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Clustered Element-by-Element Computations
for Fluid Flow

J. Liou and T. E. Tezduyar!

Abstract. It is shown that the clustered element-by-element method, together
with the preconditioned generalized minimal residual method, can be effectively
used to solve compressible and incompressible flow problems. Discretizations of
the governing equations of these flow problems involve the entropy variable for-
mulation for compressible flows and the space-time formulation for incompressible
flows. The clustered element-by-element method is a generalized version of the
standard element-by-element method. In this method, the elements are partitioned
into clusters of elements, with a desired number of elements in each cluster, and
the iterations are performed in a cluster-by-cluster fashion. The method is highly
vectorizable and parallelizable if used with proper clustering and element-grouping
schemes. To demonstrate the effectiveness of the proposed methods, and to eval-
uate the convergence rates achieved, several test computations are performed on
model problems with regular and irregular meshes.

9.1 Introduction

The clustered element-by-element method (CEBE) was first proposed in [Liou91]
to be used with the conjugate gradient method for solving problems with sym-
metric spatial operators (e.g., for problems governed by the Poisson equation). In
this chapter, we use the CEBE method in conjunction with the generalized mini-
mal residual (GMRES) method [SaSch86] to solve compressible and incompressible
flow problems. These problems involve numerical difficulties such as nonlinearities,
nonsymmetric spatial operators, shocks, and the incompressibility constraint. In
the CEBE method the elements are merged into clusters of elements. Any number
of elements can be brought together to form a cluster, and the number should be
viewed as an optimization parameter to minimize the computational cost. The
CEBE preconditioners are defined as series products of the cluster matrices, and
the computations are performed in a cluster-by-cluster fashion. Each cluster ma-
trix is formed by assembling together the element matrices corresponding to the
elements in that cluster. To facilitate vectorization and parallel processing, just like
the way it is done in the grouped element-by-element (GEBE) method [Tez89], the
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clusters can be grouped in such a way that no two clusters in any group have shared
nodes. Furthermore, depending on the cluster size (i.e., the number of elements in
the cluster), elements within each cluster can again be grouped in the same way. In
the two limit cases, the CEBE method becomes equivalent to the GEBE method
(when the cluster size is equal to one) and the direct solution method (when the
cluster size is equal to the total number of elements).

The space-time finite element formulation has been successfully used for various
problems (see, for example,[Shak88, HanSze90, Hugh88]). In this chapter we em-
ploy this formulation for discretization of the equations governing incompressible
flows. Equal-order interpolation functions are used for velocity and pressure, and
the variational formulation includes Galerkin/least-squares stabilization [Hugh89].
Because the finite element interpolation functions are discontinuous in time, the
fully discrete equations can be solved one space-time slab at a time. However, the
memory needed for the global matrices involved in this method is very substantial,
and this could be a major obstacle for the extension of the method to practical
large-scale problems. For example, in two-dimensions, the memory needed for the
space-time formulation (with piecewise linear interpolation functions) of a problem
is approximately four times more compared to using the finite element method only
for spatial discretization. We employ the CEBE iteration scheme to reduce the cost
involved in solving the linear equation systems arising from the space-time finite
element discretization.

For compressible flow problems, we solve the Euler equations by using the entropy
variables formulation [Hugh86a]. With properly designed streamline-upwind/Petrov-
Galerkin (SUPG) and shock capturing operators, this formulation has been success-
fully applied to various challenging problems (see, for example, [Shak88, Mall85]).
Explicit computations, though economical in memory requirements, are limited by
stability conditions, and thus involve constraints in terms of the time step size that
can be chosen for the computation. Implicit computations, on the other hand, allow
larger time steps, but need much more memory for the global matrices. Further-
more, the implicit computations take much more computing time per time step.
By using the CEBE iteration method to solve the equation systems involved, we
can essentially keep the desirable stability properties of the implicit method while
reducing the memory and computing time needed.

