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1.  INTRODUCTION

In  t h i s  pape r  we  a re  conce rned  w i t h  ce r t a i n  c l asses  o f
Pe t rov -Ga le r k i n  f i n i t e  e l emenL  me thods  f o r  convec t i on  dom ina ted
f l ows .  Pe t rov - ca le r k i n  me thods  a re  d i s t i ngu i shed  f r om the  more
widely known (Bubnov-)  Galerk in method in that  weight ing func-
t i ons  and  t r i a l  soLu t i ons  a re  se lec ted  f r om d i f f e ren t  c l asses
o f  f unc t i ons .  Th i s  compuLa t i ona l  i r amework  "pe t t  t f r .  way  Lo  t he
d e \ / e l o n m F n t  o f  n , r m c l i g ; L  m e t h O d S  W h i C h  a r c  n n 1 - i m a l  6 7  n p : - 1 ' ,

so ,  acco rd i ng  t o  va r i ous  measu res  o f  accu racy .

Th i s  may  be  con t ras ted  w i t h  t he  behav iou r  o f  ca l e r k i n  me thods
f o r  t h r s  c l a s s  o f  p r o b l e m s ,  w h i c h  s u f f e r  f r o m  b o t h  a c c u r a c y  a n d
s 1 a h i l  i r v  d e f i c i e n e i e q -  f ) r r n . n f  ( l q 7 ? l  w a c  f h e  f i r s t  t o  D O i n LI  + ! r L  u v  l

out that  the Galerk in method did not  general ly  achieve opt imal
asyrnptot ic  error  est imates for  even smooth solut ions of  the
s imp l  es t  one -d imens iona l ,  f i r s t - o rde r  hype rbo l  i c  mode l  p rob l sn .

When  so lu t i ons  a re  r ough ,  Ga le r k i n  r ne thods  a re  known  t o  p roduce
h i o h l v  o s c i  I  I  F t o r v  c r r ^ r  e o m n ^ n a n r q  T h l s  f h e  " h e s t  : n n r o x i m a -
r i o n  n r o n e r l - r r r r  i n d  j + ^  ^ ! - L l l  l ! . .  ^ - r  n n f  i m : l _ : n n r r r : n r r  h r, t  I  . - t , v  r L S  S L d O r - r r L y  a n o  _ J - p T o -

d u c t s ,  w h i c h  t h e  G a l e r k i n  m e t h o d  a c h i e v e s  i n  L y p i c a l  e I l i p L i c
ope ra to r  p rob lems ,  i s  l os t  i n  t he  con tex t  o f  h i gh l y  nons )nnme t r i -
ca I  convec t i on - t ype  ope ra to r s .

Due to the potent ia l  of  Petrov-Galerk in methods for  f low
p rob lems ,  a  l a rge  I i t e ra tu re  . i - s  a l r eady  accumu la t i ng .  The  f i r s t
r e fe rence  Lha t  we  a re  awa re  o f  on  t h i s  t op i c  was  t he  pape r  by
O e n d y  ( I 9 1 4 \ .  W o r k s  w h j - c h  a n a l y z e d ,  f u r L h e r  d e v e l o p e d ,  a n d
g e n e r a l i z e d  D e n d y ' s  a p p r o a c h  w e r e  t h o s e  o f  W a h l b i n  ( L 9 1 4 )  ,
Ra lmond  and  Ga rde r  ( L976 )  and  Bake r  ( 1979 ) .  Dendy ' s  f o rmu la t i on
a n n l  i e d  t -  f i r q f - n r d e r  h w n e r l r o l  i e  n r o b l e m s .  T h e  i n t r o d u c t i o n
o f  second -o rde r  t e rms  i n t o  Lhe  equa t i ons  posed  t echn i ca l  p ro -

b l ems  un less  i n t e rpo la t i ons  w i t h  C l - con t i nu i t y  we re  i n t r oduced .
T h e s e  a r e ,  o f  c o u r s e ,  v e r y  i n c o n v e n i e n l  i n  p r a c t i c e  a n d  t h i s ,
- ^ ' - L - - ^  " ^ -  ! L ^  * - i n  r e a s o n  w h r r  f h i q  a n n r o a e h  d i d  n o t  h a v e  aP s r r t a P r ,  w d 5  u r r E  r i r o r r r  !  L r r r s  o } / l  L v q

m n r o  q i n n i f i n : n r  i n h . ^ +  i - j + i - l 1 , ,
f u q r r u  a l r y a L  u  a I r r L a 4 I I y .

tezduyar
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A sepa r -a te  sc t t oo l  o f  t hough t  was  La te r  o r i g i na ted  by  t he
D u n d e e  a n d  S w a n s e a  r e s e a r c h  g r o u p s  ( s e e ,  e . g . ,  C h r . i s t i e  e t  a l . ,
1 9 7 6 ,  H e i n r i c h  e t -  a L . ,  I 9 7 7 ,  G r i f f l t h s  a n d  M i t c h e l l ,  1 9 7 9 ,  a n d
He in r : i ch  and  Z ienk iewrcz ,  I 979 ) .  I n  t - hese  wo rks  va r i ous  pe r t u r -

b u L i u n s  o f  L h e  n o r m a l  G a l e r k i n  w e i g h t - L n g  f u n c t i o n s  w e r e  j n L r o -

d u c e d  o s L e n s i b l  y  c o  d c c o l r n t  f o r  u p w i n d  j n f l  u e n c e .  *  B e c a u - ; e

Lhese  pe r t u rbaL ions  cou ld  be  con t i nuous ,  t he re  we re  no  imped j -
r e l r , d  i  r a  q e e n n d - o r d e fu  d P P ' y r r 1 9  L r l L i l r  L U  r l ] ] u J L  L u t l s  r l r L , u u r - r v

s p a t i a l  d e r j v r L i v e s  ( e . g .  u d v e c r i o n - c l i f f u s i o n  e q u u t i o n s )  .
M o r t o n  a n d  c o l L e a g u e s  ( s e e ,  e . g . ,  B a r r e t t  a n d  M o r t o n ,  l 9 B O ,
l 98 l ,  Mo r ton ,  1981 ,  I v l o r t on  and  Ba r re t t ,  l 9BO,  Mo r ton  and
Pa r ro t t ,  l 9BO)  ex tended  t he  deve lopmen t  o f  t hese  . i deas  t o  t ime -
d e p e n d e n L  c a s e s  a n d  d e I i n e d  m e L h o d s  : c h i e v i n g  o p t i m a l i  L y  c o n d i -

t i ons  i n  va r i ous  no rms .

Ou r  wo rk  i n  t h l s  a rea  began  w i t h  t he  deve lopmen t  o f  f i n i t e
e l emen t  me thods  f o r  t he  advec t i on -d i f f us i on  and  i ncompress ib l e
N a v i e r - S l o k e s  e q u a L i o n s  w h i c h  w e  c a l l e d  t h e  " s t r e a m l i n e - u p w i n d

m e t h o d "  ( H u g h e s  a n d  B r o o k s ,  1 9 7 9 ,  B r o o k s  a n d  H u g h e s ,  l 9 B O ) .
The method was s jmi lar  in intent  to the skew-di f ferencing pro-

c e d u r e  o f  R d i t h b y  ( 1 9 7 6 ) .  T n  d f L e m p L i n g  t o  g e n c r a l i z e  t h e
n roced r r re  t o  a  pe t rov -Ga fe r k i n  me thod  we  encoun te red  t he  Same
d j F r i ^ , , 1 + .  r l - 1 l  f  1 ^ o d  D p n d r z r <  m a t h ^ . 1  r L i ^  .  -  . l - - r  I "  .
u I L I l e u L L y  L I I d L  l d u - -  -  r ' n 1 s  W a S  I l n a l l y  O V e f C O m e

i n  (Hughes  and  B rooks ,  l 982 )  f o r  t he  advec t i on -d i f f us i on  equa -

t i o n  . i n d  i n  ( B r o o k s  r n d  H u g h e s ,  l 9 B 2 a , b )  f o r  f h e  i n c o m p r e s s i b l e
Nav ie r -S tokes  equa t l ons .

W e  h a v e  s o l v e d  a  w i d e  v a r i e t y  o f  s L e a d y  a n d  t i m e - d e p e n d e n t
I  L n e a r  a n d  n o n l i n e a r  p r o b l e m s  t o  d e m o n s L r a t e  t h e  d c c u r a c y  a n d

s tab i l i t y  o f  t h i s  f o rmu faL ion .

C laes  Johnson  ( l 98 l )  has  ana l yzed  t he  s t r eam l i ne  me thod  and
o c f : h l  i c h o d  n n t s i m r l  n n n r r a r ^ o n . o  r : f a c  : n d  :  q f r ^ n ^  . ' i i q . ^ n f i n r r i t \ z

cap tu r i ng  p rope r t y ,  even  when  t he  d i sconL inu i t y  i s  skew  to  Lhe

m e s h .

