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ABSTRACT

Finite element computation of compressible Euler
equations is presented in the context of the streamline-
upwind/Petrov-Galerkin (SUPG) formulation. The SLJPG
formulation, which is based on adding stabilizing tenns to
the Galerkin formulation, is further supplemented with a
shock capturing operator which addresses the difficulty in
maintaining a satisfactory solution near discontinuities in
the solution field. The shock capturing operator, which has
been derived from work done in entropy variables for a
similar operator, is shown to lead to an appropriate level of
additional stabilization near shocks, without resulting in
excessive numerical diffusion. An imphcit treatrnent of the
impermeable wall boundary condition is also presented.
This treatment of the no-penetration condition offers
increased stability for large Courant numbers, and
accelerated convergence of the computations for both
implicit and explicit applications. Several examples are
presented to demonstrate the abitty of this method to solve
the equations goveming compressible fluid flow.

INTRODUCTION

The physics and dynamics of problems involving
compressible flows in aerospace applications are not yet
fully understood. Particularly, better understanding of
dynamical, thermal, and chemical aspects of the reentry
conditions is needed. While the prediction of aerodynamic
and heating loads is very important for designing space

vehicles (Li, 1986), the conditions, such as altitude and
speed, under which space vehicles operate makes the
simulation by ground test facilities extremely difficult.
Therefore, computational predictions based on the solution
of the appropriate governing equations have become
crucial.

Thus, the objective of this work is to address issues
associated with solving compressible flow problems using
the finite element method. While it is hoped that the
inherent flexibility of the finite element method to model
complicated geometries will enable engineers to model
flows past such vehicles as the Space Shuttle and the
Aeroassist Flight Experiment, this research has
concentrated on developing effective strategies for the
solution of compressible flows in two dimensions, which
can then be extended to more complex three-dimensional
problems.

Among the difficulties associated with numerical
simulation of compressible flows is the rearnent of shocks
and sharp layers. For high-speed flows, the magnitude of
such sharp variations in the flow field can be very large,
making the computation even more challenging. It is well
known that Galerkin finite element (or classical central
difference) schemes result in spurious oscillations for
advection-dominated problems due to their hyperbolic
nature, especially in ttre presence of sharp layen in the
solution. To minimize such effects, a streamline-
upwind/Petrov-Galerkin (SUPG) formulation is employed.
Such schemes, which introduce minimal numerical
diffusion, have been successfully applied to various fluid
dynamics problems (Brooks and Hughes, 1982; Tezduyar
and Hughes, 1982; Tezduyar and Hughes, 1983; Tezduyar
et al.,1988\. Furthermore, to obtain better solutions in the
presence of shocks, a discontinuity capturing scheme was

f This research was sponsored by the NASA-Johnson
Space Center (grant NAG 9-449), NSF (grmt MSM-
8796352) and the University of Minnesota Army High
Performance Computing Research Center.

21

Tezduyar


Tezduyar



incorporated (Hughes et aI., 1986; Hughes and Maller,
1986). Such schemes are designed to introduce a
dissipative effect in the neighborhood of discontinuities,
without degrading the accuracy of the solution elsewhere in
the flow field.

When numerically solving the compressible Euler
equations, the implementation of the impermeable wall
boundary condition requires special attention.
Traditionally, an explicit implementation of this boundary
condition has been used at solid surfaces through a flux-
vector manipulation at the surface. Because this explicit
treatrnent of the boundary condition adversely affects the
stability properties of an implicit method, we have
implemented an implicit treatrnent of this situation. In the
formulation of this boundary condition, the normal and
tangential components of the momentum arc kept track of,
rather than the Cartesian components. The normal
component of the momentum can then be set to zero as a
Dirichlet boundary condition. Translation between the
normal-tangential components frame and the Cartesian
components frame is accomplished by using a local
transformation rule, dependent on the geometry of the
boundary.

GOVERNTNG EQUATIONS

l,et Q be a domain in Rn"d and T be a positive real
number, where ns4 is the number of spatial dimensions.
The spatial and temporal coordinates are denoted by x
e O and t e [0,T], where a superposed bar indicates the
set closure. The boundary of the domain Q is denoted by f.
The dynamics which govems multi-dimensional inviscid,
compressible fluid flow are described by the Euler
equations. These equations, written in terms of
conservation variables U = (p, pu1,..., pu,,rd, pe)T, are

on f,) x (0,T), (1 )

where F1,..., F^d are the Euler fluxes, and repeated indices
imply summation over the range of the spatial dimension
nsd. Altematively, equation (1) can be written as

on C) x (0,T), (2)

where

, aF,
e i = # , i = I , . . . , n s 4 .  ( 3 )

We assume that associated with (2), the following boundary
and initial conditions are given;

11here B denotes a general boundary operator, and G and
Uo are given functions. Because the Euler equations neglect
the viscous terms of the Navier-Stokes equations, the flow
is allowed to slip at a solid surface. However, for obvious
reasons, there should be no flow penetration at the surface.
Thus at each point on the surface, the solution of an
Eulerian flow must satisfu

uj Dj = Q, (6)

where n; , i = I, ...,nsd are the components of the unit
normal vector vector.