In section 9.2, the governing equations and the finite element formulations will
be discussed for incompressible and compressible flow computations. In section 9.3,
implementation of the CEBE method with the GMRES method will be discussed.
In section 9.4, the proposed methods are tested on several compressible and incom-
pressible flow problems. Benchmark computations are performed to compare the
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convergence rates achieved. The concluding remarks are given in section 9.5.

9.2 The Governing Equations and the Finite El-
ement Formulation

In this section we discuss the discretization techniques for the governing equations
of incompressible and compressible flows.

9.2.1 Incompressible Flows

Let  and (0,T) denote the spatial and temporal domains, with x and t representing
the coordinates associated with € and (0,T). We consider the velocity-pressure
formulation of the Navier-Stokes equations:

p(%%+u~Vu)—V-a=0 on Q2 x (0,7T), (9.1)

V-u=0 onQx(0,7), (9.2)

where p is the density, and o is the stress tensor defined as

o = —pIl + 2ue(u), (9.3)
with
e(u) = %(Vu + (Vu)T). (9.4)

Here y represents the viscosity while I denotes the identity tensor. Both the Dirich-
let and Neumann type boundary conditions are taken into account:

u=g onl,x(0,T), (9.5
g

n-c=h onl,x(0,T), (9.6)

where 'y and I';, are complementary subsets of the boundary I'. The initial condi-
tion consists of a divergence-free velocity field specified over the entire domain:

u(x,0) =uy on . 9.7)

In the space-time finite element formulation, we partition the time interval (0,T)
into subintervals I, = (tn,tn+1), where t, and t,41 belong to an ordered series
of time levels 0 = tg < t; < ... < ty = T. We define the space-time slab Q,, as
the domain enclosed by the surfaces Q,,Q,41, and P,, where P, is the surface
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described by the boundary I' as t traverses I,,. P, can be decomposed into (P,),
and (P,) with respect to the type of boundary conditions being applied. The finite
element interpolation functions are discontinuous in time, and the fully discretized
equations are solved one space-time slab at a time.

Let ¢ denote the set of elements resulting from the finite element discretization
of the space-time slab. For each slab we define the following finite element function
spaces:

H™(Qn) = {8"|¢" € C°(Qy), ¢"

Q: € P1(Q) x P'(t),i=00r1, VQ¢ €e}, (9.8)

Sty = {ut|u” € [H™(Q,)]™,u" = g on (Py),}, (9.9)
Vi = {w"|w" € [H"(Q,)]™, w" = 0 on (P,),}, (9.10)
Sy =V} ={¢"¢" € H"(Qn)}, (9.11)

where n,4 is the number of space dimensions. In time domain, we can use piecewise
constant (i = 0) or piecewise linear ( = 1) functions.

The space-time finite element formulation of 9.1 - 9.7 can be written as follows:
given (u”)>, find u* € SP and p" € Sz’,‘, such that , Ywh € V& Vg € V,’,‘

h

fQ" wh. p(aait +u" - vuh) dQdt +/ e(wh) : o(p", uP) dQdt

Qn

Nel

+ Z/ T [p(a_\y_’i +ut . vwh) - V. o(¢", wh)]
e=17Q5 ot ’
u” h h h o h
p(—=— +u” - Vu") —V.o(p" u")] dQdt

bt
./

V- ut d0dt + / (WhE - (M) = (uh)7) do
Qn
= / w" . h dP, (9.12)
(P'n)h

where 7, is the number of elements in the space-time slab, and

(UM = lims_out(t, +6). (9.13)

n =
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The formulation is applied sequentially to all space-time slabs Q1,Q2,...,@n—1.
The computations start with

(uh)y = ul. (9.14)

The coefficient 7 used in 9.12 is obtained by a multi-dimensional generalization
of the optimal 7 given in [Hugh86b] for the space-time formulation of a one-
dimensional advection-diffusion problem:

—-1/2
2wy, Ay
=)+ - (9.15)
Here h is the spatial “element length”, and v is the kinematic viscosity.
Remarks:

1. It can be shown that with functions piecewise constant in time, and with
the definition of 7 as given by equation 9.15, the steady-state solution is
independent of the time step size. Furthermore, as the time step size goes to
infinity, the steady-state solution obtained with functions piecewise linear in
time becomes identical to the one obtained with functions piecewise constant
in time. Therefore, one can use very large time steps to reach the steady-state
solution.

