
NEW ALTERNATING DIRECTION PROCEDURES IN F INITE ELEMENT ANALYSIS
BASED UPON EBE APPROXIMATE FACTORIZATIONS

T.  J .  R .  Hughes,  Pro fessor  and J .  Winget ,  Graduate  Research  Ass is tan t ,  Ca l i fo rn ia  lns t i tu te  o f  Techno logy
Div is ion  o{  App l ied  Mechan ics

Depar tment  o f  Mechan ica l  Eng ineer ing

Stanford  Un ivers i ty

Stan ford ,  Ca l i fo rn ia

l .  Lev i t ,  Ass is tan t  Pro fessor ,  fo rmer ly  g raduate  Research  Ass is tan t
Ca l i fo rn ia  Ins t i tu te  o f  Techno logy  and Stan ford  Un ivers i ty

Facu l ty  o f  Eng ineer ing
Depar tment  o f  So l id  Mechan ics ,  Mater ia ls  and St ruc tures

Te l  Av iv  Un ivers i ty

Te l  Av iv .  l s rae l

T. E. Tezduyar, Assistant Professor, Formerly graduate Research Assistand
Cal i fo rn ia  Ins t i tu te  o f  Techno logy  and Stan ford  Un ivers i ty

Depar tment  o f  l \4echan ica l  Eng ineer ing

Univers i ty  o f  Houston

Houston .  Texas

Abs t rac t

Elment-by-element approximate factor izat ion procedures are proposed for
solv ing the large f in i te e lement equat ion systms which ar ise in computat ional
nechanics '  A var iety of  techniques are compared on problems of  st ructural  me-
chanics,  heat  conducEion and f lu id mechanics.  The resul ts obtained suggesE
cons ide rab le  poEen t i a l  f o r  t he  me thods  desc r i bed .

1 .  I n t r oduc t i on

Despi te the at ta iment of  s igni f icant  increases in computer storage and
speed in recent  years,  nany contemporary problems of  engineer ing interest  are
simply too complex to be solved wi th exist ing numerical  a lgor i thms and present ly-
avai lable hardware.  This is  contrary to impressions created by the popular  rnedia
that  computer power is  v i r tual ly  inf in i te and abundant ly avai lable at  sma1l  cost .
The opposi te real i ty  is  summarized by an of ten quoted pun,  a var iant  of  which
asse l t s  t ha t  t he re  a re  two  phys i ca l  cons tan t s ,  c l  and  c2  ,  wh i ch  cha rac te r i ze
the  s to rage  capac i t y  and  speed ,  r espec t i ve l y ,  o f  a l l  p resen t  and  f u tu re  conpu t -
e r s .  The  va lues  o f  t hese  cons tan t s  a re  c l  =  " t oo  sma f l "  and  c2  =  " t oo  s1ow" .
Because  i t  i s  an t i c i pa ted  t ha t ,  f o r  t he  f o r seeab le  f u tu re ,  t he  eng inee r i ng  appe -
t i te for  computer power wi l l  far  exceed i ts  avai labi l i ty ,  i t  appears that  the
only recourse is  the development of  new algor i t tms which nore fu l ly  explo i t  com-
putat ional  resources.  In fact ,  i t  is  interest ing to note that  Dean Chapman, in
his Dryden Lecture of  a few years ago [c1] ,  compared the improvements made in
t lardware wi th computat ional  aerodynamics algor i thrns over a f i f teen year per iod
and found that  the improvement in a lgor i thns equal led thaE for  hardware.  I t  is
the opin ion of  the authors that  there is  st i1 l  enormous potent ia l  for  progress
along these l ines in computat ional  f lu id dynamics,  as wel l  as in st ructural  me-
c h a n i c s  a n d  h e a t  t r a n s f e r  a n a l v s i s -

In th is paper we address the subject  of  solv ing the matr ix  equat ions ar ls-
ing f rom f in i te e lement spat ia l  d iscret izat ions.  In Appendix I  a br ief  sketch
is g iven of  how f in i te e lement equat ion systers emanate f rom var ious c lasses of
cont inuum mechanical  problems, such as typical  st ructural ,  heat  conduct ion,  and
f l u i ds  p rob lems .  The  ma t r i x  equa t i ons ,  t hough  spa rse l y  popu la ted ,  s t i l l  en ta i l
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e n o r m o u s  s t o r a g e  d e m a n d s ,  e s p e c i a l l y  i n  t h r e e - d i m e n s i o n a l  c a s e s .  T h i s  i s  t h e

n a j o r  d r a w b a c k  t o  m a L r i x - b a s c d  ( " i - . n p l  i c i t " )  f i n i t e  e l e m e n t  p r o c e d u r e s -  T h e

t y p e s  o f  m e t h o d s  w e  h a v e  d e v e l o p e d  t o  d e a l  w i t h  t h i s  c i r c u m v e n t  t h e  n e e d  t o  f o r n

a n d  f a c t o r i z e  l a r g e  g l o b a l  a r r a y s .  T h e s c  m e t h o d s  h a v e  L h e i r  o r i g i n s  i n  p r o c e -

d u r e s  w h i c h  p e r v a d e  t h e  n u m e r i c a l  a n a l y s i s  l i t e r a t u l e .  B a s i c a l l y ,  t h e  i d e a  i s

L o  r e p l a c e  a  l a r g e ,  c o m p l i c a t e d  a r r a y  b y  3  p r o d u c t  o F  s i m p l e r  a r r a y s ,  T h c  o r i g -

i n a l  c o n c e p L s  a p p a r e n t l l '  e m a n a L e  I r o m  t h e  s o - c c ]  l e d  
" a l t e r n a r  

i n g  d i r e c t  i o n  ( A D I )

m e t h o d s "  o f  D o u g l a s  [ D 3 ,  D 4 ] ,  D o u g l a s  a n d  R a c h f o r d  [ O 7 ]  a n a  P e a c e m a n  a n d  R a c h f o r d

p l l .  T h e r e  i s  a  l a r g e  R u s s i a n  l i L e r a L u r e  o n  m c t h o d s  o f  t h i s  t y p e  w h i c h  i s  s u m -

m a r i z e d  i n  r h e  b o o k s  o f  M a r c h u k  [ U t ]  a n a  y a n e n k o  [ Y 1 ] .  I n  t h e s e  w o r k s  t h e  t e r m i -

n o l o g i e s  u s e d  a r e  t h e  " m e t h o d  o f  f r a c t i o n a l  s t e p s " ,  t h e  
" s p l i t t i n g - u p  m e t h o d " ,

a n d  t h e  
" m e t h o d  o f  w e a k  a p p r o x i m a t i o n " ,  I n  t h e  f i e l d  o f  c o m p u t a t i o n a l  a e r o d y -

n a m i c s  t h e s e  t e c h n i q u e s  a r e  o f t e n  d e s c r i b e d  a s  
" a p p r o x i m a L e  f a c t o r i z a t i o n "  m e t h -

o d s  ( s e e  e . g .  W a r m i n g  a n d  n e a n  l I ^ I l ] ) .  T h e  p r e c e d i n g  r e f e r e n c e s  d e a l  p r i m a r i l y

w i t h  f i n i t e  d i [ F e r e n c e  m e t h o d s  i n  w h i c h  t h e  s p l i t t i n g  i s  u s u a l l y  p e r f o r m e d  b 1 '

d e c o m p o s i n g  a  n u l t i - d i m e n s i o n a l  p a r t i a l  d i f f  e r e n t i a l  o p e r a t o r  i n t o  o n e - d i m e n s i o n -

a l  o p e r a t o r s .  T h i s ,  o f  c o u r s e ,  p l a c e s  g e o m e t r i c a l  a n d  t o p o l o g i c a l  l i m i t a t i o n s

o n  t h e  d i s c r e t i z a t i o n s .  G e n e r a l l y  t h e s e  m e L h o d s  a r e  u s e d  m o s t  e f f e c t i v e l y  i n

t h e  c o n L e x t  o f  r e c t a n g u l a r  d o m a i n s ,  o r  d o m a i n s  w h i c h  a r e  a t  l e a s t  t o p o l o g i c a l l y

e q u i v a l e n t  t o  r e c E a n g l e s .  I { h e n  c i r c m s t a n c e s  1 l k e  t h i s  p r e v a i l ,  v e r y  l a r g e  p r o b -

l e m s  c a n  b e  e f f i c i e n t l y  s o l v e d .  A s  a  c a s e  i n  p o i n t ,  w e  m a y  m e n t i o n  t h e  w o r k  o f

R o g a l l o  [ r u ] ,  i "  w h i c h  a n  u n s t e a d y ,  E h r e e - d i m e n s i o n a l  N a v i e r - S t o k e s  s i m u l a t i o n  i s

p e i f o r m e d  o n  a  g r i d  o f  1 2 8 3  p o i n t s  u s i n g  a n  i m p l i c i t ,  a p p r o x i m a t e  f a c t o r i z a t i o n

a l g o r i t h m .  A  c a l c u l a ! i o n  o f  t h i s  m a g n i t u d e  w o u l d  b e  i n c o n c e i v a b l e  u s i n g  s t a n d -

r r r l  i m n l i . i t  f  i n i t e  e l  *
d ,  B U l J  L  ' u " 5 .

Progress  has  been made in  deve lop ing  ana logous f in i te  e lement  p rocedures

( s e e  B a k e r  [ n t ] ,  l o u g l a s  a n d  D u p o n t  [ l S ,  l O ] ,  D e n d y  a n d  F a i r w e a t h e r  i o l J ,  a n d

H a y e s  H l - H 4 r ) .  H o w e v c r ,  t h e s e  p r o c e d u r e s  d o  n o t  r e t a i n  t l r e  f u l l  g e o m e L r i c  a n d
^ - r  - - - * ^ ^ l : r i t v  o r  f { n i f e  e l c n c n l  d l s c r e t i z a t i o n s .L U P U r u l 3  L ! t u j  u i

Glowinsk i  and h is  co l leagues have used a  somewhat  d i f fe ren t  approach to

r e d u c e  t h e  s i z e  o f  t i n i L e  e l e m e n L  s y s t e m s  ( s e e  e . g .  
- c ] ,  

c 2 . ) .  T h e  b a s i c  i d e a

i s  t o  u s e  a  " s u b d o m a i n  m o d e l l i n g "  p h i l o s o p h y  s i m i l a r  i n  i n t e n t  t o  t h e  c l a s s i c a l

t e c h n i q u e  o f  " s u b s t r u c t u r e s " .  H o w e v e r ,  t h e y  e m p l o y  i t e r a t i v e  s o l v e r s ,  s u c h  a s

p r e c o n d i t i o n e d  c o n j u g a t e  g r a d i e n t s ,  t o  s o l v e  t h e  g 1 o b a 1  s y s t e m .  A  n u m b e r  o f

impress ive  la rge-sca le  f lu id  dynamica l  computa t ions  have been per fo rmed in  th is

way.  Th is  approach may a lso  be  v iewed aS a  type  o f  A-DI ,  o r  approx imate  fac to r i -

z a t i o n ,  p r o c e d u r e .  H e r e  t h e  s j m p l e r  a r r a y s  a r e  t h e  s u b d o m a j n  m o d e l s ,  w h i c h  a p -

pears  very  na tura l  in  the  f in i te  e lement  contex t .

The methods  advocated  here in  have much in  common wi th  G lowinsk i ' s  and der ive

m a n y  o t h e r  f e a t u r e s  f r o m  t h e  p r e c e d i n g  r e f e r e n c e s .  T h e  a p p r o x i m a t e  f a c t o r i z a E i o n

a s p e c t  o f  E h e  p r e s e n t  a p p r o a c h  i s  f a c i l i t a t e d  b y  w h a t  w e  f e e l  a r e  t h e  m o s t  s i m p l e

and na tura l  cons t i tuents  o f  the  f in i te  e lment  p rocess- - the  ind iv idua l  e lemen l

ar rays .  No more  than one e lement  a r ray  needs to  be  fo rmed and s to red  a t  one t ime

and ca lcu la t ions  proceed in  an  e le rnent -by-e lement  (EBE)  fash ion .  There  is  no

geomet r ic  o r  topo log ica l  res t r i c t ion  i rnposed by  the  method,  and a t  the  same t ime

a remarkab ly  conc ise  computa t iona l  a rch i tec tu re  i s  ach ieved,  I t  i s  po in ted  ou t

h e r e i n  t h a t  L h e  p r e s e n E  a p p r o a c h  h a s  s i g n i f i c a n t  a d v a n t a g e s  w h e n  i m p l i c i t - e x p 1 i -

c i t  f in i te  e lment  mesh par t i t ions  are  employed,  and,  what  apPears  to  be  most

s i g n i f i c a n t  f o r  t h e  f u t u r e ,  t h e  m e t h o d  i s  a m e n a b l e  t o  p a r a 1 l e 1  c a l c u l a t i o n s  o n

mul t  i -p rocessor  computers  .