FINITE ELEMENT FORMULATION

Consider a finite element discretization of the domain
Q into subdomains (elements) {le, e = 1,2,..., net where net
is the number of elements. Throughout, we shall assume
that the tr ia l  solut ion U sat isf ies BU =G onf.
Furthermore, the weighting function W satisfies B W = 0
on I-. We define the following function spaces:

Sh = [ UnrUh e lHrn641na"7,

uitee e lPr6r1)nbf , BU": G on F), (7)

yrr ={ WirW h e [Hrh(dr))ndof ,

wfrro e [Pr621]'�1tuf , Bw: 0 0n f ], (8)

where n46y is the number of degrees of freedom. The finite
element formulation of the Euler equations can be written
as follows: find UfreS'such that VWh eVh

.  A I I h  A l l n

-J wr.( ? *Arff i  )  do+
o

y [ .aTq^$ (Y.4H )  do+
e a l c l "  i  o x i

B U = G
U(x,0) = Uo(x)

on I. x (0,T),
o n C ) ,

(4)

(5)

# . *  = o

# .o,# =o
(e)

where the first integral represents the Galerkin
formulation, the second one is the SUPG stabilization term,
and the last integral is the shock capturing term. The
significance of the SUPG formulation is that it adds
numerical stability to ttre standard Galerkin method. While
the use of SUPG stabilization alone works quite well for

n e l  . -  E W f r E U I
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A,H.

wherc the Ir(A)'s are the eigenvalues of A; which has rank
ndof, We define the shock capturing operator for
conservation variables as

*rdvection-dominated flows, as the Mach number increases
Lino Oe supersonic range, the presence of over- and under-
I lUoot in the area of shocks is apparent. Such oscillations,
" which initially appear in transonic flows, become''&trimentally large as the Mach number increases. To

{leviate this problem the shock capturing tenn was added
b fte fonnulation.

';i;: kr this formulation t is defined as

i  -  t r= tmx  ( r i , i = I t on {oy ) ,

t bhere

, (no swn). (1  1)

,Here hi is the element length in the .r; direction, o is a
parameter controlling the stability and accuracy of the
time-integration algorithm, and pi is the spectral radius of
A; (Iezduyar and Hughes, 1982). That is

Pi= 1ffit Ii(Ar) l,

that this is an explicit treatrnent of the boundary condition.
Thus even when using an implicit method, the stability of
the algorithm will be influenced by this explicit treatnent
of the boundary condition. Herein is a description of the
method used for handling the impermeable wall boundary
condition.

The success of this implementation is due to the
trearnent of the solid surface as a Dirichlet boundary
which, by definition of the trial space, allows one to dictate
that the normal component of the velocity on a stationary
surface must be zero. This implicit treatment of the
boundary condition has been used to improve the
convergence rates of both explicit and implicit algorithms
and has also allowed the use of very large Courant
numbers, defined as

^  _ m a xu^t - (e,i)
p(Ai) At

he. 
' (14)

in the solution of steady-state Eulerian flows.

In the finite element discretization, the quantity U is
determined within each element by the nodal values Ua and
a set of shape or interpolation functions NB such that

u -  I  N " u r ,
8 = l

where rn is the number of nodes in the element. In equation
(15) the variable U is a nodal vector ofunknowns based on
a Cartesian coordinate system. Such a system does not
directly allow enforcement of the requirement that the
normal component of the velocity on a surface be zero
because it is a geometric combination of the J1 and .r2
'components of the velocity at ttre surface node. Therefore
a new nodal vector of unknowns for surface nodes is
defined where the second and third components of this new
vector represent components of the velocity in the
tangential (t) and normal (n) directions respectively. This
new vector, defined as

(16)

allows the third degrce of freedom to be designated as a
Dirichlet boundary and to implicitly specify that ttre
normal component of the momentum be zero.

Although introduction of a local coordinate system
permits the direct enforcement of a no penetration

(10)

(12)

(13)

(15)

, = [

art",a# rn

d6t
d t i

aU --r EEr dU
D; ,  ' ao  

d " ; r

where A9 is the Jacobian matrix of ttre transformation from
entropy variables to conservation variables. We derived
(13). by a reverse transformation, from the shock
capturing operator given for the entropy variables (Hughes
and Mallet, 1986).

