
ABSTRACT

\\ 'e d iscrrss the stabi l izcd f in i te e lernent  computat ion of  unsteady in-

compressib le f lows,  wi th emphasis on lhe space-t inre f<rrrnulat ions.  i t -
erat ive solut iou techniques and i rnplcmeutat iorrs orr  the ruassivel l 'par '

a l le l  archi tectures suclr  as the C- 'onnect iorL \ {achines.  The stabi l izat ion

technique emplot 'ed in t l r is  paper is  the Clalerk in/ ieast-squares (CILS)

nret lLod.  The L)cformable-Spat ia. l -Domain/Stabi l ized-Space-I i rne

L l )Sl)  'SS' l '  j  fornulat ion was developcd fo l  conputa, t io l  of  unsteady
vi5cor l :  inconrpressib le f lows which involve rnoving bourrdar ies and i r r -

ter faccs.  In th is approach,  the stabi l ized f in i te e lement forniu lat ions
of  the governirg equat ions are wr i t ten ovel  the space-t inre donrain

of  lhe probiem. and therefore the deformat ion of  the spat ia l  donrain
wi th respect  to t ime is taken into account autonrat ical lv .  This ap-
proach gives us thc capabi l i t l  to solve a la lge c lass of  problcms n ' i th

f ree surfaces.  moviug inter faces,  and f lu ic l  s t ructulc and f lu id part ic lc

intetact ions.  In the DSD/SST approach the f requencl  of  remcshing
is r r in imized to n in i rn ize the plo ject ion el lo ls iu\ 'o lved in rernesir i r rg
anr l  a lso to increase the paral le l izat ion polerr t ia l  of  the cornputat ions.
\ \ r ,prcscnt  a ncu mesh rnovi lg schcmc that  miniur izes the need fo l
ronreshing:  i r r  th is schenre the mot ion of  thc ncsh is  govcrncd bv thc

rnodi f ied equat ions of  I incar hourogeneous elast ic i tv .  The inrpl ic i t  equa-
t iorr  svstcns ar is ing f rom thc f in i te c lcnerr t  c l iscret izat iorrs are solved
i t t ' r : r t iveh bv using the Cl{RIIS se:rrch techniqrLc rv i th the c lusterccl
e lernent  b1'e lement.  d iagonal  and not la l -b lot :k-d iagonal  precondi t ion-

ers.  Formulat ions rv i lh d iagonai  and rLor la l -b lock r l iagorra. l  prcr :ont l i
t ioners have been inrplemented on t lLe C'onuect iorr  l lar :h ines ( l l \ '1  20i)
and C1\ ' I -5.  We also c iescr ibe a nerv mixcd precondi l iorr ing urethod rve
developcd recent lv .  and c l iscuss t i re exteusiou of  th is rncthod to tota l lv
unstructured meshes.  This mixcd prcconr l i t ioning nret i rod is  s inr i lar ,
in phi losoph-y,  to rnul t i -gr id methods,  but  does not  need auv i l tenredi-
ate gr id levels,  and t ,hercfore is  appl icable to unst luctulcd rnershes aud

is s imple to inrplement.  The appl ical , ion ploblcms cousidct 'ed include
var ious f rcc-surface f lorvs and s i ruple f lu id st luctu lc interact ion prob-
lems such as vortcx induced osci l ia t ions of  a cvl in i ler  and f lorv pasl ,  a

lTh is  research  was sponsored br ,  \ASr \ -JSC urc le r  g rar r t  NAG 9- ,149.  bv  NSF
unt le r  g ran t  MSNI-8796352.  and bv  ALCOA {oundat ion .  Par t ia l  suppor t  fo r  t ,h is
work  has  a lso  come f rom the  Ar rnv  Research  Of f i ce  cont rac t  number  I )AAL03-S9- ( l -
0038 w i t l t  t l te  Arnry  H igh  Per fo r rnance Conrpu i i r6 i  Research  L-en ter  a l  the  I in ivers i tv
o f  \ l i nnesota .