T h e  l d e a  o f  e l e m e n t - b y - e l e m e n t  I a c t o r i z a t i o n s  w a s  f i r s t  p r o p o s e d  i n  H u q h e s ,

Lev i t  and Winget  ln fZ ]  in  wh ich  a  t rans ien t  a lgor i thm fo r  heat_conduct ion  was

d e v e l o p e d .  B a s e d  u p o n  t h i s  w o r k ,  O r t i z ,  P i n s k y  a n d  T a y l o r  0 l  I  c o n s t r u c t e d  a

nove l  t j l ne-s tepp ing  schene fo r  dynamics .  However ,  our  research  revea led  s t r in -

gent  accuracy  requ i rements  in  cer ta in  c i rcumstances ,  and we were  1ed to  re fo r -

mu la te  the  procedure  as  an  i te ra t i ve  l inear  equat ion  so lver  (see  Hughes,  Lev i t

a n d  L r i n g e t  [ H 1 3 ] ) .  I n  t h i s  w a y  t h e  u s u a l  a c c u r a c y  a n d  s t a b i l i t y  p r o p e r t i e s  o f

s t a n d a r d  f i n i t e  e l e m e n l  a l g o r i t h n s  i s  a E t a i n e d .  T h e  p r o b l e m s  t h a E  w e  h a v e  a p -

p l ied  these procedures  to  a re  a l l  t ine  dependent  and most ly  non l inear .  Nour -Orn id

ind  Par le t t  IN2]  have app l ied  s imi la r  p rocedures  to  s ta t i c  s t ruc tu res  prob lems
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a n d  a l s o  r e p o r t  e n c o u r a g i n g  r e s u l t s .

An  ou t l i ne  o f  t he  rema inde r  o f  t he  pape r  f o l l ows :  I n  Sec t i on  2  we  desc r i be
two candidate i terat ive algor i thms which can be used in conjunct ion wi th approx-
inately- factor j -zed,  arrays.  rn Sect ion 3 var ious types of  approximate factor iza-
t i ons  a re  desc r i bed  i nc l ud ing  seve ra l  EBE  fac to r i za t i ons .  I n  Sec t i on  4  t he  f o rm
o f  p r e c o n d i L  i o n i n g  m a L r i x ,  w h i c h  l s  u l t i m a t e l  y  a p p r o x i m a L e l y  f a c t o r  i z e d ,  i s  d e -
l lneated.  In SecEion 5 we present some sample problens in st ructural  nechanics,
heaL conduct ion and f lu id dynamics,  Compar isons are made bethreen the candidate
techniques.  Conclusions are drarnm in Sect ion 6.

2 . I t e ra t i ve  A1 r i thms

A var iety of  a lgor i thms may be enployed in
factor ized arrays.  The fo l lowing two have been
fo rmed  by  us  so  f a r ,

2a.  Parabol ic  Regular izat ion (Hughes,  Levi t  and

conjunct ion wi th approximately-
used in the numerical  work per-

l ^ J i nge r  IH13 ] )

The  de r i va t i on  o f  t h i s  a l go r i Lhm i s  based  upon  rep lac i ng  t he  a l geb ra i c
problem

4 t = !
by a f i rs t -order ordinary d i f ferent ia l  equat ion whose aslmptot ic  solut ion is
I  The  t e rm ino logy  "pa rabo l i c  r egu la r i za t i on "  i s  used  s i nce  t he  a l geb ra i c  p rob -
I e m  i s  r e p l a c e d  b y  w h a t  a n l o u n t s  t o  a  s p a t i a l l y - d i s c r e t e  p a r a b o l i c  p r o b l e n .  T h e
ordinary d i f ferent ia l  equat ion is  d lscret ized by backward di f ferences and the
impl ic i t  qperator  is  approximately factor ized.  Quasi-Newton updates and l ine
searches are employed to accelerate convergence. The f lowchart  in Table 1 sum-
mar i zes  t he  p rocedu re  f o r  s lme t r i c  pos i t i ve -de f i n i t e  a r rays .  Fu r t he r  de ta i l s
m a y  b e  f o u n d  i n  l H I 3 l .

Tab le  I  F lo r {char t  o f  the  parabo l ic  regu la r iza t ion  (PR)  a lgor i lhm \ ,7 i th  l ine

search  and BFGS updates

S t e p  1 .  I n i t i a l i z a t i o n :

m = 0 1 o = 9 * - L

L =  l  t  ^  \
D I U J

S t e p  2 .

! r . = 9 r . = 9  ( l o o P :

1 lx  =  b  -  r ^
- t ,

L i n e  s e a r c h :

s = Aar Ir/\r a n"

x  . .  =  x  *  s  A x-mif

Convergence check:

l l '  , l l  <  6'  m + I '  ' �

Y e s :  R e t u r n

No :  Cont inue

S t e p  3 .

7 7



Step  4 .  Re labe l  o l d  BFGS vec to r s :

c - c
I r - r = l r  '  € p - 1 = 9 t

Step  5 .  Ca l cu la te  new  BFGS vec to r s :

f -  =  (AxT  i :  ) - l  Ax_ , ,BFCS !  ,m .

g n - - ^ ^ = I m + 1 - ( 1 - = L ) : ,
b t  ( , D

Step  6 .  New  sea rch  d i r ec t i on :

z  =  t  , .- -m+a
- T

" - *  ? +  
( ! t t  

3 ) Q t  
( l o o p :

.  _ - 1
z < B -  z

= - - ,  *  <e l  : r :n  (1oop:

L x =  z

k  =  n B F G S ,  n B F G S  -  1 , , . . ,  1 )

k = r , z , . . . , . B F G S /

D I  U >

S t e p  7 .  n < m * I ,  g o  t o  S t e p  2 .

The notat ion in Table 1 is  g iven as fo l lows:  rn is  the i terat ion counter;

the fk ' "  and gk '"  are the BFGS vectors i  nnfcs is  the maximum number of

BFGS ;ectors a l ldved;  B is  a matr ix  which appioi imates.  A ,  but  is  more easi ly

f ac to r i zed ;  s  i s  t he  sea rch  pa rame te r ;  5m  i s , t he ,  mcn  app rox ima t i on  o f  I  ;

l ,  =  
!  

-  4  am 1s  t he  co r respond ing  res i dua l ;  I  l f r l  I  i s  i t s  Euc i l ean  l eng th ;

and  d  i s  a  p reass lgned  e r ro r  t o l e rance '

Rernark

The search parameter in step 2 is  deEermined by rn in imiz ing the potent ia l

energy

P ( s )  =  -  ( a .  *  s  A x ) r  ( !  - + A ( x *  +  s  A x ) ) ( 2 . r )

While th is cr i ter ion sems appropr iaEe for  symmetr ic  posl t ive-def in i te + ,  an

al ternat ive is  needed for  unsymmetr ic  and/or  indef in i te matr ices.  In these cases

we have selected s so as to minimize the length of  the residual  |  |  f ** t  |  |
This leads to

"  =  (4  Ax ) r  r , / l  l +  n : l  12 ( 2  . 2 )

Fur the rmore ,  o the r  upda tes ,  such  as  B royden ' s  IO2 ] ,  may  be  more  app rop r i a te  f o r

the unsyrnnetr ic  case.

2b.  Precondi t ioned Con- iugate Gradients

This a lgor i thrn is  a general izat ion of  the c lassical  conjugaEe gradienEs

method (see Hestenes-St iefe l  IHS])  in which a ' 'precondl t ioning" is  performed

using q ,  the matr ix  approximat ing 4 .  The algor i th in is  summarized in Ta-

l J r e  t .



Tab le  2  F lowchar t  o f  p recond i l ioned con- iugate  grad ien ts  (CG)

S t e p  1 .  I n i t i a l i z a t i o n :

m  =  0  .  x ^  =  0'  - t ,

r n = b

- t
P O = 1 0 = u  r 0

s t e D 2 .  o  = r T . / o T A o'  m  " m  m ' m  t m

S t e p 3 . x . . = x + 0 D-  m + t  m  m ' m

S t e p 4 .  r . ,  = r  - 0  A o- m - l , m m ' ' i m

S t e p  5 .  C o n v e r g e n c e  c h e c k :

l l .  l l  '  6  ?.  r  : m f l ,

Yes :  Re tu rn

No :  Cont inue

S t e o  b .  z  =  R - l  .'  m*l  :  - .m*I

S t e p  7 .  B  
T  T

- m 
= 

Im+1 3n+1/fm ?m

S t e p  8 .  p  . ,  =  z  . .  +  ( l  p
"mf I  rm+l m 

--m

S t e p  9 .  n + m *  1 ,  g o  t o  S t e p  2 .

Remark  1 .  G low insk i  e t  a l .  [C1 ,  G2 l  ( see  a l so  re fe rences  t he re i n )  have  success -
f u l l y  used  t he  p recond i t i oned  con juga te  g rad ien t s  a l go r l t hn  i n  t he i r  f i n i t e  e l e -
ment work.  The matr lx  which they ernploy as precondi t ioner is  determlned by way
o f  va r i ous  " i ncomp le te  Cho lesky  f ac to r i za t i ons "  ( see  e .g .  Thonasse t  IT2 ]  and
re fe rences  t he re i n ) .

Rernark 2.  The CG method ls noE designed for  unsyrt rmetr ic  _A .  However,  the
a lgo r i t hm  can  a lways  be  app l i ed  t o  t he  no rma l  equa t i ons  +TA  I  

=  gT  b  , ' bu t  t h i s
s t r a tegy  nay  be  i 1 l - adv i sed  ( see  Pa ige  and  Saunde rs  [P l ] ) .

Remark 3.  A f ixed number of  vectors is  a l l  that  is  needed in the cG nethod.
This makes i t  compurat lonal ly  more at t ract ive than the pR algor i thn wi th BFGS
updates,  because a considerable number of  BFGS vectors typical ly  need to be
s to red .

3.  Approximate Factor izat ion

The convergence rate of  Lhe algor i t t lTrs presented in the preceding sect ion
depend heavi ly  upon the approximat ing matr ix  q .  IE may be noted that  i f  q =

4 then both algor i thms imediately obtain the exact  solut ion x .  Numerous
cho i ces  f o r  B  a re  poss lb l e .  To  exp lo re  some  o f  t he  poss ib i l i i i e s  we  sha l l  i n -
t roduce the fo l lowing nota! ional  scheme. Let
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a  =  I  ( A ) D  ( A ) U  ( A )  ( p r o d u c t  d e c o m p o s i t i o n )  ( 3 . 1 )
. -  ' p  -  . - p  ^  - p  -

A = L ( A ) + D ( A ) + U ( A )  ( s u m d e c o m p o s i t i o n )  ( 3 . 2 )
- '  's  . '  's  '  ' 's  -

whe re  t t he  subsc r i p t s  p  and  s  i nd i ca te  "p roduc t "  and  " sum" ,  r espec t i ve l y .

Equa t i on  ( j . l )  r ep resen t s  t he  C r l g t_  l e l l l l j ze l l " I ' .  T l r us  L l  and  U l  a re

l o w e r  a n d  u p p e r  t r i a n g u l a r  m a t r i c e s r  r e s p e c t  i v e i y ,  w i t h  d i a g o n a l  e n t r i e s  e q u a l

t o  l ,  a n d  D D ( A )  i s  a  d i a g o n a l  m a t r i x .  I f  A  i s  s l n m e t r i c ,  t h e n  L p ( A )  =

U l ( A )  I t  t h e  e n t r i e s  o f  D ^  a r e  n o n n e g a t i v c ,  t l r e n  w e  c a n  w i t e
, ,  P

A  =  i _ ( A ) i  ( A )  ( 3 . 3 )
-  " P - - p -

where
i  = r n %  ( 3 . 4 )
- p  - p -p

i l  =  l%u (3 .5)
' p  - p - p

W h e n  A  i s  s y n m e t r i c  p o s l L i v e - d e f L n t t e ,  ( j . 3 ) - ( 3 . 5 )  d e f i n e s  t h e  C h o l e s k y ,  o r

s q u a r e - r o o t ,  f a c L o r i z a t i o n .