SOLID WALL BOUNDARY CONDITION

In the past, typical implementation of the boundary
condition given by (6) has involved manipulation of the
velocity vectors such that the advection normal to the
surface is zero after each iteration. This has been
accomplished by simply killing the normal component of
the velocity at the surface, or by rotation of the velocity
vector tangent to the surface in an effort to maintain the
kinetic "nJ.gy at each point. These methods of satisfying
the boundary condition have been successfully
implemented for quite some time, yet it should be realizei

"=l{*
ff
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condition, there may be a need for many such coordinate
systems depending on the shape and resolution of the
surface. Since it is not possible to obtain a solution over a
spatial domain where, conceivably, each node may use a
separate coordinate system, each of these r-n systems
must be rotated to one uniform system. To accomplish
this, a nodal rotation matrix. defined as

(17)

is used. Here 0s is the angle measured from the x1 axis to
the t base vector for the surface at node B. In general,
this can be written for all elements as

m
U =  I  N r T a d a ,

8 = l
(18)

where the tangential and normal components of d for
those nodes not on a solid surface would correspond to
the Cartesian components, and the rotation matrices
would simply be the identity matrix. For further details
and discussions onthe subject, see (Le Beau, 1990).

NUMERICAL EXAMPLES

We have tested our formulation on several steady-
state problems. Here we present those for which shocks
developed.

Reflection of a Shock Against a Wall

This problem is presented for several reasons. First,
it possesses the features of an oblique shock, which has
become a popular test problem in itse[ plus a reflection
point which will more critically test the accumcy of the
method. A complete problem description can be found in
Mallet (1985). A contour plot, a line plot at y = 0.25, and
an elevation plot, all of density, are presented in Figures
1-3. This result is seen to be oscillation free, yet still
maintains the structure of the upstream and reflected
shocks.

Mach 0-84 Flow Past n Pcrnholic Arn Rrrrnn

The difficulty in solving transonic flow past the
parabolic arc bump is due to the fact that a portion of the
domain becomes supersonic and a shock wave forms on
the surface of the bump. Thus even at a relatively modest
Mach number of 0.84, the solution would have
significantly poorer quality without the benefits of the
shock capturing operator. The mesh used for this
problem consists of 2068 elements over a 57o bump and is
clustered in ttre direction of the bump. Figures 4-6 show

line plots along the floor of the tunnel for pressure
coefficient, as well as pressure contours in the area of the
bump. The formation of a shock at approximately x =
0.3 is evident from both the line plots and the contour
plot.

Mach 1.4 Flow Past a Parabolic Arc Bump

A more challenging problem for this algorithm exists
in the analysis of supersonic flow past the parabolic arc
bump. The mesh used for this problem consists of 2760
elements and 2883 nodes evenly distributed in a domain
which has a bump height of 4Vo. Figures 7-9 show line
plots at ) = 1.0 and 0.5 for density, as well as pressure
contours in the domain. This problem, which is similar
to that analyzed in Shapiro (1988), creates an interesting
shock interaction behind the bump. The shock from the
leading edge of the bump is reflected down off the ceiling
of the tunnel and crosses, then combines, with the shock
formed at the trailing edge of the bump.

Mach 3.0 Flow Past a Circular Cvlinder

The most challenging problem of this set is
encountered when a cylinder is exposed to supersonic
flow. The difficulties associated with this problem are the
bow shock ahead of the cylinder and the near over
expansion of the flow behind the cylinder. The domain is
discretized by 4800 elements, 60 radially and 80
tangentially. The results, presented in Figures 10-15,
show that most of the shock has been captured within two
elements, as has the recompression of the flow behind the
cylinder. In addition, the stagnation values and the stand-
off distance of the shock are in good agreement with
experimental results.

CONCLUDING REMARKS

In this work we have addressed some of the issues
associated with the finite element solution of the Euler
equations. These issues were related to the implementation
of the slip boundary condition on solid walls and the
ability of the method to successfully capture
discontinuities in the solution field. We have shown that
the implicit treatment of the no penetration boundary
condition has many merits, making it virnrally essential in
formulations which ignore the viscous terms of the
Navier-Stokes equations. The increased stability, and
convergence rates, are well worth the extra cost
associated with its implementation. We have also shown
that the quality of the solutions obtained using
conservation variables compares quite well with those
obtained using entropy variables. In both variables, a
proper shock capturing operator appears to be the crucial
component in obtaining satisfactory results.
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Figure l. Density aty =0.25,M*=2.9 .

Figure 2. Pressurc contours, M* = 2.9 .

Figure 3. Elevation plot of the Density,
M * = 2 9  '
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Figure 4. Pressure coefficient distribution
on tunnel floor, M- = 0.84 .
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Figure 5. Pressure coefficient distribution
on bumP, M- = 0.84 .

Figure 7. Density distribution on tunnel
ceiling, M- = 1.4.

Figure 8. Density distribution along mid-
point of tunnel, M- = 1.4 .
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Figure 6. Pressure contours, M- = 0.84 .

26

Figure 9. Pressure contours, M- = 1.4 .
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Figure 10. Density along symmetry- axis- 
ahead of cYlinder, M- = 3.0 .
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Figure 13. Mach number distribution
cYlinder .urface, M- = 3.0 .

Figure 14. Velocity vectors, M- = 3.0.

Figure 12. Pressure contoun, M- = 3.0 .
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Figure 15. Pressure contours, M- = 3.0 .

Tezduyar

Tezduyar