PVP-Vol. 246lAMD-Vol. 143, New Methods in Transient Analysis
ASME 1992

pi tching ai r fo i l .

1 .  INTRODUCTION

In th is paper,  we {ocrrs on f in i te e lernenl .  i rornputat io l  of  uusteadv iu
compressib le f lorvs governed br,  thc Navier-Stokcs equat ions.  Al thoug[
a great  r r ra. ior i tv  of  the computat ions $e r{ - 'port  in t l r is  pai icr  are based
on  t hc  vc l oc i t v -p ressu rc  f o rn r r r l : r t i on  o f t hc  Nav ie r -S tokcs  cq r ra t i ons .  t l
a lso report  sorne Nervtonian { low r :otnputat ions l rascd on the vclor : i t r . .
pressure-stress formulat ion.  l1 is  of  course l rot  neccssarv for  l {ervto
nian f lorv computat ions to be bascd on the velocr lv  pressru 'o-s l r r :ss for-
mulat ion:  however.  u 'c  consider thesc cotnl tut : r l ions to bc prel r rdc to
non-Newtonian f lorv computat iorrs.  rvhich rvould netrssi ta lc the stress
tensor to be t reate 'd as a separate unknonn.

Fin i te c lement cornputat ions based on the standard ( ia lerk in for
mrr lat ion of  incomprcssib lc l loss catr  j t rvolvc nrrr ler ic : i l  i r rs tabi l i t ies drrc
to the presence ofadvect ion terms in 1hr:  governing er l r ra l ions.  aud t luc
to  us i ng  i napp rop r i a l c  co rnb in i r t i ons  o f  i n t c r l r o l a t i on  f unc t i ons  1o  re l r
r esen t  t hc  ve loc i t v .  p ress l t r c  a rLd  s l r ess  f i e l ds .  l o  s t ab i l i z c  t hc  co rnpu ta
t i ons .  i n  t h i s  pape r ,  r ve  r r sc  t hc  C ia l e r k i l / has r  squa res  ( ( i l -S )  f o rn r r r l a -
t io l l  [1]  16] .  This fo lmrr lat io l l  is  corrs istcut  i l  t l rc  scnsc t i rat  an e.ract  so,
lut ion st i l l  sat is f ies the stabi l ized fo lnrulat ion.  ( 'onsequcrr l iv .  potent ia l
numerical  osci l la t ions are prevel ter l  rv i thout  i l t . rot luc ing c: tcpssir ' , ,  r r rL
merical  t l i f fus ion ( i .e. .  wi thout  "over ' -s l ,abi l iz ing" 

)  and rhcrcfore rv i t l ror i t
compromising t lLc accuracy of the solut ion.  For unstcadl ' f lorv conrputa-
l ions based on the veloci ty-prcssure forrnulat iou,  thc GLS fonnulat ion
is implemcnted in a s i l ic t  rvav by rrs i lg a sp:rr : t , - t inre f in i te c lcnrel l .  ap
proach [3]  [5] .  For cornputat io ls baser i  ou thc vcloci rv l ) r 'cssure,sr lcss
fo r rnu la t i on .  on  t he  o the r  hand .  t o  avo id  t l r c  h i g l i  cos t  assoc ia te r l  n i t h
the space-t i rnc technique.  rve inrplerneut  t i te ( i l ,S foturula l ion iu a less
str ic t  rvav 17] .  \ \ re achieve t l i is  bv t i rne-t l isc lct izrng t l rc  t i rne dct i t .at i r .e
of  the rveight ing funct ions before the spat ia l  c l isc let iz : r1 ion:  t lL is s:n 'cs
us f ronr being forced i r r l ,o a space-t i r le fo l rnulat iou.