I n  equa t i on  (3 .2 ) ,  ! "  and  I ,  a re  l owe r  and  uppe r  t r i ang r r l a r  ma t r i ces

w i t h  d i agona l  en t r i es  equa l  t o  0  ,  and  P "  i s  d l agona l .  I n  ana logy  w i t h  t he

p roducL  decompos i t i on ,  we  may  w r i t e

A = i _ ( A ) + a ^ ( A ) ( 3 . 6 )

( 3 . 7 )

( 3  . 8 )

lrhere

-  henn  r s  r y u u r c L i ^ (a )  =  i i ^ (a ) r

L
- S

U
- S

' s

. - S

U  ( A ) T
- s  '

l ^
: U
I  - S

1 .
I  - S

andL
- S

Rmark  1 .  The  decompos i t i on  ( 3 .6 ) - ( 3 .8 )  has  f i gu red  i n  t he  t r ans ien t  ana l ys i s

a l go i i t h rns  deve loped .  by  T ru j i l l o  fT4 ,  T5 l  and  subsequen t l y  d i scussed  by  Pa rk

[ P 2 ] .

Renark 2.  Note lhat  the net  tota l  s torage required for  the sum decomposi t ion

is exact ly  the same as for  the or ig inal  matr ix .  Hor,Jevet '  the product  decompo-

s i t i on  en ta i l s  i nc reased  s to rage  due  t o  " f i l l - i n "  o f  ze ros  w i t h i n  t he  sky l i ne .

This is  perhaps Ehe major  drawback of  d i rect  solut ion schemes such as Crout

el irninat ion .

Remark 3.  I f  we ignore the l ine search and quasi-Newton update lngredients of

the PR algor i thn,  then c lassical  i terat ive algor l thns are obtained by choosing

P  as  f o l l ows :

B  =  D  (A )  ( Jacob i  me thod )  ( 3 ' 9 )

B  =  L  (A )  +  D  (A )  (Gauss -Se ide l  ne thod )  ( 3 .10 )
-  - S ' ' '  - S  -

To descr ibe the procedures that  are emphasized herein,  we f i rs t  consider

BO



m a t r  i c e s , ' . r r i L t en  i n  t he  f o l l ow ing  f o rm :

l .  , .  r ,

A  =  W ' ( T  *  r  A ) W '

whe re  I  i s  t he  i den t i t y  ma t r i x ,  W  i s  a
is a scalar ,  and A is  a matr ix  which has
i s  t o _ b e  t h o u g h t  o f  a s  a n  a p p r o x i m a t i o n  o f
and  A  a re  cons ide red  l a t e r  i n  sec t i on  4 .
aDDrox ima t i on  i s  t o  de f i ne

( 3 . r 1 )

pos l t i ve -de f i n l t e  d tagona l  ma t r i x ,
the same sparsi ty  pat tern as 4 .

A Spec . i  f  lc  chotces of  E ,
The second and f inal  sLaee of  the

A

L

B = W 2

I + e A

tz

c  r^J '  (3  .12)

Various choices are considered.where C is
D e l o w :

an approxirnat ion of

3a.  Two-c e n t  s p l i t t i

L e t be  decornposed

T h e n  a  p o s s i b l e  d e f i n i t i o n

c = ( r + s A . ) ( I + .

T h e  l a s l  l i n e  s u g g e s t s  t h e

1ty is  gained i f  t i  and
A

a s  f o l l o w s :

a = a . + a ^

o f Q i "

2  - -
a ^ ) = r + e A + c ' a . a ^ = r +-z  - r - l

_na tu re  o f  t he  app rox ima t i on .

lZ are very sParse and more
CompuLat ional  s i rnpl ic-

eas i l y  f ac to r i zed  t han

t
e  A  +  o ( e - )

( 3  . 1 3 )

( 3 , 1 4 )

( 3 . r s )

( 3 . r 6 )

Thus B has  the  fo l low ing  s imp le  fo rm

l - r
B  =  l ^ ] ' ( I  + ,  T .  ( A ) )  ( r  +  u  ( A ) ) i \ I '

S '  S
( 3 . 1 7 )

As  may  be  seen ,  B  i s  a l r eady  f ac to red  and  t he  f ac to r s  r equ i r e  no  more  s to rage
than that  for  4 .  only d iagonal  scal ing and forward reduct ions and back sub-
s t  i t u l i o n s  w i t h  s p a r s e  t r i a n g u l a r  a r r a y s  a r e  n e e d e d  t o  s o l v e  e q u a t i o n s  w i t h  B -
as  coe f f i c i en t  ma t r i x .  Th i s  e l im ina tes  t he  cos t  o f  f ac to r i za t i on  and  obv la tes
the  s to rage  pena l t i es  due  t o  " f  i 11 - i n " .  Equa t i on  (3  . 17 )  r ep resen t s  a  s lme -
t r i zed  Gauss -Se ide l  t ype  app rox i r a l e  f ac to r i za t i on .

3b .  O rc=ass  Mu l  t  i  - compone

Consider a mul t i -component sum decomposi ton of  n :

A - = i ( A )
- t  ^ -s  "

A" = U^(D

n
;  -  \ - '
1l 

- 
/-J ^:

Le t

8 1

( 3 . r 8 )



n
C  =  I I  ( I + T A . )- a

i - l

=  ( l  *  e 4 1 ) ( I  +  t  4 2 )  . . .  1 r  +  e I - )

=  r + e a + o ( e 2 )  ( 3 . 1 9 )

Clear ly,  th is ls  just  a stra ight forrrard general izat ion of  the two-component

sp l i t t i ng .

3c.  Two-pass Mul t i -conponent Spl i t t ing

This general izat ion of  the preceding case has qual i tat ive advantages under

certa in c i rcumstances (uarchuk.  [ t " t1]) .  Let

c  =  I T  ( r + = Q a . ;  I  ( r + * A . )
i = 1  

-  2 - L  
i = n  

-  z - 1

=  ( f +  f ; \ / - .  C ; r  , - + : A )-  \ ' _  '  Z  j l t /  \ l  -  
2  1 2 )  . . .  \ l  '  

Z  t l n ,

'  ( I  + i a " l < l  * i 5 " _ r l  . . .  ( r  + ; 4 )

=  r + e 4 + o { e 2 )  ( 3 . 2 0 )

I f  each Ai  is  symmetr ic  and Posi t ive semi-def in i te,  then C is symmetr ic  and
posi t ive-def  in i te.

3d.  Element-by-element (EBE) Approximate Factor izat ions

The EBE approximate factor izat ion is  s i rnply a mul t i -component spl i t t ing

in which the conponents are the f in i le e lement arrays themselves.  That  is  we

as sume

nel'
- \ -A  =  2 - *  Q . 2 r )

r h
where 4= is  the e '"  e lement contr ibut ion to 4 .  Then 9 *"y be def ined by

ei ther ihu orr . -pa""  or  Lwo-pass formulae,  v iz.

net '

c  =  I I  ( r + e  f )  G . 2 2 )
e-- I

ne t

I  =  I I -  ( I  + 
;  4")  n t t  + ;  4")  ( "Marchuk EBE")  (3.23)

t = t  e = n e ,

Rernark  1 .  l ^ /e  w ish  to  use  the  te rm e lement  in  the  gener lc  sense o f  a  "subdo-

f f i -mode l t ' ,  where  an  e le rnent  cou ld  be  an  ind iv idua l  f in l te  e lement  o r  a  subas-

sembly  o f  e lements .  Thus  we a1 low l im i ted  assembly .  Var ious  equ iva len t  te r -

m i n o l o g l e s  h a v e  b e e n  u s e d  t o  d e f i n e  t h l s  c o n c e p t ,  s u c h  a s  " s u b s t r u c t u r e s "  a n d
"supere lements" .  Subdomain  f  in i te  e lement  mode ls  inher i t  the  s lmet ry  and

d e f i n i t e n e s s  p r o p e r t i e s  o f  t h e  g l o b a l  a r r a y .  C o n s e q u e n t l y ,  t h e  r e m a r k  m a d e
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a f t e r  ( 3 . 2 0 )  a p p l i e s .

Remark  2 .  The  e l emen t  a r rays  i n  ( 3 .22 )  and  (3 .23 )  need  t o  be  f ac to r i zed  i n t o
t r i angu la r  f o rm '  Th i s . can  be  done  exac t l y  us i ng  p roduc t  decompos i t i ons  o r  ap -
p rox ima te ] - y  us i ng  sum deconpos i t i ons  as  i n  sec t i on  3a ,  equa t i ons  (3 .15 ) - ( 3 .1 i ) :

one -pass

Cor respond ing  t o  ( 3 .22 )  we  have

ne9'
C  =  , l  L ( T + € A ' ) D ( t + F . . ' , ' ) r r ( l-  

^ _ .  - p  *  -  - p  -  -  . - p  -
( p roduc t )  ( . 3 . 24 )+  c  A - \

ne.0

c  =  ; r  ( r + c I ( A - ) ) ( r + , r i ( A . ) )
.  . S  -  -  . S  ,  

- '

N o t e  ( 3 . 2 4 )  i s  i d e n r i c a l  t o  ( 3 . 2 2 )  w h e r e a s  ( 3 . 2 5 )
( 3 . 2 2 )  .

t w o - p a s s

C o r r e s p o n d i n g  t o  ( 3 . 2 3 )  w e  h a v e

ne t

II

( s u m )  ( 3 . 2 5 )

i s  an  app rox ima t i on  o f

( I  + ;  A " )

1
"  I  L _ ( r + i A € l o . . r r + f  f l u _ ( i + f  ] e )  ( p r o d u c t )  ( 3 . 2 6 )

o = . ^ n  
^ P  t  -  p  2  -  ' p  2  

- :

! o ( l  * i + ' l l o , l  * ; 3 ' ) g o

( I  * ;  ! , < 4 ' l t  r t

F -

+ ;  L ^ ( A - ) )  ( r  +  *  u
Z - 5 - . 2 - S

C + ;  v s ( 4 - ) )

1
x  B  ( r

e=ne,0
(A")  ) ( sun) ( 3  . 2 7 )

Note  (3 .26 )  i s  i den t i ca l  t o  ( 3 .23 )  whe reas  (3 .27 )  i s  an  app rox ima t i on  o f
( 3 . 2 3 )  .

lhether to use product  or  sum factor izat ions of  the elernent  arrays is  a
ques t i on  o f  e f f i c i ency ,  Be l y t schko  and  L i u  I g2 ]  h . , r .  p roposed  a  f as t ,  exac t
i nve rs i on  p rocedu re  f o r  4 -node  hea t  conduc t i on  e l emen ts .  Fo r  subassenb l i es .
the approximate sum factor izat ions may have advantages.

Rernark 3.  Note Lhat  storage demands are vast ly  less in the EBE case.  only one
elemen! at  a t ime need be stored and processed. whether or  not  i t  is  desirable
to save factor ized element arrays depends upon the avai labi l i ty  of  h igh speed

ne{

TT
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Remark 4.
T +-;T .

RAM. and the t rade-of f  between CPU and disk I /O costs '

The ordering of Ehe factors inf luences how well  C approxinates

The global product decomposti t ion,

r + u A  =  L ( I + e A ) D ( r + e A ) u ( I + e A )  ,  ( 3 ' 2 8 )
-  i  - p - -  -  - P  -  -  - P  -

sugges t s  t ha t  i t  m igh t  be  wo r thwh i l e  t o  r eo rde r  Ehe  f ac to r s  i n  ( 3 ' 24 ) - ( 3 ' 27 )

such that  a l l  lower t r iangular  factors precede diagonals which in turn precede

upper t r iangular  factors,  This resul ts in the fo l lowing "reordered" schemes:

I  t . r
c  =  l n  l ( r + e  e € l-  

t e = l  
- P

gp(!  + e 4') ( " C r o u r  E B E " )'["=1".II
[ " ' : ' ,

["-i

( I +

( I  +  e

t ' l -

( 3  . 2 9 )

. r , ]  x

q",f,]'  
[ : : ,

*  .  i " rn ' ,  
]

Note that  in the case of
( 3 .30 ) .  Thus  t he re  seems
pass  ve rs i ons .