T n  t h i q  n ^ n e r  w e  ^ r 6 c d h f  r  p e t r o v - G a l e r k i n  f O r m u l a -J  V q y l r

t i on  o f  s t r eam l i ne  t ype  wh i ch  accommoda tes  sys tems  o f  conse rva -

t i on  l - aws .  The  f o rmu la t i on  can  spec ia l i ze  t o  advec t i on -d i f f u -
q i n n  n n m n r o c c i h l o  t r r r l o r  - ^ m n r o q q i h l a  N I : r r ; o r - q f ^ k a c  o a r r : J - i n n qJ f v r L ,  u v r t r H r  ! u ! ! !  ,

* F v o a r r a n # l r z  D 6 f r ^ \ ' - G a l e r k i n  f i n i t e  e l e m e n t  m e t h o d s  a r e  d e s -
t  

r  v e r v v

e r i h e d  a s  " r r n w i n d  e f e m e n l  m e l h o d S " .  p r r l  l r z  r n w i n d  f i n  i t e  d i f f -
erence methods are so inaccurate that  the terminology "upwind"

has  t aken  o l r  a  pe r j o ra t i ve  conno tu t . i on .  l t  i s  t o  be  emphas i zed
in no uncerta in terms that  "upwind Petrov-Galerk in f in i te
e l emen t  me thods "  a re  ve ry  d i f f e ren t  f r om  such  upw ind  d i f f e rence
me thods  and  do  no t  su f f e r  t he  pa tho log i ca - l ,  excess  numer i ca l

d i f f us i on  o f  t he  l a t t e r .
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e tc .  I n  t h i s  wo rk  we  emphas i ze  t he  advec t i on -d i f f us i on  and ,  i n
r , . r F r n r r l , r  , h n  e n r , ^ r o . q i l 1 n  r r r ' o v  F ^ , L a t i o n S ,  T h e  f o r m e r  r r e' Y u

c i r n l p  ' n r - l  r l a l  i n a r l F  l h r  n o l - h n n n l n n . r  d n d  t h e  l i t t t e I .  . r f e  O t

c o n s r d a r d b l  r  c o n t e m p o r r r y  i n r e r e s t  i n  c o m p u t a L . i o n a l  a e r o d y m a m i c s .

An  ou t l i ne  o f  t . he  r : ema inde r  o f  t he  pape r  f o11ows .

A f l  e r  n l e c c r i h i r n  r n t r t  i o r .  l  r r e l  i n i . r a r i e s  i n  S e c l  i o n  2  w e
i n F r n r l r . n n  - e n a r , l  c l s f  e n q  c f  e o n s o y \ / d t  i o n  l d w s  i n  S e c t i o n  J .

l n  S p .  I  i n n  4  w F  n r o m q c  a  w e i n h l  e d  r e c i 6 l 9 . 3  I  f  o r m u l  a t - i o n  o ft  t r v  
F ! v y v r

P e L r o v - G J l e r k i n  r y p e .  P r r t  i c u l a r  a t L e n f i o n  i s  p . i d  L o  f o r r n u L a -
I  i - ^  \ ' , r i n r  .  ^ r  ^ h v c i e  r l  l r r  i m n n r t : n f  h n , , n r . - ' ,  e n n r l  i '  i n r 1 g .  l ny  v L  y l r l  1  e v , ' u r l + v r

n r r r  a n i n i ^ n  f  L i c  i q  r  q r r l - r i o e t  u r h i c h  i q  a F l - a n  n ^ l -  : d a - r r r j - p l r z
v u l v y l t L l v r u v l Y v g 9 g i /

, . l i c a r r c c o ^  i r ,  n n m n r  r l - , ' ; ^ ^ r l  F ' , , i i  n . ' - - n i ^ c  C n m a  n n c q i h l a\  v . , ' y u u d  I  L u ' u  u y r r a r , L U J .  u v , , , L  r v J J t v r L

s imp l i f i ca t i ons  o f  t he  bas i c  f o rmu la t i on  a re  desc r i bed .  I n

S e c t j o n  5  w e  p r e s e n t  f u r t h e r  d e t a j l s  c o n c e r n i - n g  t h e  s e l e c L i o n

o f  o p t i m L z a t i o n  p d r a m e t  e r s  a n d  d e s c r i b e  a  f a m i l y  o f  n e w  m e t h o d s
n r o n n t o d  h r '  , l o  r n  f ) o r e . r  r  q  r e . e n t  l v  d e r r e l  o n e d  T F V l o r - G a l  e r k r n

s c h e m e s  ( D o n e a ,  l q B 2 ) .  S o m e  s a m p l e  c a l c u l a t j o n s  d r e  p r e s e n l e d

in  Sec t i on  6  and  conc lus i ons  a re  d rawn  i n  Sec t i on  7 .

m^  u^^^  r ha  ^ : na1  t o  a  r easonab le  s i ze  we  have  no t  d i scussedf v r l v 9 v 9 l r ! P q y v

S o l  r r f i o n  r l o o r i t h m s  h e r e i n .  T h e  i n t e r e s f e d  r e a d e r  m a v  e o n s u l L
ou r  o the r  wo rks  wh i ch  con ta i n  de ta i Led  t r ea tmen ts  o f  t h i s  sub jec t
( s e e ,  e , g . ,  B r o o k s  a n d  H u g h e s ,  l 9 B 2 a , b  a n d  T e z d u y a r  a n d  H u g h e s ,

L9B2) .

2.  PRELIMINARIES

T , e l -  n  d e n o l p  r h e  n t t m h e r  o f  q n r e e  d i m e n s i o t t s .  L e t  O  b e  a n! ! u  r r _ l

nsd
o p e n  r e g i o n  i n  l R  

- -  
w i t h  p i e c e w i s e  s m o o c h  b o u n d a r y  [ ,  L e t

x  =  t x . r ,  i  =  L , 2 , . . . , n _ ^ , ,  d e n o L e  a  g e n e r a L  p o i n L  i n  Q  a n d  l e t- r s o

n  =  {n . }  be  t he  un i t  ou twa rd  no rma l  vec to r  t o  f .  We  assume  f
I

admits the fo l lowins decomposi t ion

99

0

, . , h a y o  t  - n n  f  r r o  - " h - ^ +  -
w r r c r c  r G  d r r u  r H  o t =

=  f ^ U f , ,  ( 2 . r )
\ r n

-  f - i f , ,  ( 2 . 2 )
\ r n

o f  f .  T h e  s u p e r p o s e d  b a r  i n  ( 2 . 1 )

r e p r e s i n t - s  s e t  c l o s u r e  a n d  d ,  i n  ( 2 . 2 ) ,  d e n o t e s  t h e  e m p t Y  s e t .
' F h o  c i n n i f i n : n c e  ^ f  [ n  a n d  f ,  w i l l  b e  m a d e  a p p a r e n l  i n  t h e" * ' ' '  " '  

u  f l

The summation convent ion on repeated indices is  assumed in

force and the subscr ipt  n is  used to denote the normal  component
^ +  r  r , 6 ^ F ^ r  1 6  d  i f  n  .  =  3 ,  t h e n  F  =  F . n .  =  F . n .  +  F ^ n .  +- - - - s d  

- n  - j j  - 1 I  * 2 z

l : o : ) .  
A  c o m m a  i s  u s e d  t o  d e n o t e  p a r t i a l  d i f f e r e n t i a t i o n



( e . g . ,  
l r , ,  

=  n l . j / r " a )  a n d  t  d e n o t e s  t i m e .  T h e  K r o n e c k e r  d e l t a

i s  d e n o t e d  5 y  6 i j ;  i f  i  =  j ,  t h e n  U r j  =  ,  o t h e r w i s e  U r j  -
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Cons ide r  a  d i sc re t i za t i on  o f  0  i n t o  e l emen t

e  =  L ,  2 ,  . . . ,  n e . L ,  w h e r e  n n {  i s  t h e  n u m b e r  o f

i Je  i s  t aken  t o  be  an  open  se t  and  i t s  bounda ry

w e a s s u m e  
n = u n '

e

f C U I "
e

subdoma ins  0e ,

e l e n e n l s .  E a c h
e

i s  d e n o t e d  i - .

( 2 . 3 )

( 2 . 4 )

t o  as  t he  e l emen t  i n t e r i o r s .  The

n l a  r  a r  i m n o r l  a n l  r o l e  i n  w h a L

i r l - c r i n -  h o r r n c l : r v .  v i z .

e
T h e  s e t  U  . . -  w i l l  b e  r e f e r r e d

e
e f e m e n L  b o u n d a r i e s ,  m o d u f o  f ,

f o l l ows .  We  ca l l  t h i s  se t  t he

where

f  = u f " - f -  ( 2 . 5 )
r-nt- e

Two  c l asses  o f  f uncL ions  a re  i n t po r t an t  i n  t he  deve lopmenLs

w h i c h  f o l l o w .  T h e  c l a s s e s  a r e  d i s L i n g u i s h e d  b y  t h e i r  c o n t i n u i t y

n r n n e r l - i e s  a c r o s s  f .  ,  I t  s u f f i c e s  t o  a s s u m e  t h a t  a l l  f u n c -- ' " "  * ' - " - -  ' i n t -

t i ons  cons ide red  he re i n  a re  smoo th  on  t he  e l emen t  i n t e r i o r .

Func t i ons  o f  t he  f i r s t  c l ass  a re  con t i nuous  ac ross  f ,  These
rn t

f unc t i ons  a re  deno ted  by  C " .  Func t i ons  o f  t he  second  c l ass  a re

a l l owed  t o  be  d i scon t i nuous  ac ross  | .  and  a re  deno ted  by
- r  o  

i n t '

C  
'  

The  C"  f unc t i ons  may  be  recogn i zed  as  con ta i n i ng  Lhe

s tanda rd  f i n i t e  e l emen t  i n t e rpo la t i ons .