A rnajor  chal le lge in computat ional  f lu ic l  dvuarnics is  horv to i r : rndle
rnoviug boundar ies and inter faces.  such as f rcc-sur ' {ace f lorvs,  t ivo- l iquid
f lorvs.  f lu id-part ic lc  and { lu id s i ructule iuter : rct ious.  ln the DSD/SS1'
(  Defonn in g-  Spat ia l  Donrain/St  abi l ized Space, ' l ' ime )  procedurc [3]  [5] .
t he  GLS-s tab i l i zed  f o rmu la t i on  o f  t he  p rob len r  i s  r v t i l l eu  ove r . t l r c  as -
sociated space-t ime dotnai l .  In th is rvar ' .  I 'ue autontat ical lv  takc in1.o
accouut the defornrat ion of  t l ie  spat ia l  dotnaiu aud also plotcct  tLe
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computat ions agai l ls t  l lunrer ical  osci l la l ions.  I ' l le  l in i te e lcment inter-

polat ion funct ions arc p ier :erv ise I inear br t t  d iscont i t luol ts  in t i r r re so that

the {u l lJ 'd iscrete equa.t iot ts  are solved ore spi icc t i l l le  s lab at  a t imc.

ln the DSD/SS' I 'approach.  there is  substant izr l  f rccr iorn i t t  thc rvav wc

can nrove lhe mesh- \Ve onl l '  t teed to lcr t tesh rv l t t ' t l  i t  becotucs t teces

sary to do so to prc\ .eut  unacccpt : rb le dcgrees of  r l re 's l t  d lstor t ior l .  I l r '

minimiz ing the f requencv of  rentesl t i rLg.  *e catr  t r t i l t in t ize thc projec-

t iou errors associatcd wi th renreshing.  and i t lcrease t ' l le  paral le l izat ion

potent ia l  of  the courpulat ions [7] .  I t r  t i r is  paper,  rve also emplol '  a neu'

nesh moving schcr l )e that  r t in i t t t izes the necd for  rcmcshing.  In th is

schemc the'  mot ion of  thc tnesl t  is  governed bl  thc n lodi f ied equat ions

of  l inear homogoncous elast ic i t r ' .  
' fhe 

tnot l i [ icat ion is  ac]r ieved by drop

p ing ,  i n  t he  < :on tpu ta l . i o t r  o l  1 i t c  s t i f f ucss  l l t : i t r i x .  t l t e  Jacob ian  o f  t he

transfonrrat iou f ront  thc elet lcnl  dotr ta in to the phvsical  t lot l la in.  fh is

i s  equ i va len t  t o  i t t t r oduc i r t g  va r i : r b l e  r t r a l e t i a l  p rope l t i es  t o  l l t e  eq t t a

t ions of  e last . ic i tv .  wi lh sr la l lcr  e lernetr ts h:rv ing i l ig i ler  r ig id i tv  than

the larger orres.  This t 'av smal ler  t r lc t rLct t ts  dcfornt  less.  and the l : r rger

ones .  b1 ' dc fo rn t i t r g  t t t o re .  t : r k c  t t t o r t ' L cs l r o l l s i b i l i t v  i l l  l r l o s l r  no t i o t t  l t v

c lcforrnat ion.  ' \  s inr i lar  t resl t  t t rovi t tg sc l tc t t te cat t  bc fourr t l  i r r  I f i ]
To  so l ve  t hc  l a rge  i n rp l i c i t  equa t i r ) t t  s vs t ' r l l l s  r esu l t i ng  f t o r t r  1  he  f i n i t c

e l cme l t  d i s c re t i za l i on  o f r ca l i s t i t  p t o l . r l r t r r s .  c s l l c c i a l l v  t l t o sc  f o l t r r r r l a t cd

i n  spacc  1 - i r r e  aud  3 l )  t l on ra i r r s .  r v t '  t t s t t  sop l t i s t , i ca tod  p t cco t r t l i t i on i ng

n rc thods  a r r r l  t uass i vc l v  pa la l l c l  a l go r i t l r n r s .  I r r  t l l c  ( ' l - l l l i  ( c l us te l ed

r : l t ' n re l t  b . v -e l en rcn t )  p t t ' co t r t l i t i o r r i r l q  l 9 ]  [ ] 0 ]  t hc  c l t ' r t r e t r t s  a l t ' l t t e rged

in to  c l L r s te r s  o f  c ] c rne t t t s .  a t t t l  l l r e '  l t t eco t t t l i t i o t t e r ' .  i l l e  co l l sT r l l c l . e ( i  as

