesh-1) and the
air-water interface.

Sloshing in a tanker slowing down on a curved road. The tanker, partially filled
with fuel and moving at 30 m/s, starts slowing down at the rate of 0.1g as it enters a
curved road with radius of curvature 920 m. The tanker has an elliptical cross section. The
dimensions of the minor and major axes are 1.5 m and 2.0 m, respectively. The tanker is
partitioned into three compartments, and only one compartment is simulated. The length of
each compartment is 1.0 m. The base mesh, Mesh-1 consists of 104,091 nodes and 100,000
hexahedral elements. Mesh-2 contains approximately 180,000 hexahedral elements. Solution-
1 is obtained by using the base discretization, where all trial and weighting functions come

44



0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

F
or

ce
 (

N
)

Time (s)

Solution-IT
Solution-1

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

F
or

ce
 (

N
)

Time (s)

Solution-IT
Solution-2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

F
or

ce
 (

N
)

Time (s)

Solution-IT
Solution-3

Figure 22. 2D sloshing in a container. Pictures shows, on the left, at t = 0.2 s, Mesh-1
together with Mesh-2 and Mesh-3 (both shown on top of Mesh-1); and on the right, the time
histories of the horizontal forces exerted on the container for all four solutions.

only from Mesh-1. Solution-2 is obtained by using the EDICT, where all trial and weighting
functions come from Mesh-1 ⊕ Mesh-2. Figure 26 shows for Solution-1, at t = 0.9 s, Mesh-1
and the air-fuel interface. Figure 27 shows for Solution-2, at t = 0.9 s, Mesh-2 (on top of
Mesh-1) and the air-fuel interface.
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Figure 23. Liquid-liquid impact. Injection stream impacting the still liquid.

20 CONCLUDING REMARKS

We provided an overview of the finite element methods developed in recent years by the
Team for Advanced Flow Simulation and Modeling for computation of flow problems with
moving boundaries and interfaces. In this category, the classes of problems we were targeting
include free-surface and two-fluid flows, fluid-object and fluid-structure interactions, airdrop
systems, and flows with rapidly-moving mechanical components. The methods we developed
to address these classes of problems can be grouped into two main approaches: interface-
tracking techniques and interface-capturing techniques.

The interface-tracking techniques are based on the Deforming-Spatial-Domain/Stabilized
Space-Time (DSD/SST) formulation. In this formulation, the spatial domain occupied by
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Figure 24. 3D sloshing in a container. Solution-1, at t = 0.15 s and from two different views,
Mesh-1 and the air-water interface.

Figure 25. 3D sloshing in a container. Solution-2, at t = 0.15 s and from two different views,
Mesh-2 (on top of Mesh-1) and the air-water interface.

the fluid changes its shape during the computation to track the interface, and the mesh is
continuously updated to handle this change in the spatial domain. In designing the methods
needed to update the mesh every time step, we focus on reducing the frequency of remeshing.
To this end, we emphasized the development of both the general-purpose and special-purpose
mesh update methods.

In developing our interface-capturing techniques, we mainly targeted free-surface and two-
fluid flows. These methods are based on stabilized formulation of both the flow equations
and the advection equation governing the time-evolution of the interface function marking
the location of the interface. These stabilized formulations are discretized over non-moving
meshes. We developed the Enhanced-Discretization Interface-Capturing Technique (EDICT)
to increase the accuracy in representing the interface. This is for the cases when the accuracy
provided by the existing mesh resolution around the interface would not be satisfactory.

The methods we developed are applicable to 3D problems with complex geometries and
are suitable for efficient implementation on parallel computers. This makes these methods
flexible, accurate, efficient, and powerful. In this paper, we included a large number of
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Figure 26. Sloshing in a tanker slowing down on a curved road. Solution-1, at t = 0.9 s,
Mesh-1 and the air-fuel interface.

Figure 27. Sloshing in a tanker slowing down on a curved road. Solution-2, at t = 0.9 s,
Mesh-2 (on top of Mesh-1) and the air-fuel interface.

numerical examples of complex flow problems that we computed on parallel platforms with
the methods that have already been implemented for parallel computing. We also included
in this paper a number of new ideas and techniques we are proposing to increase the scope
and accuracy of these two classes of techniques targeting flows with moving boundaries and
interfaces.
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