I n  t he  case  o f  Pos i t
reordered in terms of  Cho

[ ".u
I  =  

|  n .  ! p ( l
L  e= l

( " sy rnm.  Causs -Se ide I  EBE" )  ( 3 .30 )

s) 'mnetr ic  4 ,  syninetry is  preserved by (3 '29) and

l i t t1e mot ivat ion for  s imi lar ly  reorder ing the t r^ /o-

+  e  A e ) t s ,  t h e  C r o u t
o r s ,  Fo r  examp le ,  a  v

l r  I
I  r r  0 - 1 r + . e " ) l
l -  e = n " n  r ' -  l

(  3  . 3 1 )

ive  Qo( I
I C 5 K )  r d L  L

I
* .  n " )  I

I

f ac to r i za t i ons  can  be

a r i a n t  o f  ( 3 . 2 9 )  i s

( "Cho lesky  EBE" )

N o t e  ( 3 . 3 1 )  a n d  ( 3 . 2 9 )  a r e  n o t  g e n e r a l l y  i d e n t i c a l '

Remark 5.  I f  e lements are segregated into non-cont iguous subgroups then calcu-

T; l ; ; r "  paral le l izable.  For example,  br ick-1ike domains can be decomposed

into eight  non-cont iguous elsnent groups (see Figure 1)  '  Because the elements

in each subgroup have no comon degrees-of- f reedom, they can be processed in

paral le l .  ihe eight  groups'  however,  need to be processed sequenEial ly '  For

analogous two-dimensional  domains,  four e lement groups need to be einployed'

Rernark 6.  I t  has been our compucat ional  exper ience that  i f  A is  sFmetr ic

"na po" i t l . r " -def in i te,  then qual i tat ively fa i thfu l  approximate factor izat ions'

which preserve these Propert ies '  perform much bet ter  than those that  do not '

consequent ly,  in the nurnlr ical  examples presented herein we have only employed

qual i tat ively fa i thfu l  approxirate factor izat ions'



4 .  Se lec t i on  o f  g  ,  e  and  A .

The fo l lowing three def in i t ions of  U ,  e and

a . )  Th i s  cho i ce  i s  mo t i va ted  by  t he  de r i va t i on  o f
I H r : ] )

w = D ( A )-  - s  -

4 -- ! "-1, o "-t,
Thu s

4 = 9 " < + l * a
b . )  t n  t h i s  c a s e

I , r = D ( A )

'l -r^ r-
= : l ^ 1 " ( A - D ( A ) ) w ' '

I  _ s  !  I

whlch leads to

This procedure was

Remark

W = d iagona l  o f  the  mass  mat r ix

-\ J-^
A = I { . A W .

wh ich  resu l t s  i n

The va lue  o f

Rmark-

A = w + e A

was picked on an experimental basis

A have been employed:

t h e  P R  a l g o r l t h n  ( s e e

( 4 . 1 )

( 4  . 2 )

( 4 . 3 )

( 4  . 4 )

( 4 . s )

( 4 . 6 )

proposed ln Winget [w2]

Mar r i ces  o f  r he  f om {  =  o^ (a )  +  e  a  we re  i n r r oduced  i n  [H13 ] .  Nou r -o rn i d
and  Pa r l e t t  IN2 ]  ana l y t i ca l i y  i n$e i t i ga teJ  t he  e f f ec t i veness  o f  ma t r i ces  o f  t h i s
type on a model  problem and concluded that  the opt imal  valve of  r  was
Th i s  l i r n i t  i s  ach ieved  by  rhe  de f l n i r i ons  (4 .4 )  and  (4 .5 ) .  I

c . )  Po r  uns lmme t r i c ,  i nde f i n i t e  cases  we  have  emo loved

( 4 . 7 )

( 4 . 8 )

( 4  . e )

The  imp r i c i r - exp l i c i r  f i n i r e  e l emen r  concep t  IH10 ,  H11 ,  H14 -H17 ]  has  a
very s i rnple and c lean lmplementat ion wi th in EBE approximate factor izat ions.
Reca11 that  an expl ic i t  e lenent contr ibutes only i ts  d iagonal  rnass matr ix  to the
coe f f i c i en t  ma t r i x  A  Thus  r y  ,  acco rd i ng  t o  any  one  o f  t he  p reced ing  de f i _
n i t i ons ,  t o l a l l y  accoun t s  f o r  t f r e  exp l i c i t  e l emen t  con t r i bu t i ons  and  t he  co r re -
spond ing  

{ t "  a re  i den t i ca l l y  ze ro .  wha t  t h i s  means  i s  t ha t  exp l i c i t  e l emen ts
may be s i rnply orni t ted f rom the formula for  q .  rn nonl inear problems Lhis opens
the  way  t o  t lme -adap t i ve  i : np l i c i t - exp l i c l t  e l enen t  pa r t i t i ons .  r n  ca l cu l aE ing
the  e l emen t  con t r i bu t i ons  t o  t he  res i dua l  ( i . e .  " t , " )  a  check  can  be  made  whe the r
o r  no t  t he  c r i t i ca l  t ime  s tep  i s  exceeded  f o r  t he  e l emen t .  r f  i t  i s  no t  exceed_
er i ,  a f lag is  set  to indicate that  e lement contr ibut ions to c mav be s inolv
ignored.  The potent ia l  savings in nonl lnear t ransient  analysis procedures' in-
co rpo ra t i ng  Lhese  i deas  i s  c l ea r l y  cons ide rab le .
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5. Sample Problems

T h e c o u r p u t e d r e s u l t s w e r e o b t a i n e d o n a V A X c o m P u t e r u s i n g s i n g l e p r e c i s l o n
(32  b i t s  pe r  f l oa t i ng  Po in t  wo rd ) .

5a .  S t ruc tu ra l  Mechan i cs

The EBE calculat ions in th is sect ion were al l  performed wi th the PR algo-

r i t hn  o f  Tab le  1 .  No  l im i t  was  se t  on  t he  number  o f  BFGS vec to r s  ( i ' e ' , . " 1p fCS .

=  - , , , i n  T a b l e  l ) .  T h e  s e l e c t i o n  o f  E  ,  e  a n d  A  i s  a c c o r d i n g  t o  ( 4 ' 1 )  a n d

(4.2)  resul t ing in 4 
= D"(4)  + A The two-pass EBE spl iEt ing was employed'

( 3 .23 ) ,  w i t h  exac t  e i eme tE  f ac to r i za t i on '  ( 3 ' 26 )  '

Elast ic  Cant i lever Beam

The conf igurat ion analyzed is  shown in I ' igure 2 '  I t  represents one-hal f  of

a p lane stra in beam rnodel leal  wl th 32 bi l inear quadr l lateral  e lements '  A lurnped

r n a s s m a t r i x w a s e m p l o y e d . T h e l o a d i n g a n d b o u n d a r y c o n d i t i o n s a r e s e t i n a c c o r d
w i t h  an  exac t ,  s t a t i c  l i nea r  e l as t i c i i y  so l u t i on  ( see  pp .  35 -39 '  [ T3 ] ) '  How-

ever,  here the problem is forced dynamical ly .  The beam is assumed in i t ia l ly  at

rest  and al l  lo ids are appl ied instantaneously at  t  = 0 + In formulat ing the

prouf . r ,  the NeuTnark "rgoi i t ton is  empLoyed wi th B = \  and y = I  (see Appendlx

I ) . w i t h t h e s e p a r a n e t - e r s , u n c o n d l L i o n a l s t a b i l i t y i s a t t a i n e d a n d n o a l g o r i t h -
m i c  d a m p i n g  i s  i n t r o d u c e d  [ C 3 ,  H 7 ,  H l f l '

The numericaf  solucion is  dominated by response in the fundamental  mode'

Th i s  i s  i l l u s t r a ted  i n  F i gu re  3 .  A t  a  t ime  s tep  o f  l \ L  =  2 ' 5  x  l 0 - "  
:  

a l ^ -q

essen t i a l l y  exac t  so l u t i on  i s  ob ta i ned .  A t  a  l a rge r  s t ep  o f  Lx  =  Z ' 5  IU - '  '

a  ve r y  c rude  app rox ima t i on  o f  t he  response  i s  ob ta i ned '  I c  i s  i n t e res t i ng - t o

re l a te  t he  s i zes  o f  t hese  s teps  t o  t he  c r i t i ca l  E lme  s tep - f o r  exp l i c i t  i n t eg ra -

; ; ; ; ; -  a ; ; r ; ;  I  o * r , , / . o  =  h rn i n /  \ ' ( \  +  2 r r ) / p  =  1 .336  x  10 -s  ,  . and  t he  app rox i -

* . t u ' p " t l i i - J r  r t . - ? t t t " a " *en f i t  noae '  T l  =  'O t zZ  ( see  Tab le  3 ) '  As  may  be  seen '

both t j :ne steps are far  outs lde the range of  expl ic i t  in tegrat ion.  The larger

t i Jne  s tep . " "o l t " "  t he  f undamen ta f  mode  w i t h  on l y  5  s t eps '  and  t hus  i s  l a rge r

tban the maxirnum feasib le for  th is problem'

I n  compar i ng  t he  resu l t s  o f  t he  va r i ous  me thods  i t  i s  impo r tan t  t o  keep  i n

rnind that  a l l  methods give ident ical  solut ions.*  Consequent ly,  the pr imary

basis of .orp"t i "o"  i "* i f - tE ""* t " r  of  i t . ia i ions needed to at ta in the solut ion '

I t  was found that  the number of  i terat ions per t ime step did not  vary s igni f i -

c a n t l y f r o m o n e t i m e s t e p t o a n o t h e r f o r a g i v e n m e t h o d - a n d s p e c i f i c s t e p s i z e .
Resul ts for  the f i rs t  t ime step are presented in Table 4 '  The fo l lowing obser-

v a t i o n s m a y b e m a d e : I n g e n e r a l t h e e l e m e n t - b y - e l e m e n t r e s u l t s a r e s u p e r i o r t o
J a c o b i . U s e o f l i n e s e a r c h a n d B F G s u p d a t e s a c c e l e r a t - e c o n v e r g e n c e . T h e b e s t
r e s u l t s a r e a t t a l n e d b y t h e e l e m e n t - b y - e l e m e n t p r o c e d u r e w i t h l i n e s e a r c h a n d
BFGS upda tes .

I t  is  somewhat surpr is ing that  methods (v)  and (v i )  converge faster  ar  the

larger L ime step than at  the smal ler '  At  th is point  we have no explanat ion for

th is phenomenon.

o T h "  
" o r u " a g e n c e  c r i t e r i o n ,

. o t l l r l l .
i n  sEep 3  o f  the  f lowchar r ,  was  taken to  be



Tab le  3  Compar i son  o f  t ime  s teps  used  l n
ca l cu la t l ons  ! r i t h  cha rac te r l s t i c
t l m e  s c a l e s .

2 . 5  x  t 0 - 4 2 . 5  x  t 0 - 3

I;
c r l f

1 8  . 7 1 1 8 7  . 1

T l

Ar
4 8 . 9 4 . 8 9

Table 4 Number of  l terat lons required for  convergence
fo r  t he  p rob lem l l l u s t r a ted  i n  F l gu re  2 .

Key :  LS  -  l l ne  sea rch

EBE -  e l emen t -by -e l emen t  ( 2 -pass  Marchuk  t ype )

No te :  ( 1 )  No  conve rgence  a r t a i ned  a f t e r  150  iEe ra t i ons .

Ar

Method
2 , 5  x  1 0 - 4

=  I 8 , 7 1  A t . . i t
2 . 5  x  l o - 3

(  -  1 8 7 . 1  A c
c r a f

(  1 )  Jacob i 9 9 _(1)

( i l )  Jacob l  +  LS J U 7 5

( l f  1 )  Jacob l  +  LS +  BI , 'GS l 5 2T

( iv) EBE l4 1 6

(v)  EBE + LS 9 6

(v1) EBE + LS + BFGS 5 4

8 7



E l a s c i c  a n d  E l a s t i c - P e r f e c c l y  P l a s t i c  C a n t i l e v e r  B e a m

T h e  g e o m e t r i c a l  d e f i n i t i o n  o f  t h i s  p r o b l e m  i s  i d e n ! i c a l  t o  t h e  p r e v i o u s

o n e  e x c e p t  t h a t  t h e  e n t i r e  b e a m  i s  d i s c r e t i z e d  b y  a  6 4  e l e m e n t  m e s h  ( t h e  l o w e r

p a r t  o f  t h e  b e a m  w a s  a d d e d  t o  t h e  m e s h  o f  F i g u r e  2 ) .  T h e  b o u n d a r y  c o n d i t i o n s

w e r e  c h a n g e d  t o  t h c  f o l l o w i n g .

u t ( 0 ,  x 2 ,  t ) u r ( 0 ,  0 ,  t )

- a
c  i  - c r  €  0 .  T l

x l  L ) = , ( + )
T  =  0 . 0 4

t ?  ( l

- 0

( : . ) ' )( , l,
( J  =  1 , 0 0 0 l ,  =  l t ) c - 2

T h e  b o u n d a r y  t r a c t i o n s  a r e  z e r o  o n  t h e  r e m a i n l n g  b o u n d a r y  S e g n l e n t s .  T h e  t e n -

s i l e  u n i a x i a l  y i e l d  s t r e s s  w a s  t a k e n  t o  b e  3 , 0 0 0 .  S m a l l  d e f o r m a t i o n s  w e r e  a s -

sumed and the  e- las t i c  s t i f fness  mat r i r  was  used on  the  le f t -hand s ide  th ro l lghout '

T h e  r a d i a l - r e t u r n  a l g o r i t t m  I K 2 ]  w a s  e m p l o y e d  L o  i n t e g r a t e  t h e  e l a s t i c - p l a s t i c

c o n s L i t u t i v e  e q u a t i o n .