3. SYSTEMS OF CONSERVATION I,AWS

w e  c o n s i d e r  t h e  f o l l o w i n g  s y s t e m  o f  m  p a r t i a l  d i f I e r e n E i a l

equat ion s:

U ,  + F .  + G = O o n Q ,
- t t t t t  - l t )

( 3 . r )

The vector

l e rn .  We

I _

- l

r  i c  r o f o r r a d  f ^

- l
assume that  for  each

U  ( x ,  t )

F .  ( U , V U , x , t )

G ( U , x , t ) .

as  a  f lux  vec tor
n

k  =  { k . } € n  
s o

_ ]

( 3 ' 2 )

( 3 .  3 )

( 3 . 4 )

a n d G i s a s o u r c e

the re  ex i s t s  a
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matr ix  S such that

- t
s  - ( k .  A  ) s  = ( 3 . s )

where

A  =  D .  F  =  a F  , / a U  ( 3 . 6 )
- - l  1  - J  - l

and  A  j - s  a  r ea l ,  d i agona l  ma t r : i x .  I f ,  i n  add i t i on

D ^ F .  =  a F  , / a  ( v u )  -  o ,  ( 3 . 7 )
) 1  i

t h e n  ( 3 . 1 )  i s  s a i d  t o  b e  a  f i r s t - o r d e r  h

The  i n i t . i a l / bounda ry - va lue  p rob lem fo r  ( 3 .1 )  cons i s t s  o f
f i n d i n g  a  f u n c t i o n  U  w h i c h  s a t i s f i e s  ( 3 . 1 ) ,  t h e  i n i t i a l  c o n d i -
t i on

u ( x , o )  =  
Y o ( j )  , ( 3 . 9 )

w h e r e  U ^  i s  a  g i v e n  f u n c l j o n  o f  x € Q ,  a n d  a p p r o p r i a t e l y  s p e c i f i e d

bounda ry  cond i t i ons .  I n  t h i s  pape r ,  f o r  sake  o f  s imp l i c i t y ,  l ve
s h a l l  I i m i L  a t t c n t i o n  L o  b o u n d a r y  c o n d i t r o n s  o f  t h e  f o l l o w i n g
form:

n i r i n h l o f  f 1 / n a

f n  t h i s  case  we  assume

l o l

rbo 1 ic

L e t  t h e  t o t a l  f f u x  b e  d e c o m p o s e d  i n t o  p a r L i a l  f t u * . . ,  f I 1 )
-  - ( 2 )  

- l
a n d  t .  ,  a s  - L o - L I o w s :

- l

F .  ( u , v u , x , r )  :  F 1 1 )  ( u , x , r )  *  u : 2 )  ( u , V u , x , r )  .  ( 3 . 8 )
- l  -  - -  I  -  -  - l

i - _ ! i - - e  
m e c h a n i q n q  r r o  n y e q e n l  : q  c r r i r - l o n c c e l  h r z  f h pr r r u - ,  r L  u r - r a P d L r v s  s  P t  _ _ _ . . _

appea rance  o f  t he  a rgumen t  VU ,  we  assume  they  a re  con f i ned  t o

ad u  =  v

where a is  a boundary operator

o n  f .  (  3 .  l O )

a n d  G  i s  . q  n r e q e r i h e d  f u n c t i o n .

Neumann type

fn  t h i s  case  we  assume

( ) \
- F \ " /  = H o n f , ,

- n  -  n
( 3 . 1 r )
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4. WEIGHTED RESJDUAL FORMUT,ATION

. n n c i r r o r  r  n n i n f  x  i n  f . _ - - .  D e s i g n a L e  ( a r b i t r a r i l y )  o n e  s i d e
^ .  inL

o f  f .  t o  b e  t h e  " n l r r s  c i d e "  a n d  f h e  o l h e r  L o  b e  L h e  " m i n u s" '  '  
i n t ,

+ -
side". Let n and n be unit normal vectors ao f i . ,a at x whj-ch

n o i n l  i n  t h e  n 1  r r s : n d  m i n u S  d i - r e c L i o n s -  r F q n e . 1 - i r r c l r z -  C l e : r l r rL r v v l ] . v l g q l f , J '

n  =  -  n  .  f e t  F ]  a n d  F .  d e n o t e  t - h e  v a l u e s  o f  F .  o b l a i n e d  b y
- l  - l  - f

a p p r o a c h i n g  x  f r o m  t h e  p o s i t i v e  a n d  n e g a t i v e  s i d e s ,  r e s p e c t i v e l y .

The " jump" i i  n ' ,  . t  x  is  def ined to be

, . , r " - - -  H  . i  c  r  ^ r o c n y i  h a 6  f r r n c f  i n n  o n  |  . , .  T h i s  c a n  b e  i n t e r p r e -* . . " " - ' , ,  " . .  , h

t o . l  ^ e  ;  n : r l -  i : 1  f  l  l v  h n , , n r l - r ' z  n n r r l i f  i - -  '  - ( I )
-  \ J  

 

u u u r r u d j  J  u u l r u r (  r o n  o f  ,  I L  |  ,  U ,  d

- J

1 -o1 -  a l  f  I  r r v  l - r n r t nda rv  cond i t i on .

F i n a l I y ,  w e  a l l o w  f o r  n o  b o u n d a r y  c o n d i t i o n  o n  f r .  T h i s  i s
n

, , j ^ , . , ^  

 

- -  -  - ^ - ^ i . r  c a s e  o f  ( J . r r )  i n  w h i c h  b o t h  F 1 2 ) r ' o  H  o r .a r  a  r s P L r a r  u a - s  u r  \ J . r r l  
_ ]

d s s u m e d  t o  b e  i d e n t i c a l l y  z e r o .  C l e a r I y ,  v a r i o u s  c o m b i n a t i o n s
o [  t h e  a b o v e  b o u n d a r y  c o n d i t j o n s  m a y  a l s o  b e  s p e c i f j e d  o n  p o r -

L i o n s  o f  f ,  a l t h o u g h  L h i s  i s  n o t  e x p l i c i L l y  s p e l l e d  o u L  L n  L h e
seque l .

l F  l  =  t r ' -  -  r . l n l- - n  
- l  - l  r

+ +
-  F . n .  *  F . n . .

- l  r  ' l  a

A c  m r \ /  h p  r e : d i l r r  r r e r i f  i o d  F r n m  f  d  I  \  + h ^  i r r h h  i -  i - r ' 1 r --  .  ' ,  r  L I l e  J  U m P  r s  r I l V d I  - L a n I

u r i t h  r a c n a n l -  f  ^  r o \ z a r c i n a  f  h o  n l r r c  : n d  m i n r r c  d a c i a n : +  i n n cc r P s u L  } / l q J  
q r r u  r t r r r r u r  u s r t g

m l - \ r ^ , , ^ h ^ , , f  , . , - . ; h a l l  a s s u m e  t h a t  t r i a l  s o l u t i o n s ,  u ,  s a t i s f y

:Y  
=  

I  
on  fO  and  we igh t i ng  f unc t i ons ,  W,  sa t i s f y  3w  =  O  on  f ^ .

Thus al l  Dir ichlet  type boundary condi ; ions are t . l . t . i  - .  

t7

F s s p n t i a l  l ' r o r r n d r r r z  c o n d i t i o n s  i n  l - h e  D f e S e n L  f O f m U l a t i o n _

The var iat ional  equat ion is  assumed to take the form

f  ̂ { w r t u  *  F I r )  +  c )  -  w r  n ' ! 2 ) } a n
- , L  - ) t J  -  - t  

)  J

( 4 . r )

+ ) l
^ - l- * a

+ c )d0  =  1  wr  Har .-  r -  -' H

( 4 . 2 )
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Tn  (4 .2 ) ,  U  and  W a re  ass rmed  t o  be  t aken  f r om the  same  c l ass  o f

t y p i c a l  C "  f i n j t e  e - L e m e n t  i n L e r p o L a t i o n s ;  P  i s  a  C  
-  

p e r t u r b a -
F i ^ n  t s ^  t l - r a  r r a i a h t  i r n  € " n n +  i n -

T h e  F r r l  e r - T . a d r a n o e  c o n d i f  i o n q  e m a n a t  i n o  f r o m  ( 4 -  ) )  m a r z  b e\ _ .  - /  r u q f

. i e d r r e  e d  h r z  u , : r '  n f  i  n i  a c r : f  i o n  l r r r  n : r f  c .y u L L J .

n ,
e-L

. - T
o = :  J w - ( u , + r . . + G )  d f )

o - l  o -  
-  '  L  -  )  '  '

a -
( 4 . 3 )

,  ' l  ( ) \  .  T  r / . \-  |  w - ( r ' - '  +  H ) a r  -  I  w ' l  F ' ' ' l  d t .
f , , -  

-  
f  

-
fi lnt

F r o m  ( 4 . 3 )  w e  s e e  t h a t  t h e  E u l e r - L a g r a n g e  e q u a L i o n s  a r e  ( 3 . 1 )

r e s t r i c t e d  1 - o  t h e  e l e m e n t  i n t e r i o r s ,  ( 3 . I f ) ,  a n d  t h e  ( p a r t i a l )

f l u x  con t i nu i t y  cond i t i on  ac ross  i n t e r -e l emen t  bounda r i es ,
namely

t " ( 2 ) l  = o .  ( 4 . 4 )
- n

Note  t ha t  ( 3 . f f )  i s  a  na tu ra l  bounda ry  cond i t i on .

Remarks

I)  Note that  i f  P = O we have a Galerk in weiqhted residual
formulat ion;  

- i f  
i  I  O we f r - r rE- l -pEEov-Gaferk in formulat i -on.

The nodi f j -ed weight ing funct . ion,  that  is

T = T * : ,  ( 4 . 5 )

is  conf ined to the element inter iors and thus does not
a f f ec t  bounda ry  o r  con t i nu i t y  cond iL i ons .