2. The last term on the left-hand-side of equation 9.12 enforces, weakly, the
continuity of the solution in time.

9.2.2 Compressible Flows

For the equations given in the remaining part of this section, repeated indices
imply summation over the range of the spatial dimension (ns4). The dynamics
which governs two-dimensional, inviscid, compressible flows are described by the
Euler equations. In terms of conservation variables, U = (p, pu1, pus, pe)T, these
equations are

ouU JF,

E‘ B:L‘l =0 on {2 x (O,T), (916)
where F;’s are the Euler fluxes. Alternatively, equation 9.16 can be written as
ou ou

4+ A,—=0 Q x (0,7), 9.17
o T A5 on 2 x (0,T) (9.17)

where
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oF; .
Ai = 5,[—-}-, 1= 1, ey Ngd. (918)

The following boundary and initial conditions are assumed to be given:

BU=G onT,x(0,7), (9.19)

U(x,0) = Uy(x) onQ, (9.20)

where B is a general boundary condition operator (see [LeBeau] for the implicit
treatment of impermeable boundary conditions), and G and U (x) are given func-
tions.

Based on a transformation of variables, U = U(V), one can write the Euler
equations in terms of entropy variables [Hugh86al:

- OV . 0V

Ao—a? + A,a—xl =0 onx (O,T), (9.21)
where

AO = U,V and Ai = AiAo, 1= 1, ey Ngd- (922)

Ay is a symmetric and positive-definite matrix, and A;’s are symmetric matrices.
For the finite element formulation of the entropy variables form of the Euler
equations, we define the following function spaces:

St = {VIVh e [H™ Q)]s VP e € [P1(Q2)|"%, q(VP) = g(t) on T}, (9.23)

V= (WhW" € [H?(Q)]"eer, Whq. € [PH(Qf)]"e/,q(W") =0 on T}, (9.24)
where n4,¢ is the number of degrees of freedom and q(V ") is the boundary condition

operator for the entropy variables [Shak88]. The finite element formulation of the
Euler equations can be written as follows: find V* € 8%, such that, YW" € V*

R AVANNY ) Vau ol L' A, \ VA, \ VA
h' . —  — ¢ — —— PR —
Jo W (Ao o +A16Ii)dQ;/eTAl e (Ao~ + A, axj)dﬂ
o OWHh A
(vg — v )A a1 =0, 9.2
+ =1 /0 8.77,‘ (Vd g ) 0 83:, ( 5)

where 7 (a symmetric and positive-definite matrix) is the generalized SUPG oper-
ator [Hugh86b], defined as follows:
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661 aé’t Ak)_1/2'

= (8IJAAO Oz

(9.26)

The term (vq — v, ) is the shock capturing diffusivity [Mall85], defined as follows:

A.aVh A 15 .0V*
g Bzi J "8z, 1/2
Vg = ( o, A oEx aVr ) ’ (927)
O, 8 03z, 8z,
A.V" LA av*h
_ t 9z; J 311 1/2
v = (—5v ooy )2, (9.28)
sz 8Zk

Note that the contribution of the generalized SUPG operator is subtracted from
the shock capturing operator to avoid excessive diffusion around the shocks.