F i g u r e s  4  a n d  5  c o m p a r e  t h e  e l a s t i c  a n d  p l a s t i c  s t r e s s  d i s t r i b u t i o n s  a l

t  =  . 0 3 6 .  A  f u 1 l y  d e v e l o p e d  p l a s t i c  h i n g e  i s  p r e s e n t  a t  t h e  r o o t  o f  t h e  b e a m  i n

t h e  p l a s t i c  c a s e .  T h e  e l a s t i c  c r i t i c a l  t i m e  s t e p  o f  t h , i s  p r o b l e m  i s  l , t " r i 1 r  =

f . 3 3 ;  x  1 O - 5  a n d  t h e  t i m e  s t e p  u s e d  w a s  l \ t  =  2 . 5  <  l 0 - r  =  1 8 7 . 1  A t c r i r  T h e

EBE rne thod w i th  BFGS updates  and l ine  searches  was mployed '  The average number

o f  i t e r a t i o n s  f o r  b o t h  l h e  e l a s t i c  a n d  p l a s t i c  c a l c u l a t i o n s  w a s  4 .

T h e  g e o m e t r i c  d e f i n i t i o n  o f  t h e

r 1  i  s c r e t  i  z e d  r r  s  i  n p  a  5 0 0  e l e m e n t  m e s h  .

a ry  conCi t : -ons  ' v ie re  emPloYe< i :

p rob lem is  shom in  F igure  6  '  The beam was

The fo l lo l r ing  k inemat ic -  and s t ress  bound-

u a ( 0 ,  x '  t )

r 2 ( L ,  x 2 ,  t )

Q  =  2 s 0

=  u r ( 0 , 0 ,  r )

,  ( ; )

T  =  0 . 0 9 L = 2 8

(t:)')lx 2  €  1 - c ,  r c  I t  t .  f  o ,  r l

( '  -

where  no t  spec i f l ed  t o  be  nonze ro ,  t he  t r ac t i ons  a re  ze ro .  The  un lax i a l  y i e l d

s t r ess  was  t aken  t o  be  1000 .  A  c r i t i ca l  t ime  s tep  o f  A t c r i t  =  5 ' 4L  x  10 -6  was

ca l cu la ted  on  t he  bas i s  o f  t he  sma l l es t  e l emen t  edge  l eng th .  (The  c r i t l ca l  t i ne

s t e p b a s e d u p o n t h e s h o r t e s t d i s t a n c e b e t w e e n o p p o s i t e e l e m e n t e d g e s , w h i c h m a y
be a *ore meaningful  d istance,  is  less than hal f  th is number ' )  Two t ime steps

were  empLoyed  i n  t he  ca l cu l a t i ons :  A t  =  10  x  A t . r i L  " " 9  A t  =  50  x  A t c r i t - '

The Mar;hul  EBE algor i thm wi th BFGS updales was also employed for  rh is problem.

Resul ts for  the smal ler  t ime step converged in 1 i terat ion,  whereas for  the lat-

Le r ,  7  l t e ra r i ons  we re  requ i r ed  on  ave rage '

F i gu re  7  compares  t he  e l as t i c  d i sp l acemen t  t ime  h i s t o r y  a t  t he  t iP  o f  t he

bean  t o  t he  p l as t i c  so l u t i on .  F i gu res  8  and  9  show  the  s t r ess  d i s t r i bu t i ons  a t

t ime  t  =  0 .09  f o r  t he  e l as t i c  and  p l as t i c  so l u t i ons ,  A  f u l l y  deve loped  P las t i c

hinge is  present at  the end of  the beam and a secondary plast ic  h inge has par-

t i . i ty  developed in the stress concentrat ion zone (plast ic  regions are shown

E l a s  t  i c -

uat



dashed  i n  F i gu re  9c ) .

We wish to rernark upon the contour- l ine rout ine used to obtain the resul ts
presented in th is sect ion.  The f in i te e lement analyzer calculates the stresses
a t  t he  i n t eg ra t i on  po in t s ,  The  da ta  i s  t hen  ex t rapo la ted  t o  t he  noda l  po in t s
by means of  a weighted average of  a l l  the integrat ion points in the inter ior
domains of  a l l  e lments connected to the nodal  point .  The weights are taken
as the inverse of  the distance between the integrat ton point  and the nodal
point .  This type of  data smoothing ensures that  the values obtained at  the
noda l  po in t s  w i l l  be  bounded  by  t he  da ta  ca l cu l a ted  a t  t he  i n t eg ra t i on  po in t s
r ' rh ich is  an essent ia l  property when plast ic  srresses are present and ensures
cont inuiLy of  sLress contours between element domains.  However,  th is method
has some drawbacks.  For example,  data which is  ant i -synmetr ic  about the neu-
tra l  axis of  the beam, such as o11 ,  wi l l  resul t  in l inear d ist r ibut ion of
contour l ines in a l l  e lements having the center  l ine as part  of  their  boundary
even in the case where these elements have a uni form stress dist r ibut ion (part
o f  a  p l as t i c  h i nge ) .  Da ta  w i t h  s l a rme t r y  w i t h  r especE  t o  t he  neu t ra l  ax i s ,  such
as  t he  von  M ises  s t r ess ,  does  no t  su f f e r  f r om  th i s  t ype  o f  smoo th i ng .

5b .  Hea t  Conduc t i on

.  Th:  - tc f i t rs  for  heat  conduct ion problens were computed f rom Lt . r iy  = 2/
A*"*  where }- r*  is  the maxinum elment e lgenvalue,  Throughout,  t i l inei r  qua-
d r i l a t e ra l s  we re  en rp l oyed  w i t h  2  x  2  Gauss  i n t eg ra t i on .

NASA Insulated Structure Test  problen

The  p rob rem desc r i p t i on  i s  i l l u s t r a ted  i n  F i gu re  10 .  A  number  o f  compar i -
sons  o f  t he  va r i ous  t echn iques  p roposed  we re  rnade  f o r  t h i s  p rob len .  r n  Ta t l e
5a  t he  se lec t i on  o f  4  =  +  [WZ ]  l s  seen  t o  conve rge  f as te r  r han  4  =  ! " ( 4 )  +  a .
r n  add i t i on  t he  s teady -s ta te  r es l dua l  po ten t i a l  ene rgy ,  measu red  l y  1o916 ( -  pg i ,
at ta ins a smal ler  value vrhen 4 = + .  This and oEher calculat ions have indi- -
ca ted  t ha t  A  =  A  i s  t he  supe i i o r  cho i ce .  r t  i s  used  i n  t he  compar l sons  shom
in Figure 5bl  Tfre f i rs t  observat ion which may be made here is  that  the cG al-
go r i t hn  i s  mo re  e f f ec t i ve  t han  pR  w i t h  l i ne  sea rches .  The  use  o f  BFGS upda tes
would doubt. less11r improve upon the performances of  pR, however,  t .he increased
da ta  poo l  r equ i r ed  t o  s t o re  t he  BFGS vec to r s  i s  a  s i gn i f i can t  d i sadvan tage .
Thus our current  preference in symmetr ic  posi t ive-def ln i te cases is  the CG meth-
od .  The  EBE  fac to r i za t i ons ,  r anked  f r om bes t  l o  wo rs t ,  a re :  c rou t ,  cho lesky ,
I ' Iarchuk,  and symmetr ized Gauss-Seide1.  Nevertheless,  i t  must  be kept  in mind
tha t  ove ra l l  compu ta t i ona l  e f f i c l ency  may  a l t e r  t h i s  o rde r i ng .  Fo r  examp le ,
al rhough s lmrnetr ized Gauss-seidel  was the s lowest  to converge,  i t  d.oes not  re-
qu i r e  e l emen t  f ac to r i za t i on ,  an  advan tage .  A  f i na l  po in t  t o  obse rve  i s  t ha t
conve rgence  i s  t yp i ca l l y  s l owe r  du r i ng  t he  l a rge r  t ime  s tep  sequences  (1 .e .
s t eps  21 -50 )  t han  f o r  t he  sma l l e r  s t ep  sequences  ( i . e .  s t eps  l - 20 ) .  The  rea -
c n n  f n r  t h i . . ^ - - . - .  t o  b e  t h a t  f o r  t h e  l a r s e r  s t e D S  L h e  s o l r r t i cL O  D e  L n a r  1 o r  t n e  L a L o .  _  _  . - _ - . - - - J n  a p p r o x j m a L e s
the  s teady  s ta te  and  t hus  t he  i n i t i a l  r es i dua l  1s  f a i r l y  sna l l  wh i ch  resu l t s  i n
a  more  s t r i ngen t  conve rgence  c r i t e r i on .  A  more  reasonab le  conve rgence  c r i t e r i on
wourd no doubt resul t  in faster  terminat ion for  the larger sLeps than for  the
sma l l e r .  I n  f ac t ,  even  t he  "non -conve rged "  so l u t l ons  possessed  adequa te  accu ra '
cy  f r om a  p racL i ca l  s t andpo in t .

Pa ra1 le1 /Sequen t i a l  Tes t  P rob le tn

The  p rob lem desc r i p t i on  i s  g l ven  i n  F i gu re  11 .  The  pu rpose  o f  t h i s  p rob -
1em i s  t o  compare  conve rgence  cha rac te r i s t l c s  f o r  " na tu ra l "  e l emen t  o rde r i ngs ,
wh i ch  necess i t aLe  sequen t i a l  p rocess ing ,  w i t h  o rde r i ngs  t ha t  l end  t hemse l ves
to  pa ra l l e l  compu ta t i ons .  The  compar i sons ' se re  a l l  pe r f o rmed  w i t h  t he  cG  a1 -
go r i t lm ,  4  =  

4  and  t he  Cho lesky  EBE  app rox ima te  f ac to r i za t i on .

ove r  t he  t h i r t y  t i ne  s teps  t he  sequenL ia l  o rde r i ng  ave raged  2 .53  l t e ra t i ons
per step to at ta ln convergence, whereas the paral1e1 order ing averaged 3.47 l t -
e ra t i ons .  Desp i t e  t he  f ac t  t ha t  t he  pa ra1 le1  o rde r i ng  i s  s l owe r ,  wh rch  m igh t
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be  an t i c i pa ted ,  t he  f ac t  t ha t  i t  i s  r easonab l y  f as t  i s  ex t r eme l y  encou rag ing .

For the 256 element mesh shown a 64-processor computer could at ta in speeds 64

t imes faster  than a s ingle processor.  Thls more than compensates for  Lhe Some-

what s lower convergence of  the paral le l  order ing.  The gains in larger problems

a re  Do ten t  i a l  l v  even  more  spec tacu la r .

T a b l e  5 a .  c o h p a r i s o n  o f  r i  =  D " ( A )  +  A  w i t h  i

A , I g o r i r h n :  P R  +  L S  ( n o  B F G S )

A p p r o x j E a t e  f a c t o r i z a t i o n :  M a r c h u k  E B E

Algo rit hn i

CoBpari .son of PR and CG al.gol l t tEs and various EBE aPProxtute

t a c i o r l z a t i o n s .  T n  e a c h  c a s e  , i  =  A

P R  +  L S  ( n o  B F G S )

( f )  P 1 ,  t h e  f l n a l  v a l u e  o f  P o t e n t i a l  e n e l g y ,  i s  o i n i n i z e d  b y  t h €

e x a c t  s t e a d y - s t a t e  s o l u t l o n .  C o o s e q u e n t l y ,  t h e  n o r e  n e g a t l v e

1 o g 1 o ( -  P f ) ,  l h e  b e t t e l  t h e  a P p r o x i m a t i o n  o f  t h e  s l e a d y - s t a t e .

( + )  T h e  m a x i r m  n u h b e r  o f  i t e r a t i o n s  w a s  1 0 .  T h e  P R  a l g o r i t h

f a i l e d  r o  c o t r v e r g e  f o r  s ! e p s  2 1 - 5 0 .

( 5 )  T h e  C C  a l g o r i t h n  c o n v e r g e d  i n  l e s s  E h a n  o r  e q u a l  t o  1 0

i t e r a t i o n s  i n  a l f  c a s e s .