2 )  The  p reced ing  f o rmu la t i on  gene ra l i zes (Hughes  and  B rooks ,

t g82 )  (wh i ch  was  res t r l c t ed  t o  t he  I i nea r  advec t i on -
d i f f us i on  egua t i on )  t o  sys tems  o f  conse rva t i on  l aws .  A
related but  somewhat d i f ferent  formulat ion for  the incom-
p ress ib l e  Nav ie r -S tokes  equa t i ons  i s  desc r i bed  i n  (B rooks

(  ) \
a n d  H u g h e s ,  l 9 8 2 a , b ) .  T h e  c a s e  i n  w h i c h  F ) - '  a n d  H  a r e  O- . )
h r c  l - \ 6 6 n  a f r h l  ^ \ ' e d  i  n  ( . l e z d r r r r : r  F n d  H t t d h p s  _  l 9 R 2 )  f ^ r  t h eu r r u  r r q Y r r L J ,  r / u z l

c o m p r e s s i b f e  E u I e r  e q u a L i o n s .  S e e  a l s o  ( G r i f f i t h s ,  I 9 8 l )
for  a re l -ated formulat ion.
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T h e  t o l l o w i n g  e x d m p l e s  w i L L  i L l u s t r a c e  p o L e n h i a l  a p p l - i c a t i o n s
o f  r h e  n r e e e d i - o  f n n n u f a t i o n .

lrglpls'

l .  The  sca la r  I i nea r  advec t i on -d i f f us i on  equa t i on

In  t h i s  case  we  have

where

- d = o

( t o t a l  f l u x )

( 4  . 6 )

( 4 . 1  )
d
j

-  u . Q
)

= - k . 0 .
l K  , K

T n  t h e  a b o v e ,  ' r  i s  a  s o u r c e  L e r m ,

k  i s  d i f  F r r s i r r i i w -  E a c h  o f  
' . ,  

u" :  t -  _ -
J ^

n i r z e n  f r r n c t  i n n  o f  Y  a n d  t .

I f  f -  and f7-  decompose the boundary such thatg n

I  -  r  - . v r  l .

d  =  r g n r h

t hen  we  sha l l  assume  D i r i ch l e t  cond i t i ons  on  f g ,  t ha t

d = r l o n f s
wb,c r c  f i  i s  e  a i r r cn  f unc t i on  de f i ned

l i t i e s  o n  f  i -  a r e :
I L

!  - ! -  1  ! r . . . .  L ^ . . - r - - . ,  c o n d r t i o nL V L O r  r r U i  u u u r r u a ! ) /

- o  = h o n
n

*he .e  h  i s  a  o i r r en  f unc t i on  de f i ned

d i f f us i ve  f l ux  bounda ry  cond i t i on

( a d v e c t i v e  f l u x )  ( 4 . 8 )

( d i f f u s i v e  f L u x )  .  ( 4 . 9 )

u .  j s  t h e  f f o w  v e l o c i t y ,  a n d
J

.  and k .  is  assumed to be a
I  t K

( 4 . 1 o )

( 4 .  r r )

l ^

( 4 . 1 2 )

o n  f r .
J

T l - 1 6  f  L ' 6 6  n n q c i  h i  -

( 4 .  r 3 )

t  rr '

o .  =  o l  +  o
J J

a  4 . . .
o ,  =  o .  ( Q )

f f

d  d .
o .  =  o .  ( Q l

t )

":

d ,- o  = n o n l t ^ i
n t L

( 4 . 1 4 )
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m = l

U = Q

W = w

: _ :r - P

- l )

c - - 6

o - !

;v = g

i - ^
U  = 6
_ o o

( 1 )  _ ( 2 )a t ta in  the  var ious  cond i t ions ,  F : - '  and  F .  need
- J  - )

f o l l o w s :

flux boundar condi t ion

Io5

n n  h n , , n n r r r r  - a n , - l i F i o n  o n  f , - .

Th i s  l as t  cond . i t r on  occu rs  i n  cases  o f  pu re  advec t i on  i n
wh i ch  f / . ,  i s  de f i ned  t o  be  t ha t  pa r t  o f  f  on  wh i ch  u  >  O .

v l n

The  i n l t i a l  cond i t i on  i s

{  ( x , o )  =  Q o ( x ) ( 4 .  r s )

where  d  i - s  a  o i ven  f unc t i on  o f  x  €  5 ) .' o

T h e  L i n e a r  a d v e c t i o n - d i f f u s i o n  e q u a t  i o n  m r y  b e  b r o u g h t  w i L h i n
t  h e  n e n e r a l  f r a n e w o - L  h r ,  ! h ^  f ^ r  r  ̂ , . , ; - r  c o n d i t i o n s :

(4  -L6 )

( 4 . r 7 )

( 4 .  r 8 )

(  4 .  r e )

( 4 . 2 0 )

( 4 . 2 L )

( 4  - 2 2 )

( 4 . 2 3 )

( 4 . 2 4 )

( 4 . 2 5 )

to  beTo

total

( r )  ( 2 \
F .  = O ; F .  = F . = o .
- J  -  - l  - l  l

d i f f us i ve  f l ux  bounda ry  cond i t i on

r t  \
f = f r .

- ) J

( 4  - 2 6 )

( 2 \  d

- l  )
( 4  . 2 7  )
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no boundar a n n r l i i i n n  n n  f  .

(  4  . 2 8 )

We have  f ound  t he  d i f f us i ve  f l ux  bounda ry  cond i t i on  t o  be

\ r a r \ /  a f f o . l -  i r r e  i n  n r t m e r i e a l l \ /  q i m r r l a l  i n ^  ^ l r f  f  l n w  e n r d i f  i O n s

( s e e ,  e . 9 . ,  H u q h e s  a n d  B r o o k s '  1 9 8 2 ,  e r o o k s  a n d  H u g h e s ,  l 9 8 2 a , b ) .

Cohen  (1982 )  has  emp loyed  t he  t o ta l  f f ux  cond i t i on  success fu l l y

i n  . e r t ^ i n  n r o h l e m s  o f  o i l  r e s e r v o i r  s i m u l a t i o n .

T h e  p e r t u r b a t i o n  L o  r h e  w e i g h t i n g  f u n c t j o n .  p ,  m u y  i t "

se l ec ted  i n  va r i ous  ways .  I n  t he  s t - r eam l i ne -upw ind  Pe t rov -

Ga le r k i n  f o rmu la t i on ,  o r i g i na ted  i n  (Hughes  and  B rooks ,  L9 ' / 9 ,
. - - , -
1982 )  and  (B rooks  and  Hughes ,  l . 9BO) ,  i t  t ake  t he  f o rm

D = r . o :  ( w )  = ' t ( u . w )  , .'  r  r , r  I  . l
( 4  . 2 9 \

w h e r e  L i s  a n  o n l i m i ' e f  i o n  n i r a n e l  e r -  S e l e c L i o n  o f  i  i s  d j s -, " . .  r '
c u s s e d  i n  S e c t . i o n  5 .  K e l  I y  e E  a l .  ( l g B O )  I r r e r  i n d e p e n d e n L l y

n ronosed  a  s rm i l a r  i dea  ( see  a l so  (Nakazawa  L9B2 )  f o r  f u r t he r

developments)  .

1  . t h a  e n m n r e c q i h l c  F r r l c r  e m r a f  i o n s  f i r - . i c n i d  n : c  ' f ' r n : m i g g )

' t h c  e a r r i I  i o n s  a r e
! r r v  \ - Y v g e 4 v i i v  g !

f , , t +  ( p u j ) ,  
j  

-

( p r i ) , a +  ( o u i u i ) ,  
j  

=  o i j , j  n  { ,

I n n n t i n , r i f r r )

i  m ^ m o n t r r m  )

-  a  +  ( . u .  +  ( o . . u , )  *  ( e n e r g y )
- l  I  f l  L r J

( 4 .  3 0 )

( 4 . 3 I )

( 4  . 3 2 )

( 4 . 3 3 )

( 4 . 3 4 )

where

( p e ) , +  ( O u . e ) .
, L  f  , J

o r j  =  - n 6 r j ,  p  =  i ( p , e )

e  =  r  +  u 2 / r ,  u  -  l l  u l l  =  ( n . r . ) %
- . L . L

i n  r ^ r h i a h  n  i c  f h o . l a n q i f \ /  r r  i q  f h e  r z o l n c i f "  n  i q  i h e  C a r l c h wr r r  u c r r r r L y ,  u .  y ,  "  i ;
)  L J

q t r e q s  f  e n q o r  -  {  i  s  l -  h e  n r e q c r i l - r e r l  h o . j l . ,  F ^ T ^ a  ( ^ a r  r r n  i F  V 6 l u 1 g )  ,r \ : . l r l L u v v u j

e  j - s  t he  t o ta l  ene rgy  dens i t y ,  r  i s  t he  hea t  suppJy  (pe r  un i t

r r n l r r m a \  n  i q  t h p  n r c q q r r r e -  a n d  i s  t t e  i n t c r n a l  e n e r o v , l p n q i l vv u ! u , r u /  ,  y  - )  L r r L  P t  
v v r r v  !  r f  '
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These equat ions may be put  into the format of  a hyperbol ic
sys tem o f  conse rva t i on  l aws  by  emp loy i ng  t he  f oL low ing  de f i n i -
t . r ons :

m - n  + 2 ( 4 .  1 5 )

U .
l

- p

=  . r r  
' l  

<  i  <  n

) - s o

3 6 )

3 7 )

( 4 .  3 8  )

F .  =  ( U  - , / U - ) U- l  l + r  r  -
( 4 . 3 9 )

, = ; f " . , u ^ / u l ( 4  - 4 0 )

6 ,  =- ) ( 4 . 4 r )

( 4  . 4 2 )

Cons ide ra t i on  o f  t he  cha rac te r -LsL i cs  and  pa r t i cu fa r  phys i ca l
s i t ua t i on  l eads to  app rop r i a te  bounda ry  cond i t i on  spec i f i ca t i ons .
A  v a r i e t y  o f  D i r i c h _ L e t t y p e  c o n d i t i o n s  ( 3 . I O )  m a y  b e  e n v i s a g e d .
' l ' h r e e  n o l  c n j -  i  a  I  l r r  r r q a F r r l  l - . a " - n - - r '  ^ ^ h ^ i  I i ^ - -  ^ -  r  - - . ,  L -r  r r r s s  t r v u s r r L r q r  r y  u v u r r u d ! y  u v r r u t L r u r l S  o I l  .  u  I I l d y  o e  s e L

up  as  f o l l ows :

( 4 -

( 4 .