sc r . i es  p roduc l s  t i f  c l us t c t  l e vc l  t r t a l l i t : t : s .  \ \ ' c  a t t a t  hed  ou r '  ( l l l l l l ,  l t a sc t l

i t e ' r a t , i ve  so l vc r  t o  a l l  ou r  l i r r i t e  e i c t t t c t r l  coc l cs .  i t t  s t l c l t  a  nav  t ha t  t h i s

so l vc r  i s  ca i l ed  j r r s t  as  cas i l v  a t r d  l t i t l t s l r a t t ' t t t l t ' : i s  o l t t ' ca l l s  a  t l i r c t : t

so l r , e r ' .  L i  t he  ( l ( '  ( c l us t t ' r '  L : c i r r t pa t r i o t r )  l r t econ r l i l i t l i r i ng ,  l 1 i ]  t e  f i l s t

star t  rv i th a " i r r i rnalr" '  t r resh rv i t l t  r l i t lcrcrr t  levels of  r : l r ts ler i lg l rot '

cac l i  l e ve l  o f c l us l e l i ng  i t t  t l l i s  p t i t t t a r v  l t t t ' sh .  r v c  t l e f i t l e  a  ' t o t t t pa t l i r i l t "

n r cs l r .  such  t ha l  eac l t  c l us te r  o f  t l t t ' p r i t na r v  l l t c s l l  Jb l t t l s  ; i t l  t ' l e l t t en l  o f

thc r :ornpal iorr  l rcsh.  \ \ i '  r leJ i r re a ( ' ( '  p lccorr i i t ior ter  basocl  on c;rc i t

compan io rL  r r r es l r .  s r r c l r  t i r a t  t h t ' r ' t '  i s  a  ( ' l '  p r ccon t l i l i o t t o r  assoc ia t cd

u i t h  eac i r  ( lEB l i  p r r - ' co r r t l i t i o r r o l  bascd  o t t  a  c t , ' ; 1a i i t  l e v t ' J  o f  c i r t s t c t i t t g .

This wa-v,  {or  cach level  of  c luster ing.  rvc obl : r i t t  a ( 'Cl  procorrr i i t iorrer

rvhich rve exl)e( : t  to have I lorc inter- t luster  corrpl ing i t t forr t t : r t ior t  that t

thc a,ssociatod Cl-Ul-  prccout l i t iorrcr  l ias.  f lot rvctst ' lv .  the ( ' l i13L prc

cond i t i one r  can  he  expec ted  t o  havc  n t c l t c  i r t t t a - r : l u s te l  coup l i l g  i n f o r -

ma t i on  t han  t he  assoc ia l od  C iC l  p r ccond i t i o re r  has .

Tlre idea bchind t , l re rn ixed Ci l iL lE/( l ( l  precondi t ioning 111]  is  that

the Cl l l lE and CC precondi t ionels tout l t l t : tncut  eacl t  othcr .  at td t l tere-

forc rv lLen t ,hey'are mixed logcthcr t l re l 'u ' i1 l  tosul t  i t t  l te l l .er  cot tvergcucc

rates.  Ihc ' rn ix ing is  ct t r ret t t l . \ ' i t t ip lcntctr tet l  bv using thcse t rvo l ) Iecor l -
d i t ioncrs a. i ternatelv at  each inncr i t .er : r t ior  of  thc GXII tES met l tod.