1 o * t o ( -  t r  )  
( - )

s r e p s  2 1 - 5 0 ( T

E B E  a p p r o x .  f a c t oa ro ( -  r r )  ( t ) a v e .  1 t  ' s  ,  p e r  s t e P

s t e p s  I 2 0 s t e p s  2 1 - 5 0 ( + )

s y m .  G a u s s - s e i d e l 1 3 . 4 5  . 4 1 L O

Marchuk 5  . 0 3 r0

Cho I  es ky L 5  . 8 3  . 9 5 TO

C r o u ! r .5 .1 3 . 9 5 L O

Atgo! l thn: CC

E B E  a p p r o x .  f a c t . t oe ro ( -  r r )  ( t ) a v e  ,  l !  
i  s .  P e r  s t e P

s t e p s  1 - 2 0 t e p s  2 l - 5 0 ( 9 )

s y @ -  C a u s s - S e l d e l 5 . 3 1 . 9 5 9 . 0

Marchuk 2 5  . 3 8 . 3

C h o l e s k v 5 . 1 I  . 9

C r o u t 5 . 3 2 . 9 5 8 . 0

N o t e s :

qn



5c. I :LA4_IeSlre111sC

f w o  o f  L r s  ( T . . i , R . H .  a n d  r . r i . T . )  h a v e  r e c e n t l v  b e e n  e n g a g e d  i n  r e s e a r c h  o n
t t r e  c a l c t r l r t i o n  o l  c : o m p r e s s i b r e  i n v i s c i d  1 - J o w s  u s i n g  t h e  r r u L e r  e q u a t i o n s .  F o r
b a c k g r o r r ' d . .  t h e  f i n i t c  e L e m e n t  p r o c e d r r r e s  e n p 1 . r v . , J ,  c o n s u l t  I r r i g ,  r r  A  p i l o t
s t u d l '  w a s  p e r i o r m e d  t o  a s s e s s  t l r e  f e a s i b i l i t v  o l  t h . r  I ] B E  a p p r o x i m a t e  f a c t o r i z a -
t i o n  p r o c c d u r e r  i n  t h i s  c o n t e x t .  T h e  P R  a l q o r i t t m  w a s  e m p l o v e d  w i t h  l i n e  s e a r c h e s
b a s e d  u p o n  ( 2 . 2 ) ,  b u t  r o  B F r l s  v L c t n r s .  r h e  b a s i c r  M a r c h u t  E B E  f a c t o r i z a t i o n ,
( 3  ' 2 3 ) ,  w a s  e m p l o y e d .  N o t c  t h a t  t h e  s  m a t r i x  i s  u n s \ r n m e t r i c  a n d  p o t e n t i a l l l ,
i r r d c f  i n i t e  i n  t r , s l  i r l , l  , i . r t  i n n : .

w e  v i e w  t h e  f o l l o w i n g  r e r s u l t s  . s  e n c o u r a g i . g .  H o w e v e r ,  w e  b e l i e v e  s i g n i f -
t c a n t  r m p r o v e m l r n t  c a n  b e  m a d e  b y  u s t ' o f  a  d i f f e r e n t  d r i v e r  a l g o r l t t r m  a n d  C r o u t
l l B l ,  f a c t o r l z a t i o n s .  ! { e  h o p e  t o  p u r s u e  L } r i s  j n  l r r t u r e  w o r k .

T h e  p r o b l e m  c o n s i d e r e d  w a s  t t r e  f r o w  a r o u n d  a  c i r c u l a r  c r , r . i n d e r .  T l r e  c o m -
p u t a t i o n a l  d o m a i n  a n d  b o u n d r r r y  c o n d i t i o n s  a r e  s h o m  i n  n i g r r r l  1 r .  T h e  f r e e
s t r e a m  p a r a m e t e r s  a r e :

0

- t

T h e  n o t a t i o n  i s  a s  f o l l o w s :  ; r  i s  t h e  d e n s i t ) , ;  u  a n d  v  a r e  t h e  h o r i z o n t a l
a n d  v e r t i c a L  v e l o . i t y  c o m p o n e n t s ;  M  i s  t h e  M a c h  n u m b e r ;  c  i s  t h e  a c o u s t i c
s p e e d ;  a n d  t h e  s r r b s c r i p t  . :  i n d i c a t e s  a  f r e e - s t r e a m  v a l u e ,  T h e  a b o v e  d a t a  e n a -
b l e  d e t e r m i n a t i o n  o f  t h e  t o t a r  s p e c i f i c  e n e r g y  e 6  .  T f r e  f r e L r  s t r e a m  v a r u e s  o f
p  ' . ,  v  a . d  e  a r e  e m l , l o y e d  e s  i n i . t i a 1  c o n d i t i o n s .  T h e  f r e e  s t r e a m  M a c t r
n u m b e r  d e t e r m i n e s  t h e  c h a r a c t e r  o f  t h e  f l o w .  T w o  c a s e s  w e r e  c o n s i d e r e d :

1,, sub  son  i c

f  ranson Lc

T h e  f i n i t e  e l e m e n t  n e s h  i s  s h o v n  i n  F i g u r e  1 3 .  T h e r e  a r e  3 3 6  b i l i n e a r  e l e -
n e r l t s '  A b o u t  t h e  c y l i n d e r ,  9  e l e m e n t s  a r e  i n  t h e  r a d i a l  d i r e c t i o n  a n d  3 2  a r e  i n
t h e  c i r c u m f e r e n t j a l  d i r e c t i o n .  T h e  t i m e  s t e p s  e m p l o y e < 1  w e r e

a , = { ] ,
subson i c

t r anson i c

E s t j m a t e d  c r i t i c a l  t i m e  s t e p s  w e r e

Ar {.1,
subson  i c

t  ranson ic

r e s u l t  i n g  i n

o l



2 . 3 I  ,  s u b s o n i c
A r / A r

c r a f
3 . 4 7 ,  t r anson i c

20  i t e ra t i ons  pe r  t ime  s tep  w i t h -

comp le te  p i c t u re  o f  t he  conve rgence
The  ca l cu l a t i ons  we re  a l l owed  t o  r un  f o r

ou t  a  t e rm ina t i on  c r i t e r i on  i n  o rde r  t o  ge t  a

behav io r .

Subson i c  case

I n  t h i s  c a s e  t h e  s o l u t i o n  i s  s m o o t h  a n d  s y m m e t r i c  a b o u t  t h e  c y l l n d e r '  F l g -

u r e s  1 4  a n d  1 5  s h o w  t h e  M a c h  n u m b e r  a n d  p r e s s u r e  c o e f f i c i e n t  a b o u t  t h e  c y l i n d e r

a t  s t e p  2 0 .  C o n v e r g e n c e  i n f o r m a t i o n  i s  p r e s e n t e d  i n  F i g u r e  1 6 .  T h e s e  f i g u r e s

c o m p a r e  t h e  s e l e c t i o n s  o f  u  .  w h e n  w  =  
! " ( 4 )  ,  t h e  c o n v e r g e n c e  i s  t y p i c a l l y

. " p i d  f o t  t h e  f i r s t  f e w  i t e r a t i o n s ,  t h e n  s o m e w h a t  s l o w .  o n  t h e  o t h e r  h a n d '  w h e n

U  I  t t t .  d i a g o n a l  o f  t h e  m a s s  m a t r i x ,  t h e  i n i L i a l  c o n v e r g e n c e  r a L e  i s  s o m e w h a t

s l o w e r  t h a n  f o r  t h e  p r e v i o u s  c a s e ,  b u t  s u b s e q u e n t l y  i t  i s  m u c h  m o r e  r a p i d '  A

v a l u e  o f  e  =  1  w a s  u s e d  i n  t h e s e  c a l c u l a L i o n s .  I t  i s  c o n j e c t u r e d  t h a t  a  l a r g e r

v a l u e  m i g h t  h a v e  f u r t h e r  i m p r o v e d  c o n v e r g e n c e .  T h e  s u p e r i o r i t y  o f  t h e  s e l e c t i o n

of  W as  the  d iagona l  o f  the  mass  over  U =  
Qr (A)  i s  shom even more  c lear ly

i n  t h e  t r a n s o n i c  c a s e .

T r a n s o n i c  c a s e

F o r  t h i s  p r o b l e r n  r h e  c h o i c e  u  =  ! " ( 4 )  f a i l s  t o  c o n v e r g e  ( s e e  F i g u r e  1 7 ) .

T h e  d i a g o n a l  m a s s  h a s  s o m e  d i f f i c u l t y  c o n v e r g i n g  i n  t h e  f i r s t  t i m e  s t e p ,  h o w e v e r ,

t h e  c o n v e r g e n c e  l s  f a i r l y  r a p i d  L h e r e a f t e r .  T h e  M a c h  n u m b e r  a n d  v e l o c i t y  v e c -

t o r s  a r e  p i e s e n t e d  a t  s t e p  1 0  i n  F i g u r e s  l 8  a n d  1 9 ,  r e s p e c t i v e l y .  T h e  M a c h  n u m -

h p r  n r o f i l e  h e h i n d  t h e  s h o c k  h a s  a  s l i g h t  o s c i l l a L i o n  d u e  t o  t h e  c o a r s e n e s s  o f

the  rnesh and par t i cu la r  t rans ien t  a lgor i thn  employed,  Super io r  resu l ts  may be

o b t a i n e d  f o r  t h i s  p r o b l e m  a n d  t h e s e  w i l l  b e  r e p o r t e d  u p o n  i n  f u t r r r e  w o r k '

6 .  C o n c l u s i o n s

I n  t h i s  p a p e r  a  v a r i e t y  o f  E B E  a p p r o x i l n a t e  f a c t o r i z a t i o n  t e c h n i q u e s  h a v e

b e e n  p r o p o s e d  a n d  c o m p a r e d  o n  t e s t  p r o b l e m s '  I n  t h e  c o n t e x t  o f  s ) m e t r i c ,  p o s i -

L i v e  d e f i n i t e  h e a t  c o n d u c t i o n  o p e r a t o r s  t h e  C G  a l g o r i t h n  p e r f o r m e d  b e t t e r  t h a n

t h e  P R  a l g o r i t t m .

T h e  P R  a l g o r i t h m  w i t h  B F G S  u p d a t e s  p e r f o r m e d  w e l l  i n  n o n l i n e a r  s t r u c t u r a l

p r o b l e r n s .  H o v J e v e r ,  t h e  n e e d  t o  s t o r e  B F G S  v e c t o r s  i s  c o n s i d e r e d  a  s e r i o u s  d i s -

advantage in  the  present  contex t ,  and thus  the  f j , xed  s to rage requ i rements  o f  the

C G  a l g o r i t h n  r e n d e r s  i t  p r e f e r a b l e '

Among the  EBE fac tor iza t ions  compared,  the  c rou t  var ian t  seemed bes t .  How-

e v e r ,  t h e  C h o l e s k y ,  M a r c h u k ,  a n d  s ) m m e t r i z e d  G a u s s - S e i d e l  v e r s i o n s  a l s o  w e r e  e f -

f c c l ' i v e  a n d  t h r r s  a  o r e f e r e n c e  f o r  o n e  o v e r  a n o t h e r  m a y  n e e d  t o  b e  b a s e d  o n  o t h e r

computa t  iona l  cons idera t ions .

Resu l ts  fo r  uns) 'mnet r i ca l  p rob lems are  vary  p re l i rn inary '  We assume a  be t te r

dr iver  a lgor i thm than PR can be  found fo r  the  uns) ' rnmet r ic  case.  Fur thermore ,

t h e  v a r i o u s  E B E  f a c t o r i z a t i o n s  s t i l l  n e e d  t o  b e  c o m p a r e d  i n  t h i s  c o n t e x t .

The heat  conduct ion  ca lcu la t ions  compar ing  para l le l  and sequent ia l  o rder ings

a r e  v e r v  e x c i t i n g .  T h e  p r e l i m i n a r y  i n d i c a t i o n s  a r e  t h a t  p a r a l l e l  p r o c e s s i n g  w i t h

E B E  f a c t o r i z a t i o n s  m a y  b e  a  v e r y  e f f l c i e n t  c o m P u t a t i o n a l  s t r a t e g y '
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I t  should be kept  in mind that  the EBE concept has been explored herein
a s  a  f i n i t e  e l e m e n t ,  f i n e a r  e q u a t i o n  s o l v i n g  p r o c e d u r e .  A l t h o u g h  i n i t i a l  a t -
t emp ts  a t  d i r ec t r y  us i ng  EBE  i deas  t o  deve lop  t ime  s tepp ing  a l go r i t tm rs  had  some
d e f i c i e n c i e s  i t  n a y  s t i l l  u l L i m a t e l y  p r o v e  p r o f i t a b l e  t o  c o u p l e  E B E  c o n c e p t s
w i t h  t he  t ime -s tepp ing  l oop  and  even  t he  non l i nea r  i t e ra t i ve  l oop .  r t  i s  i nEe r -
es t i ng  t o  no te  t ha t  t he  mu l t i g r i d  me thod  f ound  i t s  i n i t i a l  success  as  a  l i nea r
equa t i on  so l ve r ,  bu t  i n  t he  mos t  r ecen t  and  success fu l  va r i an t s  t he  mu l t i e r i d
ph i l osophy  pe rmea tes  a l l  aspec rs  o f  t he  me thodo logy  ( see  B rand t  IB5 ] ) .