U
I

+I

U
m

["=a " | "l-  11  .  u i . r l ru i l
[ f = r  J  )

[u ' ,  I

I ' i
1 6 .  I
| '"'u,J

{ . . , , , , }

l " l
+  {  p 6 .  i

I  - - l  I

l '  ui;r/urJ
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total  f lux boundary condi t ion

( r )  ( 2 )
F .  O  ;  t r .  F .
" l  -  - l  - l

n r c q q r r r e  f " t r a c t i o n " )  h o t t n d a r w  e o n d i  I  i o n
v r L J J u L u

Pressu re  may  be  spec i f i ed  as  a  na tu ra l

se l ec  t i ng

r t  )
F ) - ' -  ( u .  . , / u . ) u ,

J  ) ' L

( 2 \
: - l

, , r t " - - -  h  i <  f h o  n r a q . r i h a d  r r e l r r p  n f  n r o q q r r r c  r i a f i n e d  o n  fy l v J e | u c u  v o r u e  v r  } , ! s r > u ! s  " "  ' h -

n a  h a r r n d a n r  a n n A i  t i _ O n  O n  I ' , ,

o

n  ! r

P u r+L /u l

li""

( 4 . 4 3 )

1 - . a , ' ^ . 1 > r r r  n n n u l i J  i n n  l - r r r
f  e v i l u  l

(  A  4 4 . \

( 4  . 4 5 )

( 4  . 4 6 )

( l )
- l - l ( 4  . 4 7  )

I n  (Tezduya r  and  Hughes '  l 9B2 )  we  have  emp loyed  t he  f o rmu la -

t i o n  d e f i n e d  b y  ( - 1  . 4 7 ) .  r n  m o d e l l i n g  o u t f l o w  c o n d i t i o n s ,  G . 4 7 )

appea rs  t o  be  e f f ec t i ve  a l t hough  p ressu re  spec i f i ca t i on  may  be
mara  ^nn ron r i ^ t - a  i n  some  c i r cums tances .

A s  i n  f h e  n r e v i o t t q  e v a m n l c -  l - h c r e  a r a  n : n l /  m c s i l r i l i l - i e s  f o rU . } g n r Y +  9  ,

de f i n i ng  t he  we igh t i ng  f unc t i on  pe r t u rba t i on ,  P .  I n  (Tezduya r

and  Hughes ,  I 982 )  we  t es ted  t he  f o l l ow ing  de f i n i t i on
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( 4 . 4 8 )

( 4 . 4 9 )T .  =  . .  41  (no  sum;

T
t . .  =  r ,  A .  ( n o  s u m ) .  ( 4 . 5 O )- a  f  - l

( R e c a l l  t h a t  A .  =  a F - , / a U . )  E a c h  o f  ( 4 . 4 9 )  a n d  ( 4 . 5 0 )  l e a & t o- t  - l

r n te res t i ng  f o rmu la t i ons .  We  have  expe r imen ted  w i t h  bo th ,  and
a . L s o  w i c h  t h e  d e f i n i t i o n  o f  - r , .  A t  p r e s e n t  w e  f a v o u r  ( 4 . 5 O )

o v e r  ( 4 . 4 9 )  C u e  t o  i t s  s u p e r i o r  b e h a v i o u r  o n  n o n l i n e a r  p r o b l e m s .
T h i s  i s  d i s c u s s e d  m o r e  f u l l y  i n  ( T e z d u y a r  a n d  H u g h e s ,  l 9 B 2 ) .  A
ske t ch  o f  t he  p rocedu res  used  t o  de f i ne  r ,  i s  con ta i ned  i n
S e c t i o n  5 .  r

I t  i s  i n t e r e s t i n g  t o  o b s e r v e  t h a t  i f  p t p ,  u )  -  p  f ( 5 ) ,  w h e r e
f  i s  an  a rb i t r : a r y  f unc t i on , *  t h " . ,  f - ( g )  i s  a  homogeneous  f unc t i on- l  -

o f  d e g r e e  1 ,  t h a t  i .  f . ( o  U )  =  o .  F , ( U )  f o r  a l l  o  € I t .  f n  t h i s- l  -  - l  -

c o s e  i t  f o l l o w s  t h a L  F .  =  A ,  U .  T h e  i n d i w i d r r a l  n r r f i a t  { L u x e s- l  . - j  - '  r q l u r q r  r

C e f i n e d  b y  ( + . 4 4 )  a n d  ( 4 , 4 5 )  a f s o  a r e  b o m o o e n e o r q  f r n e f i o n s  o f
c e g r e e  l .

Remarks

L ,  TL re  f u l I ,  compress ib l e  Nav ie r -S tokes  equa t i ons ,  i nc l ud ing
the rma l  e f f ec t s ,  can  a l so  be  subsumed  by  t he  gene ra l  we igh ted
r e s i d u a l  f o r m a t  o f  ( 4 . 2 ) .  L i k e w i s e ,  v a r i o u s  n a t u r a f  b o u n d a r y
cond i t i ons  can  be  bu i l t  i n t o  t he  f o rmuLa t i on .  Howeve r ,  t h i s
l i e s  ou t s i de  t he  scope  o f  t he  p resen t  pape r .

2 .  D i s c r e t i z a t i o n  o f  ( 4 . 2 )  t s  c a r r i e d  o u t  b y  e x p a n d i n g  U  a n d
W  i n  t e r m s  o f  a  s e t  o f  f i n i t e  e f e m e n t  b a s i s ,  o r  s h a p e ,  f u n c t i o n s .
Fo r  examp le ,  t he  exp ress jon  f o r  U  m iqhL  rake  t he  f o rm t

U ( x , t ) = I N * ( x ) U _ ( t )
lJ  -  - t i

B

( 4 . s r )

* F o r  e x a m p l e ,  t h i s  i s  t h e  c a s e  f o r  a  p e r f e c t .  g a s  d e f i n e d  b y
D ( p , e )  -  ( y  -  t ) p e  ,  y € r R

- l -  One could also employ di f fer-ent  shape funct ions for  the indi-
r r i d r r r r  ^ ^hh^nah f c  o f  U .  Th i s  i dea  becomes  impo r tan t  i n
" c o n s t r a i n e d "  

c a s e s ,  s u c h  a s  i n c o m p r e s s i b i l i t y  ( s e e ,  e . g . ,
Thomasse t ,  I 9B f )  .  S lm i l a r  cons ide ra t i ons  need  t o  be  made  i f
e o n n r e s q i h l e  f l n w  a l o o r i t h m s  a r e  t o  h c  e x e r e i q e d  a i  v e r v  l o wu  v L ! l

Mach  numbers .

F = r .  l ^ i-  - l

. , L ^ - ^

or
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where  B  i s  a  noda l  i ndex ,  NB  i s  t he  shape  f unc t i on  assoc ia ted

w i t h  node  B ,  and  9u  i s  t he  va lue  o f  U  a t  node  B -  Th i s  I eads  t o

a  we igh ted  res i dua f  f o rmu la t i on  i n  t he  s t r i c t  sense .  Ce r t a i n

mod i f i ca t i ons  o f  t he  bas i c  f o rmuLa t i on - - such  as  reduced  i n t eq ra -

t i on  o r  use  o f  l owe r -o rde r  i n1 -e rpo fan t s - -a re  i n t e res t l ng  f r om

L h e  s t a n d p o i n t s  o f  e f f i c i e n c y  a n d ,  o c c a s i o n a l l y ,  l e a d  L o  L m p r o v e d

accu racy . *  we  have  been  f ond  o f  t he  use  o f  r educed  i n t eg ra t i on

t e c h n i q u e s  i n  o u r  f i n i t e  e l e m e n t  w o r k  ( s e e  e . g .  H u g h e s  e t  a 1 . ,

1979 )  and  have  expe r imen ted  w i t h  t hem i n  t he  p resen t  con tex t  i n

(Tezduya r  and  Hughes ,  I 9B2 )  .

The  use  o f  i n t e rpo lan t s  o f  t r .  and  G  has  an  i n t e res t i ng  conse -- )
T t  n ro . l r r . eq  qchemes  wh i ch  a re  r em in i scen t  o f ,  and  a t

t i m e  g e n e r a l i z e ,  c l a s s i c a l  " c o n s e r v a t i v e  d i f f e r e n c i n g

.  The  bas i c  i dea  i s  t o  app rox ima te  F .  and  G  by  expan -
J

f a v m c  n f  q h r n e f unc t i ons  and  t he  noda l  va l ues o f  F .- l

and  c ,  r espec t i ve l y .  Fo r  examp le ,  t he  expans ion  f o r  f i  m rqh t

take the fo lJ-owing form:

F .  ( x )  =  I  N ^  ( x )  F . ^  (  t )
- 1  -  . b  -  -  t b

( 4 . 5 2 )

quence .

the same

s chemes "

s r o n s  a n

whe re

( v  u ) _  ( r )  =  r' - D c YN ^ ( x - ) u ^ ( t )

and  l i kew i se  f o r  G .  Ch r i s t i e  e t  a f .  ( 198 f )  have  p roposed  and

examrned  schemes  o f  t h i s  k i nd .  They  t e rm  them "p roduc t

app rox ima t i ons " .  Sp rad ley  e t  a I .  ( I 9BO)  have  a l so  adop ted  t h i s

i d o r  i n  i - h c i r  I ' c e n e r : l  i n t - a r n o l a n f s  m e t h o d " .  V a r i o u s  o t h e r

i n te res t i ng  f i n i t e  e l emen t  and  f i n i t e  d i f f e rence  concep t s  a re

syn thes i zed  i n  Lhe i r  apProach .