l fhe CE,BE/ClC prccondi l iorr ing r :an be v icrvcd as a rnul l i -gr id ntethod

rv i t i r ou t  t he  i n t e rnec l i a t c  g r i d  l t : ve l s .  T I r e  p l c l i u r i l a l v  r cs t : l t s  ( see  [ 11 ] )
are ql l i te p lonr is ing.  Our rLunrer ical  tcsts.  l i r r  2 l )  and 3l )  proi r lc t t ts  gor ' -

erncd i rv t lLe Poisson cquat io l .  t lcuturstra le t lLat  thc rn ixcd ( lEBI i i  CC

prccond i t i on i ng  r t ' s r t l t s  i t r  convc lBo r (e  t a l cs  t h i ch  a l c  s i g l i l i ca r r l l v  bc t

t e r  t han  t hc  co r r v r : r ge r t co  t a te - ' s  ob la i r o< i  * i t l r  t h r ' bcs t  o l  t hc  ( l L l l l ' l  a r t d

f l ( ' p l econc l i t i o l i ng  r r r e t l r r : r c i s .  
' I ' l L c  

dc ta i l s  o f  l l r e  (  l i l l E / [ ] [ 'me t ] r o t i

t : au  be  f ound  i n  [ 11 ] :  l r e r t , r r o  b r i c l l v  dcsc r i be  t l r c  ( ' I i B I i / ( - l ( -  s1 ra1 '

eg1'  for  tota l lv  ur tst t t t r : l t t red t t tes i tes.  I ' rgutc 1 s l tots t t 'o  hr 'pothct ical

meshes  supe l i n rposc r l  o r t  ea t i t  o t he r ' :  a  I i n c  p l i t t r a l l  t t t es l r  : t t t t l : r  coa rso

mesh .  bo t i r  l o t a l l r  i r r r s t l t t c t t n ' c t l  a t L r i  a t l . r i l t a l r ' .  I r t  t h i s  casc  t i t c  t l r r s '

t e r i ng  i s  ach ieved  l r v  d i s t l i bu t i r r g  l l t o  c ] e t t t en l s  o l  t hc  l i r r c  t t t c s l t  a t t t ong

the  e l en ren t s  o f  t hc  coa l se  rnesh .  l ' i g t u t '  I  a l so  s l r ows  l r o r v  a  c l us l c t '

o f  e l emcn ts  ( r na rked  i l  l h i s  f i g r r l c  r v i t h  sha t l ed  a teas )  l i r r r t t s .  i t t  : r t t  ap '

p rox i r na , t e  sense .  i t r i  c l c t nc t t t  o f  t l t c  coa t sc  ( t o r t t pa t t i on )  t t r c s l t .

In a,n t : f for t  to soivc out  largc scal t 'p l t ib letus bv utassivcl r 'paral le l

comput ing,  * 'e have i r r ip lenrcntcd ahnost .  a l l  of  orrr  f in i tc  c lcurcut  lbr-

r nu la t i ons  o r r  l l i e  ( ' o r r ne ( t i on  \ l ach i l c s  (C ' \ l - 200  a r r< l  ( : l \ l - 5 )  ( scc  l ; ] ) .
Thcse i r r i t ia , l  inrp lcnrcntat ions zuc l t i ised on tLc Ci \ l l l l lS scalc l t  ter : l t -

n iqrrc aut l  the diagonal  and nodal-b lock c l iagonal  p lecondi t ioning rr reth-

ods.  The ne. \ t  s tep * ' i l l  be thc implcnrcutat ions baset l  orr  the CERE

precondi t ioning and eveutual lv  t ,he rr r i - red Ct i l lE/CCl p lccondi t ioning.

I t  is  our bel ief  tha1,  the mixed CIERE/CC precondi t ioning tecl in ic luc

wi l l  be rnore easi l l  paral lc l izable than thc mul t i -gr i t l  ntethods.

\Ve present several  numeri r :a l  exarnir l t 's .  inc ludiug thosc involv ing

the dynamics of  l iquid drops aucl  ot i rcr  f rce-surface l lou 's.  ancl  f lorvs

past  osci l la l ing ai r lb i ls .