I n  p rob lems  i n  wh i ch  ana l y t i ca l l y -de r i ved  t angen t  a r rays  a re  d i f f i cu l t  o r
impossib le to obtain,  such as in o i1-reservoir  s i :nulat ion,  the quasi-Newton
method may be employed on the element 1evel  [G4 ]  to der ive approximate tangents.
Th i s  p rocess  has  been  used  w i t h  t he  bas i c  cG  a lgo r i t hn ,  buE  imp roved  resu l t s
could probably be obtained by enploying EBE approximate factor izat ions as a
n r o c n n r l i  f i ^ 6 6 r

r t  wou ld  a l so  appea r  t ha t  t he  EBE  concep t  cou ld  be  f r u i t f u l l y  exp lo i t ed  i n
e i genva lue  ca l cu l a t i ons .

A step has been taken in the development of  EBE solut ion of  f in i te e lement
equa t i on  sys tems .  A  cons ide rab le  po ten t i a l  ex i s t s  f o r  t he  t echn ique ,
bu t  much  resea rch  s t i l 1  r ema ins  t o  be  done  t o  b r i ne  t he  me thods  t o  f r u i t i on .
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Append i x  I  -  De r i va t i on  o f  L i nea r  A lgeb ra i c  Svs tems  i n  t he  F in i t e  E lemen t
Analvsis of  Nonl inear Mechanics Problems

Smi -d i sc re te  Equa t i ons  o f  Non l i nea r  Mechan i cs

Cons ide r  t he  f o l l ow ing  se rn i - d i sc re te  sys tem

( r . 1 )

w h e r e  U  ,  g  a n d  F  r e p r e s e n t  t h e  ( g e n e r a l i z e d )  m a s s  m a t r i x ,  a c c e l e r a t i o n
v e c t o r  a n d  f o r c e  v e c t o r ,  r e s p e c t i v e l y .  E q u a t i o n  ( I . 1 )  m a y  b e  t h o u g h t  o f  a s
a r i s i n g  { r o m  a  F i n i t e  e l e m e n t  d i s c r e t i z a t i o n  o f  a  s o l i d ,  f 1 u i d ,  s t r u c t u r e  o r
c o m b i n e d  s y s t e m .  I n  g e n e r a l ,  Y  ,  g  a n d  F  e a c h  d e p e n d  o n  t i r n e  ( t )  E x -
p l  i c i t  c h a r a c l e r i z a t i o n  o f  M  ,  a  a n d  I  r " y  b e  g i v e n  f o r  p a r t i c u l a r  s y s t e m s
u n d e r  c o n s i d e r a t i o n .

Non l inear  S t ruc tura l  and So l id  Mechan ics

In  non l inear  s t ruc tu ra l  and so l id  mechan ics  the  Lagrang ian  k inemat ica l
d e s c r i p t i o n  i s  f r e q u e n t l y  a d o p t e d .  r n  t h l s  c a s e  t h e  i m p o r t a n t  k i n e m a t i c a l  q u a n -
t i t i e s  a r e  . d  ,  t h e  m a t e r i a l - p a r t i c l e  d i s p l a c e m e n t  f r o m  a  r e f e r e n c e  c o n f i g u r a -
t i o n ;  y  =  

€ ,  t h e  p a r t i c l e  v e l o c i t y ;  a n d  g  =  
!  

=  g ,  t h e  p a r E i c l e  a c c e l e r a -
t i o n .  D o t s  i n d i c a t e  t h e  L a g r a n g i a n  t i m e - d e r i v a t i v e  i n  w h i c h  t h e  m a t e r l a l  D a r t i -
c 1 e  i s  h e l d  f i x e d .  T h e  f o r c e s  a r e  a s s u m e d  t o  t a k e  t h e  f o r m

F  =  F d t  -  N  ( r , 2 )

w h e r e  f ' t " t  i s  t h e  v e c t o r  o f  g i v e n  e x t e r n a l  f o r c e s  a n d  N  d e n o t e s  t h e  v e c t o r
o r  r n L e r n a r  r o r c e s ,  w h i c h  m a y  d e p e n d  u p o n  g  ,  d  a n d  t h e i r  h i s t o r i e s ,  T o  m a k e
t h e  d e p e n d e n c e  p r e c i s e ,  o n e  n e e d  i n t r o d u c e  e q u a t i o n s  w h i c h  d e f i n e  t h e  c o n s t i t u -
t i v e  ( i . e .  s t r e s s - d e f o r m a t i o n )  b e h a v i o r  . o f  t h e  m a t e r i a l s  i n  q u e s t i o n .  T h e s e
e q u a t i o n s  v a r y  w i d e l y  i n  t y p e  a n d  c o m p l e x i t y .  F o r  e x a m p l e ,  t h e y  n a y  b e  a l g e -
b r a l c  e q u a t i o n s ,  d i f f e r e n t i a L  e q u a t i o n s  o r  i n t e F . r o - d i f f e r e n t i a l  e q u a t i o n s .  1 n
a d d i t  i o n ,  I n e q u a l  i t v  c o n s t r a i n L s  m a y  b e  p r e s e n L ,  s u c h  a s  i n  p l a s t  i c i L y  t h e o r v .

T i m e  D i s c r e t i z a t i o n

T o  s o l v e  t h e  s e m i - d i s c r e t e  p r o b l e m ,  a  t  i m e - d i s c r e t  i z a t i o n  a l g o r i t h m  n e e d s
t o  b e  i n l r o d u c e d '  F o r  p u r p o s e  o f  i l l u s t r a t i o n  w e  s h a l l  e m p l o y  t h e  N e m a r k  f a m i -
1 y  o f  m e t t r o d s  l U f ] .  G e n e r a l i z a t i o n  t o  o t h e r  r i m e  i n t e g r a t o r s ,  s u c h  a s  t h e  H i 1 -
b e r - H u g h e s - T a y I o r  a l g o r l t h m  

- H b .  
H B ,  H q ,  H l  I  w h i c h  p o s s e s s e s  i m p r o v e d  p r o p e r -

t i e s ,  m a y  b e  e a s i l y  f a c i l i t a t e d  w i t h o u t  e s s e n t i a l  a l t e r a t i o n  t o  t h e  f o l l o w i n g
f o r m u l a t i o n .

T h e  N e w r n a r k  " p r e d i c t o r s "  
a r e  g i v e n

d
-n* l

n  , .- n f 1

^ . 2
A T- 2 -  \ r

y )  ?n

23) a-nd  * A t v  +.'n -n

v  + A r ( 1 -'n

( r . 3 )

( r . 4 )

t h e  L . i m e  s L c p i  4 "  y n  a n d
t / r  \  - ^ ^ - ^ ^ : : . . ^ r -

r e o P s \  1 . " . . y ;  a n d

a n d  s t a h i l  i r v  o f  f h a  m e t h o d

where  subsc r i p t s  r e fe r  Lo  t he  s tep  number ;  A t  i s

€ r r  a r e  t h e  a p p r o x i m a t i o n s  t o  4 ( t n )  ,  4 ( r n )  a n d
f3  and  Y  a re  pa rame te rs  wh i ch  gove rn  t he  accu racy
! c 3 ,  H 7 ,  K 1 l .

a7



C a l c u l a l L o n s  c o m e n c e  w i t h  t h e  g i v e n  i n i t i a l  d a t a  ( i . e . ,  4 O  a n d  l g )  a n d

a ^  w h i c h  m a v  b e  c a l c u l a t e d  f r o m

M  a ^ F . - , ' '  N l

i 0  ' J0

I t  M  i s  d i a g o n a l ,  a s  i s  c o m o n  i n  s t r u c t u r a l  d y n a m i c s ,

i s  r e n d e r e d  t r i v i a l .  O L h o r w i s o ,  a  I a c L o r i z a L  i o n .  f o r w a r d

s u b s t i t u t i o n  a r e  n e c e s s a r y  t o  o b t a l n  9 n

( r . 5 )

t h e  s o l u t i o n  o f  ( I . 5 )

r e d u c t i o n  a n d  b a c k

I n  t h e  s e q u e l  w e  a r e  o n l v  i n t e r e s t e d  i n  m e m b e r s  o f  t h e  N e r n m a r k  f a m i l y  f o r

w h i c h  3  >  0

T n  o r n h  t s i m o  e r  I  i r o r r  r l o n h r a i c  n r n h ' l e m  a l i q e q  w h i c h  n e . '  \ p  < n l r r e d
l 5 ! U l q l \

b y  N e w t o n - R a p h s o n  a n d  c u a s  i - \ e w t  o n - t  v n e  i  t  e r a t  i v e  p r o r e d u r e s .  T l r c r c  a r c  s e v e r a l

w a y s  o f  g o i n g  a b o u t  t h i s .  I n  t h e  f o i l o w i n g  i m p l e m e n t a t i o n  a n  a l . g e b r a j c  p r o b l e m

i s  f o r m u l a t e d  i n  w h i c h  a c c e l e r a t i o n  i n c r e m e n t s  a r e  t h e  u n k n o m s .  T h i s  f o r m  o f
. L '  : - -  . - ^ - a t p  f i c l d  f h e n r i e s -  s u c h  a s  f l u i dL i ' <  r r L P r c r " c ' r  u  r r P d r q e e

m e c h a n i c s  a n d  h e a t  c o n d u c t i o n ,  m a y  b e  f o r m a l l v  e o n s t d o r e d  a s  s p e c i a l  c a s e s ,  W e

s h a l l  r e t u r n  t o  t h i s  p o i n t  l a t e r  o n .

a c c e l e r a t  i o n  f o r m u  I a t  i o n

( i  i s  t h e  i t e r a t i o n  c o u n t e r )

qlii

Ylil

?:ii

( i + l )
:n*1

( i + r )
. ' n f l

.  (  i + l  )
d  , ,- n f l

-  n i t

t ' i  \

- n f  L

1,i

t ' /\t Aa

( T . 6 )

( I . 7 )

( 1 . 8 )

( r . e )

( r .  r o )

( r . r - r )

( T . 1 2 )

( r . 1 3 )

( r .  L 4 )

( r . r 5 )

0

- n f  I

- n i r

0

o e * r _ N ( i ) _ 1 1 ( i )
n + l  n + l  - n + l

a i )  / i i
M ' . .  +  y ^ r  C ' ' � 1  +

n l l  n f t

( p r e d i c t o r  p h a s e )

,  
(  i )  ( r e s i d u a l ,  o r  o u t - o f - b a l a n c e ,

- n + l  t o r c e ,

P ' . t ' K " j  ( e f f e c f  i v e  m a s s )' n r  t

)

i / n , r r r o a t n r  n h : c o )

/ i \  )
d '  : :  +  r : r l t -  / . a-  ntr

I f  a d d i t i o n a l  i t e r a t i o n s  a r e  t o  b e  p e r f o r m e d ,  i  i s  r e p l a c e d  b y  i + 1  ,
a n d  c a l c u l a t i o n s  r e s u m e  w i t h  ( I . 1 0 ) .  E l t h e r  a  f i x e d  n u m b e r  o f  l t e r a t i o n s  m a y

h e  n e r f o r n e d .  o r  i t e r r t  i n o  r . .  h p  r e r n i n : ' f p d  w h o n  a  a n d / u r  R  s a L i s [ v  p r e a s -

s i g n e d  c o n v e r g e n . e  c o n d i t i o n s .  W l r e n  t l , e  i f e r a t  i v c  p h a s e  i s  c o m p l o t c d ,  L l r e  s o l u -

r i o n  a F  s t e n  n t l  i s  d e f i n o d  b y  t l r e  I a s t .  i t o r r t e \  { v i z .  J - , r  =  O I l l l )  ,  , ^ - ,  
--  ; : ' . ' .  i '  "  -  . ' r

.  I i + l )  n 1 |  n + l  n + r
v ) i ; - '  i  a n d  r _ ,  r  -  " l i , ' ' ,  r .  A t  t l r i s  n o i n t ,  ' r  i s  r o p l a c e , j  b y  n * l  ,  a n d

n f l  - n t  L  , n + l
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c a l c u l a t i o n s  f o r  t h c  n c x t  t i n c  s t e p  m a y  b e g i n .

I n  p r a c t i c c ,  9 .  ,  y , .  a n d  1 .  a r e  g e n e r - t l l v  s a v e d  d u r i n g  t l l e  i t c r a t i v e
p l r a s . , r l o n . '  w i t l , .  , , 1 j , ' i  ' '  b u t  v  - f _ ] i  

t  r n l  . 1  ( l ]  l r  m a "  h e  ^ o m p u r c t J  : s  n c c r l o d .  o n
L l ) e  e a m e n f  l e v c  l  .