The use of  reduced integrat ion and, /or  the use of  interpolants

s i m n l i f i e s  e l e m e n t  c a l c u L a t i o n s .  T h e i r  r e l a t i v e  m e r : i t s  f r o m  t h e

s tandpo in t s  o f  accu racy ,  s t ab i l i t y ,  shock  s t r uc tu re ,  e t c . '  do

no t  seem ce r t a i n  a t  t - h i s  po in t  and  t hus  f u r t he r  i nves t i ga t i ons

a re  wa r ran ted ,

I lu ( i l  -  l1 (yu t i l ( v  u )  ( r )
- ' B

( 4 . 5 3 )

( 4  . 5 4 )

*  T t i ese  v i o l  a l i ons  o f  che  we igh ted

re fe r rec l  t o  as  " va r i aL iona l  c r imes "

S t rang  ( . see  S t rang  and  F i x ,  f 973 ) .

r a c i  A r r r l  r a n i  n o

,  a terminology
are of ten

colned by
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l -  T h e  d e v e l o n m e n f  o f  s o - C a I L e d  f i n j t . e  v o l r r n c  r e c h n i q r r e S  a l S O

a m r I a r a c  r r ^ n  i  ^ r d " l f a l  f O f m S  O f  L h e  C O r c o . . r a t  i n n  o a r r i t - i n r q  l c c ac Y u q  L  I

e . g .  C a u g h e y  a n d  J a m e s o n ,  1 9 7 9 ) .  T h e s e  t e c h n i q u e s ,  w h i c h  a r e
o f t en  t J rough t  o f  as  f i n i t e  d i f f e rence  me thods ,  have  essen t i a l
f e d t u r e s  i r r  c o m m o n  w i t h  L h e  i n L e g r a l  d i  F f e r e n c e  m e t h o d s  o r i g i - -
n a t e d  a t  L a w r e n c e  L i v e r m o r e  L a b o r a t o r y  ( s e e  e . g .  W i l k i n s ,  1 9 6 9 ) .
Mo re  recen t l y  i t  has  been  shown  how  to  de r i ve  t he  l a t t e r  c l ass
o F  m o t h o d s  v i  a  I i n i L e  e l e m c n L / r e d u c e d  l n t e g r a L i o n  c o n c e p L s  { s e e
C o u d r e a u  . r n d  H a L l q u i s u ,  I 9 B 2  f o r  a  s u r v e y  o f  L h e s e  i d e a s ) .

We  thus  an t i c i pa te  t ha t  t he  f i n i t e  vo fume  me thod  w i l l  a l so
f i n d  a  p l a c e  w i t h i n  t h e  f i n i t e  e l e m e n t  h i e r a r c h y .

5,  PETROV_GALERKIN METHODS OF CHARACTERISTIC TYPE

In  t h i s  Sec t i on  we  d i scuss  f u r t he r  de ta i l s  o f  t he  c l ass  o f
Pe t rov - ca le r k i n  me thods  desc r i bed  i n  Sec t i on  4  and  p ropose  some
F r r r F h a r  a e n o r : l  i  z : i  i n n c

S e l e c t i o n  o f T ,]-
W e  b e g i n  w i t . h  a  p r e s e n t a t i o n  o f  L h e  f o r m u l a e  w e  h a v e  u s e d  f o r

t h e  o p t i m i z a t i o n  p a r a m e L e r s .  A s  y e t -  n o  u n i v e r s a l  s c h e m e  h a s
been  f o rmu la ted .  The  f o  L l  ow ing  c r i  Le r i  a  have  been  i  nves t i  ga  Led
s o  f a r .

Temporal  cr i ter ion

T n  c o n j u n c t i o n  w i t h  c e r L a i n  L i m e - s L e p p i n g  a l g o r i t h m s ,  a
-  r ' i  j -  a r i  ^ n  h a q a d  r r n n n  f  h o  J -  i  m a  c +  a n  A 1 -  o  f  € o n f  i  r r o  -

T . = r - F o A L , l i r n . .
r  -  -  s o

( s . 1 )

I t  ( 5 . 1 ) ,  . t  L s  a n  a l g o r i t h m i c  p a r a m e t e r  a n d  F  i s  a  p a r a m e l e r
wh i ch  enab les  us  t o  ad ius t  t he  maqn i t ude  o f ' r .  f o r  va r i ous

I

p u r p o s e s .  T h e  v a l u e  o f  o  i s  u s u a l - L y  s e t  t o  1 :  i n  c a s e s  i n  w h i c h
we  a re  i n t e res ted  i n  t i r ne  accu racy ,  whe reas  i t  i s  se t  t o  I  i n
cases  i n  wh i ch  we  w i sh  Lo  rap id l y  ob ta r -n  a  s t eady  f l ow .  An
i n t e r e s t  i n o  e x n l  i e i t  a l n n r i t h m  w h i . h  a t t a , L n s  s e c o n d - O r d e r  b i m e

a c c u r a c y  c a n  b e  c o n s t r u c t e d  b y  s e t t i n g  o  = 1 2  a n d  F  -  f  ( s e e

Dukow i t z  and  Ramshaw,  1979  and  Tezduya r  and  Hughes ,  I 9B2  f o r
f u r t h e r  d e t a i l s ) .

S i n c e  ( 5 . 1 )  p e r t a i n s  t o  a l l  e l e m e n t s . i n  a  m e s h  i t  i s  a  g r l o b a l
c r i t e r i o n .
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e ^ i + i  r l  ^ r i  t o r i  I

T . , -  - ^ - + i - l  n r i + o r i :  h : r z a  h o o n  o m n l n r r o r . l  .
r w u  s P a L r a r  v L U "  u i l ' y r v J L u .

( a )  r ,  =  r  =  F  o  6  h , / t r ,
.L

1 :  i _ .

l < i <h .  / x .  , ( n o  s u m ) ,( b )
1

where  I I  ^  + L ^

l . t

q n a n f r r l  r : d i  r r q

r = l l ^ l l = ( r .' t

h ,  =  2 l l V  * . l l *

h . I  , / )
t t

(  coth

- 1

l-

I

( - -  o  r f  I

a )  -  I / a

o - o

n .
S O

( 5 . 2 )

( 5 . 3 )

( s . 4 )

( 5 . s )

( 5 . 5 )

( 5 . 1 )

( s .  B )

( o n e  d i m e n s i o n )  ( 5 . 9 )

( t w o  d i m e n s i o n s )  .  ( 5 . f O )

( s .  r r )

( s .  1 2 )

o )

cx = ^h/  (2d) .

I n  ( 5 . 5 ) ,  V  d e n o c e s  t h e  g r a d i e n t  o p e r a t o r  w i L h  r e s p e c t  r . o  t h e

c a n o n i c a l  i s o p a r a m e t r i c  c o o r d i n a t e s .  T h e  f a c L o r  o f  2  a p p e a r s
q i n e c  i h e  i s o n a r a m e l - r i .  n a r o n +  d n m : i n  i s  r r s , r a l l w  s e a l p d  1 O  h a v pr J v P q ! u l i !

a  J e n g t h  o f  2  ( Z L e n k i e w i c z ,  ) 9 1 1 J .  T h e  f o l l o w i n g  e x a m p l e s

shou ld  make  t he  de f i n i t i on  c l ea r :

h -

; _q -

r n  ( 5 . 8 ) ,  d  i s  a  d i f f u s i v i t y  c o e f f i c i e n t  w h i c h  t a k e s  o n  t h e

fo l l ow ing  de f  i n i t i ons  :

h  -  2 l a x l a 6 l

h i  =  2 [  c a x ,  / a q l  
2  *  ( a * .  / a i l 2 ] t '

)
o  =  K . . 4 . ^ . / A

r l  r  J

o = u

( a d v e c t i o n - d i f f u s i o n  e q .  )

( E u f e r  e q s , ) .

n r ^ + ^  f h r f  i  -  n  i n ^ l i o c  I  =  Ir r u L E  L r r a L  u  -  v  a r r v L I L J  9  
_  r .

*Th i s  de f i n i t i on  was  p romp ted  by  t he  wo rk  o f  Nakazawa  (1982 )  .
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T h e  v a l u e s  o f  r .
l .

d a ^ m a f r \ r  > n / l  c f a f a

( 5 . 2 )  a n d  ( 5 . 3 )  a r e

g i v e n  b y  ( 5 . 2 )  a n d  ( 5 . 3 )  d e p e n d  u p o n  t h e

o f  an  i nd i v i dua l  eLemen t - .  I n  l - h i s  sense
l o c a l  c r i t e r : i a .

V , , r i . r c  n  ' . l e l  o o t a L i o n s  h a v p  b o o n  e n r l o v e r J  t r  c e ' e e  r  F ,  i n
( 5 . 2 )  a n d  ( 5 . 3 ) .  T h e  v a L u e  l ' c t  -  %  h a s  b e e n  d e t e r m i n e d  b y  c o n -
s i d e r i n g  L h e  o n e - d i m e n s i o n a l ,  s 1 - e a d y  s 6 y e c L r o n - d i f f u s t o n  e q u . L -

L i o n  ( H u g h e s  a n d  B r o o k s ,  l 9 1 q ) .  A  b o u n d a r y - l . r y e r  i n v e s t i g - L j o r i ,
a L s o  p o i r ) t s  t o  t h i s  v a l u e  ( H u g h e s  a n d  B r o o k s ,  M O ) .  A n  a n a l y s i s
- f  L h e  s e m i - d i s c r e L e ,  L i m e - d e p e n d e n t ,  J d v a c t i o n  c . 1 ' t t r i , ) n  i n  o n e
d i m e n s i o n  y i e l d s  a  v a l u e  F c i  =  l / y ' 1 5  ( R r y m o n d  : n d  G a r d e r ,  l . q 7 b ) .
r n . r r t h - ^ r u r n y  n \ : - a  a e c r r r a e v  i  s  t  h e - c l - v  a L t a  j  n a d  f o r  I  i n e a r

e lemen ts .  We  have  emp loyed  t h i s  va l ue  i n  t r ans ien t  advec t ron -
d i f f us i on  and  Nav ie r -S tokes  ca l cu l a t i ons  such  as  t he  ones
desc r i bed  i n  Sec t i on  5 .  Va lues  o f  F . r  >  ! 2  have  been  expe r imen ted
w i t h  t o  ach ieve  e f f ec t i ve  r eso lu t i on  o f  shocks  gove rned  by
f i  r s t - o r d e r  h y p e r b o  I  i c  s y s L e m s .