2 .  SPACE-T IME VELOCITY-PRESSURE

FORMULATION

Clonsider a v iscous.  i r rcornpressib le f lu id occup.v iug at  a l t  ins l .at t t  I  €

(0 ,7 )  a  bounded  reg ion  Q1  C  / i " ' d .  r v i t l r  bounda r t  l ' 1 .  r v l r e l e  n "4  i s  t he

nuu rbe r  o f  space  r l i t t t ens i ons .  
' f h c  

vc l oc i t l '  a l r d  p l ossu rc .  u ( x . / )  and

p (x , l ) .  a re  govc rnc t l  bv  t l t e  Nav ie r ' -S tokes  eq r t a l i o t r s :

, ( 4 r , * u  V u - r - v  '  = o c i n  O l  V l  €  ( 0 . 7  ) .  ( 1 )

o n  O r  V t  €  ( 0 , 7  ) ,  ( 2 )V . u  = 0

u 'he rc  p  i s  t ho  { l u i d  dc . l s i t l ' .  
' l he  

gcnc ta l  bodv  f o l ce  f ( x . 1 )  ca r r .  e . g . .

r ep resen t .  t he  g rav i t l ' .  Fb r  a  f i u i d  r v i t h  v i s cos i l t ' / r . 1he  s t r ess  t o t r so r  d

ca r  be  decon tposed  i t t t o  t hc  i so t t op i c  a t t c l  dcv i a to t i c  l i a11s :

6  -  - 7 i | r t T .  ' l ' =  2 t r e ( u ) .  e ( " ) -  ]  ( V ' - , V r r  r )  ( , J l' 2 '

B o l l r  t h e  D i r i r : l r l e t - : r t t c l  \ r : . t t t t t : t n u - l v p e  b o t t t L t l a t v  t o r r r l i t i o t t s  a t r ' 1 a k t ' t t

i r r l ( )  accoun l .  r ep rcsc l r l cd  as

u  = g

n . a  = h

o l  ( l  1  ) r .

o n  (  l ' 1  ) 1 .

t  l )

( 5 )

$ ' h e r e  ( l ' 1 ) 9  a n d  ( l ' t ) A  a r e  c o i l r l ) l e l n c l t t : r r V  S l l b s e l s  o f  t l t c  b o r t t t d a t Y  f 1 .

T i rc  in i l ia l  conc l i t ion  r :o r rs is ts  o f  a  spec i f ie t l  r l i vc rgcnce- f re t '  r ' c loc i tv  f ie ld :

u ( x . 0 )  -  t l 6  6 r t  Q 6 ( 6 )

Iu order to construct  thc f in i te e ler t ter t l  fut tc t ion spaces for  t l te

space - t ime  rne thod .  r vc  pa r t i t i o t t  t hc  t i r r r e  i n t e r va l  ( 0 .7 )  i n t o  sub in -

t e r v : r l s , l , ,  -  ( . 1 . , t . + t ) .  r vhe re  I ,  a t r d  1 , ' 11  bc l o l g  t o  au  o rd t : r e t l  se r i es

o f  t i n c l eve l s0=  l o  <  1 r  (  <  t x  =  7 ' .  Le l  O , ,  =  f ) 1 , .  an t l  f "  -  f r , . .

\Ve wi l l  def inc the space-t i tnc s lab f / , ,  as t i te dot t ta in enclost ' t l  l l  t l tc

surfar :es Or.  Q111. ancl  P, , .  rv i tc lc  P,  is  t l tc  surfa<:e descl ibcd b- l  the

bounclarv I '1  as I  t ra,verses 1, .  As i t  rs  thc case rv i t i t  11.  surface l ) '

can  be  decon rposed  i n t o  (P , , ) g  and  (Pn )a  t r i t h  l { ' s l ) c c t  t o  t h i ' t r ' pe  o f

borurdarv cordi t ion (Dir ic | let  or  Noulrranl l )  boi l rg : rppl ic t i .  I i ; r  ezrch

space-t ime s lab,  u 'e def ine the fo l lou ' ing f in i te e lcnlent  i lL tcrpolat ion

funct ion spaces for  the vcloci t - ! 'aud pressure:

. , A  (  r  t ,  l , , t t .  ^  . l ' ' ,  t ,  h  , ,  I( . \ i i  ) , .  =  t u  r  u "  .  l / /  ( Q ,  ) l  . u  -  g  o r r  r / .  r r l .  { '  r

{ } ' J i  r ,  -  t ' '  u  .  f t t ' ' , Q , ' ]  
' . u ' -  o  o l  r i '  r o ]  .