9.3 The Clustered Element-by-Element Method

After linearization of the fully discretized equations, the following equation system
needs be solved for the nodal values of the unknowns:

Ax =h. (9.29)

We rewrite 9.29 in a scaled form

Ax=b (9.30)
where

A=W 1AW 3 (9.31)
% =Wix, (9.32)
b=W1b. (9.33)
The scaling matrix W is defined as

W = diagA. (9.34)

With this definition of W, diagA becomes an identity matrix.
For the flow problems considered in this chapter, the matrix A is not in general
symmetric and positive-definite. Therefore, the proposed CEBE preconditioner
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will be used in conjunction with the GMRES method. For completeness, we briefly

describe the GMRES method used for solving 9.30:

0. Set the iteration counter m = 0, and start with an initial guess Xq.

1. Calculate the residual scaled with the preconditioner matrix P:

fn =P (A%, — b).

2. Construct the Krylov vector space :

e = _Im
| £m ||
j—-1
£0) = P1Ae07D - ST(P AU, eM)el, 2 < j < ny,,
=1
RO L
|| £6) ]

(9.35)

(9.36)

(9.37)

(9.38)

where ny, is the dimension of the Krylov space, and e i = 1,2, .oy Mg, are the

basis vectors.

3. Update the unknown vector:

Nkg

im+1 =Xm + E Sje(J)a
j=1

where s = {s;} is the solution of the equation system
Qs =z,

with

Q=[Qy] =[P 'Ae® P7'AeY))], 1<i,j<nyy,

z={z}={(P1Ae -F,)}, 1<i< ng.

4. For next iteration, set m «— m + 1 and go to 1.

(9.39)

(9.40)

(9.41)

(9.42)

The iterations continue until the ratio || ¥, || / || Fo || falls below a predetermined

value. It should be noted that the matrix Q is symmetric and positive-definite.

Remark:
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3. The convergence rate of this algorithm depends on the condition number
of the matrix P~'A. Therefore We would like to select a preconditioner
that involves minimal inversion cost, and provides, within cost limitations,
an optimal representation of A. For example, the Jacobi conjugate gradient
method, in which P = diagA (= I), involves minimal cost for the inversion
of P; however this representation of A is rather a poor one, and therefore it

usually takes too many iterations to converge.

With the CEBE method, the set of elements ¢ is partitioned into subsets (clusters
of elements) €5, J = 1,2, ..., No, where N is the number of clusters, such that

Ne
e=Uer
J=1

Ncl
0 = ﬂ EJ-

J=1
The global coefficient matrix A can then be expressed as
A=A,

J=1

with the cluster matrix A defined as

where A€ is the element level matrix.
Consider the factorization of the matrix (I+ By) :

(I+BJ) :fJJﬁJ, J=12,..,Ngu,
where

BJ:AJ_WJa

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)

(9.48)

and L; and U} are the lower and upper triangular factors of (I + B;). The CEBE

preconditioner is defined as
Net

1
p=[[ts I U
J J

=1 =Ncl

(9.49)
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Remarks:

4. The convergence of the algorithm depends on the numbering of the clusters
but not on the numbering of the elements within each cluster. By treating
each cluster as a super-element, we can identify the clustered element-by-
element procedure as a generalization of the standard element-by-element
method.

5. We have the option of storing the cluster matrices and their inverses, or
recomputing them as they are needed.

9.4 Numerical Examples

We tested the proposed CEBE/GMRES method on several two-dimensional model
problems governed by the incompressible Navier-Stokes and compressible Euler
equations. We compared the convergence rates achieved in computations using
different numbers of GMRES basis vectors. In the space-time formulation of all
incompressible flow problems considered, for velocity and pressure we use functions
which are piecewise linear in time. Also for all incompressible flow problems, a very
large time step (100,000.0) is used to reach the steady-state solution.