Acc r r r : cw -  s f ab i  1  i  f r u  6n {  Shock  S t - r uc tu re

In  t he  con tex t  o f  t he  advec i : i on -d i f f us i on  equa t i on ,  t he
s t ream l i ne -upw ind /Pe t rov -Ga le r k i n  me thod  desc r i bed  i n  Sec t i on
4 ,  and  above ,  l eads  t o  d i f f e rence  s tenc i l s  wh i ch  a re  skewed  w i t h
respec t  t o  s t r eam l i nes  and  a re  cen t red  a -bou t  po in t s  upw ind  o f
t h e  n o d a l  p o j n t -  t o  w l r i c h  L h e y  a r e  a s s o c i a l c d .  l n  t h i s  w a y  L h e
a c c u r a c y  o f  c e n t r e d ,  s k e w  s c h e m e s  i s  a L l a j n e d  w h i  i e ,  a t  L h e  s a m e
I  i n 6  h r  a  - f  : h i  I  i  F r .  ^ €  . 1 4 , . , i h i  F r ^ ^ ^ . l . , r e S  i S  a c h i e v e d .  C l a e S' ! u  P ' v u u u u '

J o h n s o n  ( l 9 B l )  h a s  p r o v e d  L h a t  L h i s  f o r m u l a t  i o n  L e a d s  t o  o p L i m a l
e r ro r  es t ima tes  and  f u r t he rmore  t ha t  e f f ec t s  a re  p ropaga ted  i n
r h e  d i s c r e L e  p r o b l e m  a p p r o x i m a t e l y  a s  r n  t h e  c o n L i n u o u s  p r o b J e m .
I n  p a r t i c u l a r ,  J o h n s o n  ( 1 9 8 1 )  h a s  e s t a b l i s h e d  t h a t  d i s c o n t i n u i -
t i e s  o f  e x a c t  s o l u t i o n s  a c r o s s  c h a r a c t e r i s t i c s  ( i . e . ,  s t r e a m l i n e s
i n  L h e  p r e s e n t  c a s e )  w i  l l  b e  n u m e r i c a L . t y  c a p t u r e d  i n  a  v e r y
na r row  reg ion  a round  t he  cha rac te r i s t i c ,  even  when  t he  cha rac te -
r i s t i c s  a re  a rb i t r a r i l y  skew  to  t he  mesh .

The  me thods  p roposed  f o r  hype rbo l i c  sys tems  possess  s im i l a r
i n t - e r e s f  i  n f f  s l  r l e f  t r r a  : n z r  n r r r  o v n e r i  o . C e  i  n  n O n - I i n e a f  C a S e S

w i l h  s h o . k c  i q  r . e r . r  o o o d  . n  f a r -  H o w e r ' 6 r  i f  c \ ^ 1 . 1 . - . l  h 6  n e n t i o n e dv u ! ,  ! u

L h a t ,  f o r  L h i s  c l a s s  o f  p r o b l e m s ,  a  s L r o n g  c a s e  c a n  b e  m a d e  f o r
mono tone  me thods  ( see  Ha r ten  e t  a l . ,  L9 ' 16  and  t he  wo rks  o f  Oshe r
a n d  c o i l a b o r a t o r s ,  e . 9 . ,  O s h e r ,  I g B O ,  1 9 B l a , b ,  l - 9 8 2 ,  E n q q u i s t
a n d  O s h e r ,  l 9 B O ,  G o o r j i a n  a n d  V a n  B u s k i r k ,  1 9 B l ) .  W e  a r e  s t i l l
hope fu l  t ha t  w i t h i n  t he  f r amework  t ha l  we  have  de l i nea led ,  by
A n n r - n r i : f e  l ^ - ^ l  c a l o n f i n n  n f  h h o  n n f i m i z : + i ^ n  n r r . m a t 6 '- , * . , ^  - . - .  ,  w F

*  f n  t h e  G a L e r k i n  m e t h o d ,  o p t i m a J  a s y m p L o L j c  e r r o r  e s t i m a l e s

f a  i  I  t o  h o  l d  i  n  d F n o r r l  6 * 6 n  ' . ' L 6 n  r  1 - 1 6  e x a c t  s o l u t i o n  i s  s m o o L h
f T ) r r n ^ n f  -  

' l 9 7 1 1  
P n r r a h  o v : n J -  c n l r r i - i ^ n c  ^ r a ^ + 6  n a r f i n r r l r r  h r . ' ^ ^w u y v r r L r  i \ v u y r (  v ^ u L u  y u r  L r  u u r  q !  r r o v v u ,

c d u s i n g  s p u r i o u s  o s c i l l a t i o n s  w h i c h  p o l l u t e  t h e  s o l u L i o n  g . l o b a l I y .
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w i I I  a c h i e v e  L h e  a L L r i b u t e s  o f  m o n o L o n e  m e t h o d s '  c o n c o m j t a n t L y

w i t h  t he  des i r ab l c  f ea tu res  de l i nea ted  above .  Adm i t t ed l y f  t h i s

i s  an  a rea  req t r i r i ng  f u r t he r  i nves t i ga t i on .

We  w l sh  t o  now  cons ide r  a  < l e f i n i t i on  o f  p  wh i ch  gene raL i zes

the  f o rms  t ha t  we  have  p rev i ous l y  cons ide red .  Th i s  de f i n i t i on

i  q  m n l ,  i v a t c d  h v  , l e a n  D n n e : r .  r l e r i c l o n m e n t  o f  L h e  c  l a s s  o f

Tay lo r *Ga Ie r k i n  me thods  (Donea ,  1982 )  wh i ch  possess  exce l l en t

n h r q o - a e c r r r r - w  n r n n e r t i e S .

L e r  i = t r y  ( 5 . r 3 )

where  L  i s  a  l i nea r  ope rdLo r  de f j ned  by  t he  expans ion

-  . - 2  I  - nL  =  L ( n ,  L )  =  L  +  \ L -  + . . .  + ; ,  L  ( 5 . 1 - 4 )

I n  ( 5 . L 4 ) ,  L  i s  a l s o  a  l i n e a r  o p e r a t o r .  C l e a r l y ,  i f  n  =  l ,

L  =  L .  The  de f i n i t i ons  o f  t he  pe r t u rba t i on  t ha t  we  have  used  i n

o u r  p r e v i o u s  w o r k  a r e  s p e c i a l  c a s e s  o f  ( 5 . f 3 ) ,  ( 5 . 1 4 )  w i t h

n  =  l .  Th i s  can  be  seen  as  f o l l ows :

advec t i on -d r f f us i on  equa t i on ;  c f .  ( 4 . 29 )

o  =  f "  =  L w  =  r ( u ,  w ) , ,  ( 5 . f 5 )- I t

c o m p r e s s i b l e  E u l e r  e q u a L i o n s ;  c f .  ( 4 . 4 8 )

p  =  f w  =  L W  =  r .  w .  ( 5 . 1 6 )
-  - r  - I

t r o rma l l y  gene ra l i z i ng  (5 . f 6 )  t o  t he  case  o f  n  >  I  l eads  t o
t h o  o v n r a c c i ^ n

i  =  t r y =  ( T , k  + . . .  +  t 3 , I r " r w  ( 5 . r 7 )
I I

1 I  r n  ( f . r / )

ni. .t

- I  
Z  

- L

( s . r B )

we ar r i ve  a t  a  fami ly  o f  methods  s imi la r  to  Donea 's .  By  us ing ,
say

T .  =  r .  A T  ( n o  s u m )  ( 5 . f 9 )
- 1  - . 1  - l -

w i t h  1 .  s e l e c t e d  a c c o r d i n g  L o  s p a t i a l  c r i t e r i a ,  w e  g e n e r a t e
I

oLhe r  i n t e res t i ng  poss ib i l i t i e s .  The  spaL iaL  c r i t e r i a  have  t he
r i . , - n + r ^ ^  F L - L  - + ^ - i , ,  F r a , . , c  t r r 6  i - ^ 6 ^ 6 n d e n t  o f  t h e  s i z e  o f  t h eq u  v o r r u a g s  L r r a L  > L c a u y

t ime  s tep  emp loyed ,  and  seem beL te r  su i Led  t o  meshes  i nvo l v i ng
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s ign i f i can t  va r i a t i on  i n  e l emen t  s i ze .  C lea r l y  t hese  i deas  a re
i n  a  specu la t i ve  phase  and  requ i r e  f u r t he r  i nves t i ga t i on .

6. NUMERICAL EXAMPLES

The  ro t i t j t r y  cone  (advec t i on -d i f f us i on  equa t i on )

An  e l  eva t  i  on  n l  o t  €o r  I  he  ro t ^ t  i  no -eone  n roh l  en  i  s  sh lwn  i  n
F rg .  l .  The  cone  i s  shown  a f t e r  hav ing  ro ta ted  360 - .  The
r - r a p e z o i d a l - r u I e  a l g o r i t h m  w a s  u s e d  f o r  t e m p o r a l  d i s c r e L i z a L i o n
of  the streaml ine-upwind Petrov-calerk in formulat ion.  A 3Ox30
mesh  o f  b i f i nea r  e l emen ts  was  emp loved .