T t r e  m a t r l c c s  C  a n d  K  a r e  t h e  t a n g e n t  c l a n p i n e
t r i c e s ,  r e s p e c t i v e L l : . ,  T h e s e  a r e  L i n e a r i z e d  o p € t r a t o r s
e . x a m p 1 e ,  i f  N  i s  a n  a l g e b r a i c  f u n c t i o n  o f  d  a n d

a n d  t a n g e n t  s t j f f n e s s  u r a -
a s s o c i a t e d  w i t h  ! J  .  F o r

,  t h e n

a n r l

G e n e r a l l y  i n  s t r u c t u r a l  a n d  s o l i d  m e c h a n i c s ,  M  ,  K  a n d  c  a r e  s l m m e t r i c ,
1 1  l r r d  K  a r o  p o s i I i v o - d e f i n i t e ,  a n d  C  i s  p o s i f i v e  s e n r i - d e f i n i t c .

S o - c a l 1 e d  i m p l l c i t - e x p l i c i r  m e s h  p a r r i r i o n s  l B 3 , 8 4 ,  H 1 0 ,  H l l ,  H l 4 - H l 7 ]  m a y
b e  e n c o m p a s s e d  b v  t h e  a b o v e  f o r m u l a t i o n  s i n p l y  b y  e x c l u d i n g  e x p l i c i t  e l e m e n t / n o d e
c o n t r i b u t i o n s  f r o m  t h c  d e f i n i t i o n s  o f  c  a n d  5  .  A  t o t a l l y  e x p l i c i t  f o r m u l a -
t i o n  i s  a t t a i n e d  b v  i g n o r i n q  c  a n d  4  .  l n  t h e s e  c a s e s  i t  i s  n e c e s s a r y  t o  e m -
p l o y  a  d i a g o n a l  m a s s  m a t r i x  i n  e x p l i c i t  r e g i o n s  f o  a t t a i n  f u l l  c o m p u t a t i o n a l
e f f i c i e n c y .

r t  m a 1 '  b e  o b s e r v e d  t h a t  t h e  p r e c e d i n g  a l g o r i t h m  m a v  b e  s p e c i a l i z e d  t o  n o n -
I  i n c a r  s L a t  i c .  r n d  I  i n . . r r  d y n a m i c s  a n d  s L r L  i . s :

nol+ ineel__g!at !! e

l n  t h i s  c a s e  i g n o r e  M  a n d  C  a n d  s e t  v  a n d  a  t o  z e r o  t h r o u g h o u t .

l i n e a r  d y n a m i c s

I n t h i s c a s e  M ,  C  a n d 5

5 =

C :

a N /  a d

a N /  a ;

( r . 1 6 )

( r . t 7 )

( r . r s ;

l i n e a r  s t a t i c s

I n  t h i s  case  i gno re
i s  cons tan t  and

a r e  c o n s t a n l  a n d

N = C v * K d

andM  a n d  I ,  s e t t o  ze ro  t h roughou t ,  K

r y = 5 9 ( T . 1 9 )

F l u i d  M e c h a n i c s  a n d  H e a Conduc t  ion

T h e  p r e c e d i n g  f o r m a l i s m  a l s o  s u b s u r n e s  o t h e r  p h y s i c a l  t h e o r i e s  s u c h  a s  f l u i d
m a c h a n i c s  a n d  h e a t  c o n d u c t i o n .  A s  a n  e x a m p l e ,  i n  f l u i d  m e c h a n i c s  w e  w i l l  c o n s i -
d e r  t h e  f o r m  t h e  a l g o r i t h m  t a k e s  f o r  t h e  c o m p r e s s i b l e  E u l e r  e q u a t i o n s .  ( F o r  f u r -
t h e r  d e t a i l s  o n  t h i s  t o p i c  c o n s u l t  [ H 1 8 ,  T r ] . )  B o t h  t h e  c o m p r e s s i b l e  E u l e r  e q u a -
t i o n s  a n d  h e a t  c o n d u c t i o n  l e a d  t o  f i r s t - o r d e r  s e m i - d i s c r e t e  s y s t e m s .  T h u s ,  i n
the  preced ing  a l1  te rms enanaL ing  f rom the  appearance o f  d  as  an  argumenr
o f  ! j  * " y  b e  o m i t t e d .  F o r  t h e  c o m p r e s s i b l e  E u l e r  e q u a t i o i s  v  i s  v i e w e d  a s
a  s t a t e  v e c t o r  w h i c h  c o n t a i n s  n o d a l  d e n s i t y ,  m o m e n t a  a n d  e n e r g y  d e g r e e s - o f - f r e e -
d o m ,  a n d  a  i s  v i e w e d  a s  t h e  E u l e r i a n  t i m e  d e r i v a t i v e  o f  t  .  T h e  c o e f f i c i e n t
m a t r i x  Y "  w i l l  g e n e r a l l y  b e  u n s l m e t r i c  .  T n  h e a t  c o n d u c t i o n ,  v  i s  t h e  v e c t o r

q q



o f  n o d a l  t e m p e r a t u r e s ,  M ' *  i s  u s u a l l y  s l m m e t r i c  f o r  t h i s  c a s e '  T h e  f i n a l  a l g o -

r i r h m  " n c e i a l i z e s  a s  I o ] L o w s :

( l  i s  t h e  j t e r a t i o n  c o u n t e r )  ( 1 . 2 0 )

; .
-n f I

_  N ( i )  _  M ( i )
n f t  - n f a

t i )
+  y A t  C ' : l

- n i l

( p r e d i c t o r  p h a s e )

/ n n r r o n t n r  n h r c o \

n f  r h i  c

b

( i + l )
- n i t

( i + l )
- n + I

" ( l ]  *  a '' 'n+I

" ( i ]  *  1 A t  A a
-ni l

I
I
I
)

( i )
-nf t

( r  ' 2 1 )

( L . 2 2 )

( r . 2 3 )

( L  ' 2 4 )

( r . 2 5 )

( r  ' 2 6 )

( r  ' 2 7  )

d u u t r L  L L , c  r u l r u w t r r ST , ,  c i m n l i f  u  f  h n  r ^ r r i t  i n o  i n  t  h e  h o d v

n o t a t i o n s  i n  p l a c e  o f  ( 1 . 1 2 )  a n d  ( t . 2 5 ) :

A X

T h u s  d u r i n g  e a c h  s t e p ,  a L
is assembled f rom element

each  i t e ra t i on ,  r { r e  w i sh  t o  so l ve  ( I . 28 )  i n  wh i ch
F L - F  i ^

d r r d ) r ,

(  r  . 2 8 )

A

A

ne! "

D + "
e = l

( r . 2 9 )

100



F i  g u r e  I D e c o m p o s  i t  i o n  o f  t h r e e - d i m e n s i o n a l
g r o u p s  o f  b r i c k  e ' l  e m e n t s  f o r  p a r a l

d o m a i n  i n t o  e i g h t
l o l  n r n r o c c i n n

,[^"(

l t  =PLx t / l

12=P(c2-x2l  / (2 l l

|  = 2ct /3

->
x l D"
A = t . 2 X 1 O !

F = . 8 X  t 0 6

p  = . 0 0 2

L  =  1 6

c = 2

.-_>
x r

F i g u r e  2 P r o b l e m  d e f i n i t i o n  a n d  f i n i t e  e l e m e n t  m e s h



A t = 2 . 5 X  1 0 - r

F i g u r e  l .  V e r t i c a l d i s o l a c e m e n t  o f  n o d e  A

E 1

t \

E  E ]  \

o l  \

E f ; ]  \
_ B _ t  \

-_:./.-/
i -

_1==\

a Ehstlc Solutlon

b. Plest ic Solui lon

l - r g u r e  q .  5 t r e s s  o l l

a. Elr3tlc Solutlon

b. Plssi ic Solut lon

F i g u r e  ! .  V o n  1 4 i s e s  S t r e s s

s00.00
1 m 0 . 0 0
I 500.00
2000.00
2500.00
1000.m
1500.00
{000.00
1500_ 00
5m0.00
5S0.00
6000.00

-3000.00
- x 0 0 . 0 0
-2m0.00
-  1 5 0 0 . 0 0
- 1 0 0 0 . c 0
-500.00

0 . 0 0
500.00
i 0 0 0 . 0 0
r 5 0 0 . 0 0
2 m 0 . 0 0
2 5 0 0 . c 0

;  r ;oa.;;

-; ;;;r
t - - - - - _ l

I  8 -  - s m o . o o  
i

I  c -  - r m 0 . 0 0  
|

i  0 -  - t 0 0 0 . 0 0  |
-2000.00
-  r m 0 . 0 0
0 . 0 0
1 0 0 0 . 0 0
2000.00
1m0.00
{000.00
ruo.00
5000.00

{00.m
6 m . m
800.00
1 000.00
l 200.00
L 100.00
l 600.00
1 8 0 0 . 0 0
20c0.00
2200.00
2 r 0 0 . 0 0
2600.00
2E00.10
1000.00

t 02



a.  Ooom€t ry  Def ln l l lon

b .  F ln l le  E lemeni  Mesh

p = o.o2

A= l2OOOOO.

F = 800000.

oy = 1000.

cg o.da

a-  Aa l t l c  So lu t ton b. Plaat lc Solut lod

F i g u r e  / .  D i s p l a c e m e n t  t i m e  h i s t o r y
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Tim€ =  O.O9
- 2 5 0 . 0 0
- r  90.00
-/50. m
0 . @
250. m
1 9 0 . 0 0
2S.00

L  A x i a l  S t r a s s  o . .

c .  V o n  M l s s s  S t t o l s

F i q u r e  8 .  S t r e s s  D i s t r i b u t i o n
( e l a s t i c  s o l u t i o n )

c .  V o n  M l s q !  S t r e 3 s

F i g u r e  ! .  S t r e s s  D i s t r i b u t i o n
( p l a s t i c  s o l u t i o n )

b. Sh6ar Stt€sJ ol t

Materla]lpropenie3

I
I
I'i
I
t
I
I'i
I-T-

f
I

k (.onductlvlly)

Il!!i!g!!!la,
Step

numbers dl
1 - 1 0  0 . 0 2
1 1-20 0.20
2 1 - 3 0  2 . O O
31 40 20.0
4 r - 5 0  2 0 0 . 0

Error to le rsncc=0-001 lb l l

Homogeneou! ileumenn boundary condilions
( a O/a n = 0) src apeclflcd on sll sudsces where O

ls nol orercrlbed.

l-,^"*,,,"-l*-./," --_i._--
F i g u r e  1 0 .  P r o b l e m  d e s c r i p t  i o n  f o r  N A S A  i n s u l a t e d  s t r u c t u r e

t e s t  P r o b l e m .

& Ax ia l  S t rasa  d . ,



11E5H: 336 ELEMINTS

Tine  s tep  number  20 ,  t  =  6 .0

F isure  14 ,  Sach number '  subson ic  €ase
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Figure  15 .  Pressure  coef f i c ien t ,  subson ic  €se

F lsure  15 .  convergence o f  res iduat

T ime s t€p  nmber  20 ,  t  =  5 .0
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Eleden l Elemenl g.oup
number!,  typlcal

Nalura l  e lemen l  o rder lng
for  sequen l ia l  compule t lon

I n i l i a l c o n d i t i o n :  O = 0

Boundary  cood i l lon :  O= I ,  t  >  0
M a l e r l a l  p r o p e d l e s :  k -  l . P c p =

F i g u r e  I  l .  P r o b l e m  d e s c r i p t i o n s  f o r  p a r a l  i e l /

T

I
I

1 6

I
I

"=o -  
|u = u @  I

" = u -  J

I,+"]'U = U 6

e = e @

I _+]

F i g u r e  1 2 .  C o m p u t a t i o n a l  d o m a i n  a n d  b o u n d a r y  c o n d i t i o n s



l l r m  l

l l o

0 4 9

F i  g u r e  I  7 .  C o n v e r g e n c e  o f  r e s  i  d u a  I f o r

1 9

t r a n s o n  i  c  c a s e

:

o

O

t

T i m e  s t e p  n u m b e r  1 0 ,  t  =  2 . 5

0 . . {  a  - 2

I  B .  M a c h

0 . 0  a . 2  0 . 4

n u m b e r ,  t r a n s o n i c  c a s e

0 . 6

F i  g u r e

0 . 8
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"-' T i m e  s t e p  n u m b e r  1 0 ,  t  =  2 . 5
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F i g u r e  l ! ,  V e l o c i t y  v e c t o r s  a b o u t  c y l  i n d e r ,  t r a n s o n i c  c a s e