9.4.1 Lid-driven cavity flow at Reynolds number 400 and 1000

In both of these problems the cavity has a square shape, and the Reynolds number
is based on the dimension of the cavity and the velocity of the lid. For a square
mesh with n x n elements and m x m clusters, the memory needed for the global
coefficient matrices is approximately 36n3/m. We note that there are six unknowns
associated with each node in space. Figure 9.1 shows (for Re = 400 and a mesh with
32 x 32 elements) the residual ratio vs the number of outer iterations for various
cluster sizes and different numbers of GMRES basis vectors (ng,). It can be seen
from Figure 9.1 that, as expected, the larger the cluster size is, the better the
convergence rate achieved. Of course, when the cluster size is equal to the number
of elements, the method reduces to a fully implicit one, and only one iteration is
needed to reach the solution. When the cluster size is equal to one, on the other
hand, the method becomes a standard element-by-element method. Regardless of
the cluster size, the CEBE preconditioner gives better convergence rates than the
Jacobi preconditioner.

Figures 9.2 and 9.3 show the computed flow field for Re = 400 and 1000, respec-
tively. In both cases, we use a mesh with 64 x 64 elements and 4 x 4 clusters.
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Both figures show the velocity components along the vertical and horizontal center
lines, pressure, vorticity, and stream function.

9.4.2 Incompressible flow past a circular cylinder at Reynolds number
100

With this test problem, we evaluate the performance of the CEBE method on ir-
regular meshes. The dimensions of the computational domain, normalized by the
cylinder diameter, are 30.5 and 16.0 in the flow and cross-flow directions, respec-
tively. The free-stream velocity is 0.125. Reynolds number based on the uniform
free-stream velocity and the cylinder diameter is 100. Symmetry conditions are
imposed on the upper and lower boundaries, and the traction-free condition is im-
posed at the outflow boundary. First, to study the convergence rates achieved,
we use a finite element mesh with 1280 elements and 1360 nodes (see Figure 9.4).
Figure 9.5 shows the residual ratio vs the number of outer iterations for various
cluster sizes and different numbers of GMRES basis vectors. Figure 9.6 shows, for
a more refined mesh (with 5400 elements, 5510 nodes, and 72 clusters), pressure,
vorticity, stream function and stationary stream function.

9.4.3 Compressible flow past a circular cylinder at Mach number 3.0

In this problem, we impose symmetry conditions along the horizontal axis of the
cylinder, and use a computational domain containing only half of the cylinder. The
dimensions of the computational domain, normalized by the cylinder diameter, are
16 and 8 in the horizontal and vertical directions, respectively. The mesh consists
of 4800 elements and 4941 nodes. With four unknowns associated with each node,
the number of equations for this mesh is 19,478. Impermeable boundary conditions
are specified on the cylinder. Figure 9.7 shows, at a typical time step, the residual
ratio vs the number of iterations for various cluster sizes and different numbers
of GMRES basis vectors. Figure 9.8 shows the mesh, and pressure and density
contours for the steady-state solution.

9.5 Concluding Remarks

We have demonstrated that the clustered element-by-element preconditioners can
be effectively used with the generalized minimal residual method to solve large-
scale compressible and incompressible flow problems. We employed these iteration
methods in conjunction with discretizations involving the entropy variable formula-
tion for compressible flows and the space-time formulation for incompressible flows.
In the CEBE method, the elements are partitioned into clusters of elements, with
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a desired number of elements in each cluster, and the iterations are performed in
a cluster-by-cluster fashion. The clustering concept is very similar, in philosophy,
to the domain decomposition concept. With this approach, we can select an al-
gorithm anywhere in the spectrum of algorithms ranging from the direct solution
technique to the standard element-by-element iteration method. The method is
highly vectorizable and parallelizable.
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Figure 9.2
Lid-driven cavity flow at Reynolds number 400: velocity components along the
vertical and horizontal center lines, pressure, vorticity, and stream function.
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Figure 9.3
Lid-driven cavity flow at Reynolds number 1000: velocity components along the
vertical and horizontal center lines, pressure, vorticity, and stream function.
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Incompressible flow past a circular cylinder at Reynolds number 100: the finite
element mesh used in the benchmark computations (1280 elements and 1360 nodes).
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