F o r  a d d i f i o n a f  n u m e r i c a l  e x a m p l e s  a n d  c o m p a r i s o n s  w i t h
d i f f e r e n l  a p p r o a c h e s ,  s e e  ( H u g h e s  a n d  B r o o k s ,  I 9 B 2 ) .

Ka rman  vo r t ex  sL ree t (  i  ncompress ib fe  Nav i  e r -S tokes  equa t i ons )

A r r r  n r n c o r l r r r 6 c  F ^ r  c ^ l , , i n ^  r l - o  i n n a 6 6 p e s s i b l e  \ a r z i e r - S t O k e S

equa t i ons  a re  desc r i bed  i n  (B rooks  and  Hughes ,  l 9B2a ,b )  wh i ch
m a y  b e  c o n s u L L e d  f o r  f u r t h e r  d e L a i f s .

Statronary streaml ines are shown in Fig.  2 for  a computat ion
of  the Karmen vortex street  at  a Reynolds number of  lOO. The
e l e m e n t s  e m p l o y e d  d s s u m e d  b j L i n e a r  v e f o c i t . y  a n d  c o n s t a n t  p r e s s u r e .
The  mesh  cons - i sb .ed  o f  

' ) 436  
e l  emen ts .  The  t ime -s tepp ing  a l  go r - i t hm

f r a r + c  - . a l ^ n i f r ,  ^ 6 - r e e s - o f - f r e e d n n  e * n l  i c i l  l v  a n d  n r e s s l r e s

impl  ic  j - t ly .

T ranson i c  nozz le  f f ow  ( compress ib fe  Eu fe r  equa t i ons )

Shock  p ro f i l e s  a re  shown  i n  F i g ,  3 .  The  exac t  so l u t i on
( shown  so l i d )  has  been  p rov i ded  by  Lomax  e t  a I .  ( f g8 f ) .  Th i s
p rob lem i s  one  o f  s t - eady  f l ow ,  consequen t l y  a  va l ue  o f  o  =  I
( backward  d i f f e rences )  was  emp loyed .  Va r i ous  va lues  o f  F  we re
tes ted  and  t he i r  e f f ec t s  on  t he  shock  p ro f i l e  may  be  seen  i n
F iq .  3 .  A t .  F  =  I ,  t he  shock  f r on l  i s  cap tu red  ac ross  one  e femen t
(4O  l i nea r  e l emen ts  we re  emp loyed ) .  As  F  i s  i nc reased  t he  shock
t .ends 1-o be smeared somewhat,  In the calculat ion shown

T
T  

=  
t  

and  t he  l oca l  c r i t e r i on ,  ( 5 .2 )  ,  was  emp loyed .

. 9 h o e k <  < l  r i i - f  r t r a , ' a n f  r ^ ^ t 1  r n n d  i f  i n n  t a c t  n r ^ h t  o m" / ' . . " r y

Th i s  p rob lem was  sugges led  Eo  us  by  S .  Oshe r .  The  equa l i on
i s

2

r , . *  ( i ) , x - o  ( 5 . r )

and  t he  i n i t i a l  cond i t i on  . i s  shown  i n  f r ame  O  o f  F i q .  4 .  No te
that  the in i t ia l  condi t ion involves two stable shocks and one
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F ig .  L  Advec t i on  o f  a  cone

F ig .  2  Ka rman  vo r t ex  s t r ee tw i t h  Re  =  lOo '

uns tab le  shock .  Each  success i ve  f r ame  co r responds  t o  a  t ime

s tep  (A t  =  2 .L14 ) .  As  may  be  seen ,  t he  uns tab le  shock  immed i -

ate ly breaks down and eventual ly  the stable shocks coalesce to

fo rm  a  s teady  shock  ( f r ame  23 ) .  The  f i n i t e  scheme  noda l l y
' i n F a r ^ ^ l r t a c  f h o  a v-  ' . . -  - . - d u  L  S L C d U y  > L O L s .

Equa t i on  (5 .1 )  i s  a  spec ia f  case  o f  t he  hype rbo l i c  sys tem

formulat ion descr ibed in Sect ion 3.  fn the calculat ion shown

in  F ig .  4 ,  40  I i nea r  e l emen ts  we re  empLoyed ,  t he  spa t i a l  c r j -

t e r i on  (5 .2 )  was  emp loyed ,  F  =  I  and  u  =  L -
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=
o

( 1 )  F
( ) \  F

( 4 \  F

F ig .  3  T ranson i c  nozz le  f l ow  p rob lem.

Th in  b i convex  a j r f o i l  ( compress ib l e  Eu le r  equa t i ons )

Samp le  resu l t s  a re  p resen ted  f o r  a  t r anson i c  f - [ ow  abou t  a
th i n  b i convex  a i r f o i l .  De ta i l s  abou t  t he  p rob lem and  add i t i ona f
resul ts may be found in (Tezduyar and Hughes,  I9B2) .  "Medium"

and  " f i ne "  meshes  a re  i l l u s t r a ted  i n  F i g .  5 .  I n  t he  med j -um
nesh  16  e femen ts  a re  used  t o  d i sc re t i ze  t he  a i r f o i l  whe reas  32
e lemen ts  a re  used  i n  t he  f i ne  mesh .  (The  f i ne  mesh  rep resen t s
a  b i sec t i on  o f  t he  med ium mesh .  )  Fo r  t h i s  p rob lem the  we igh t i ng
f u n c t i o n  p e r t u r b a l i o n  w a s  d e f i n e d  b y  ( 4 . 5 0 ) ,  t h e  t e m p o r a l  c r i -
t e r i on  (5 .1 )  was  emp loyed ,  F  =  I  and  o .  -  l .  p ressu re  coe f f i c -
i en t  p l o t s  a re  p resen ted  i n  F i g .  6  f o r  channe l  and  f r ee -s t r eam
bounda ry  cond i t i ons  a l ong  t he  uppe r  edge .  The  resu l t s  show  a
shi f t  in  the shock locat ion of  about 62 for  the two boundary
condj- t ion cases whj-ch is  to be expected.  Mach number contours
a re  i l l u s t r a ted  i n  F i g .  7  f o r  t he  channe l  bounda ry  cond i l i on  case .
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I ] N E  X T S H

F i g .  5  F i n i t e  e l e m e n t  m e s h e s .  M e d i u m  m e s h ,  2 5 6  e L e m e n t s ;

f i ne  mesh ,  IO l5  e l emen ts .
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- 0 . 5  - 0 . 4  - 0 . : l  - ( \ . 2

F i g .  6  P r e s s u r e  c o e f f i c i e n t  f o r  b i c o n v e x  a i r f o r l

( J d
I

Y
I

o
I

,i

' F r A n q - n i e  ^ a q e -  f i n e

Mach number contours

m a c h  i  c n - - n h c

F o r  f h e  a  i r f o i  l  n r o b l e m

F loc  s l l ca r r r  N la r ' l r  I ) l u I l t ) ( ' r

N ' I  -  t t t l r l i r r t t r  n i c s l r

I , ' =  I i r r r , r r r r ' s l r

,  i y t t r t t c l  l r . r ' . 9 1 y  r 1 1 ' p r ' 1 '
|  ) ( ) l l  I  I r t ; r  I ' l  ( l I I f  l ' C a S ( ' S

t r la<r l r  r r r r inbcr ' )

f 1  r , r '  s l  l , ' l r t 1  1 , . ,  .  , ) l t  t l p p ' , 1
I r ( ) l t l l r t : l l  \ -

5

t .  rg .  I
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1.  CONCLUSIONS

l n  f h i c  n A n p r  w e  h a r z e  n r e s e n f e d  a  P e t - r o v - G a L e r k i n  f o r m u l a t i o ny u y v  L  t t v

w h i c h  g e n e r a l i z e s  t h e  s t r e a m L i n e  u p w i n d  c o n c e p t  t o  s y s t e m s  o f

conse rvaE ion  l aws .  Emphas i s  hos  been  p l aced  on  Lhe  compress ib l e

F r r l p r  p d r : t - i n n q  i n  l ' h a  n r A q c n f  w o r k .  N r r m c r i c a l  e x e m n l e s  i n d i -s Y u a L f v r r r

ca te  Lhe  qood  behav iou r  o f  t he  me thod  on  a  va r i e t y  o f  p robJ -ems ,

i n c L u d i n o  o n e s  w i t h  s h o c < s .

Fu tu re  wo rk  needs  Lo  f ocus  on  op t im i z i ng  t he  f o rmu la t i on  w i t h

r p q n p . f  I  o  q h n e k  q f r l r ^ r , r r o  : n - l  o n l - r n n ' /  c o n d i t i o n S .  F U I t h e f m o r e ,! q r y s u L

i t  i s  hoped  Lo  t ack l e  a  number  o f  ae rodynam ic  f l ows  o f  a  comp lex

n A l - r r r a  F i n e l l t r -  t h e  d e r r e l o m e n t  o f  e l c m c n f - h r u - p l e m e n t -  a n dr r a L u I  s .  L  r r r a r t y  r  u r r u  u u v

s u b d o m a i n - b y - s u b d c m a i n ,  i m p l i c i t  a L g o r i t h r n s  ( s e e ,  e . 9 . ,  H u g i r e s

e t  a I . ,  1 9 8 2 ,  t 9 B 3 )  f o r  c h e  p r e s e n t  c l a s s  o f  p r o b l e m s  w i l l  h o p e -

f r r ' l  l r r  onen  t he  wa rz  t o  much  more  e f f i c i en t  so l u t i on  o f  l a rge! u r ! /  v t s v r r

r r n l r l c m q .  n ^ r f i e r r l : r l r ,  I  h r e e - d i m e n s i o n a l  o n e s .y t  v e L r t ' t )  t
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