. . s r  r . .  -  r l i r  { , i  , l  , ,  I t ' '  t Q , , t \ .' v t . t , t  -  ' . 1 ' ,  
t /

O v e r  t h c  e l e u r c u t  d o t t t a i t t .  t h c  i l r t c r p o l a l . i o t t  i s  c o l l s t t t t c t t ' r l  l r v  t t s i t t g

I i rs t , -o rder  po lvuonr ia ls  i l r  spacc  a t td .  dcpr : l l r l i t tg  o t t  o t t r  c lLo icc .  zero lh

o r  f i r s t  o r d e r  p o l l ' r l o n l i a l s  i n  t i r n e .  C j l o b a l l v .  t l l e  i l t c r l r o l a t i o n  f t t t t c -

t i o n s  a r c  c o u t i n u o u s  i n  s p a c c  b u t  d i s c o t t t i t t i t o t t s  i t i  t i l t t c .  I l o * e v c t ' .  f o r

tu 'o - l iqu ic l  f lo rvs .  the  so lu t io r t  anc l  var ia t io t ta l  1 \ l l l c t io l  spaccs  fo r  p res-

s r r re  shou ld  inchLdc the  fu t tc l i t t l t s  rvh ich  ar r :  t l i scor l l i t l t toL ts  ac : ross  t i rc

in te l face .

f l re  s tab i l i zec l  space ' - t in tc  f t i t t t t l t l a t io t r  fb l  do lb l ln lng  c lo l t l : r i l l s  c i i t t

b e  r v r i t e u  a s  f o l l o r v s :  g i v e l  ( u 1 ' ) , .  l i r d  u r '  €  ( . s l i ) , ,  a r , d  2 / '  e  t S / l  ) , ,

suc l r  r lLar  vw/ '  e  lU l l ) , . .  Vq t '  €  (V l :L , :

ln.,*" , (++ u/ '  vur' - t) 'n * lo,,e(w ' '  J  :  o l  p "  .  u ,  )dQ



where

l nv  
. * " t l ' an  +  l , ,e t * t , ) :T / , /o

*  l , r *  
: T h r t { t - /  s / , , e { . , h  ) d a *  l * q , , p v . u t ' , t { r

21,"'l' (+ + ""' v*) + v'rA - v s'J

l ,  (+ + uA'vui ' -  r )  + vr"  -  v r i ]  ao

i_,1,,.^r, [*t^ -,{*"r] , l*r ' -e{,, 'r] arr

i  /  ^o  .w "  py  .  un , t \ r  -  [  w ' ,  . h '  r n  .
- J \ r  J t ^

I o,.n" r, . un,Le + | n,.r*u *. p (( u/' )* - 1 ur' 1; ) .ro

' i" 
lo,,'l '(+ + "n v*) - v oro^'*hrl

l, (* + u/' vur - 
, 

- t oi2n. "ht] ar7

' t "  
,o , .nr ' *h  pY'ut ' , tq  = 1.1r , , ,^* ' '  hn* .

( " " ) *  =  l i r n  u ( 1 , .  *  s )

( 1 0 )

( 1 1 )
' lhe 

solut iou to (  l0 )  is  obtained sequent ia l lv  for  a l l  thc space-t ime s labs
Q r , Q r , . . . , 8 , r - t .  T h c  c o n l p u t a t i o r r s  s t a r t  r r  j 1 , l r

( u ' ) ' i  =  u u ( 1 2 )

Rcnn rk;

l .  I n  t l t r :  r ' a r i a t i ona l  f o rn t r r l a l i on  g i ve l  l r r ' ( 1 l 0 ) .  t hc  I i r s l  t h r cc  t e r l ns
i i f t he  l e f t  l Land  : i de .  t ogo t l t e r  r v i t h  t he  r i g l r t  han r l  s i t l c .  co r r s t i t u t c
1hc  s t : r n t l a l t l  ( i a l e r k i n  f o rn r r r l a t i o r  o f  t he  p rob len t .  Thc  f o r r r l , h
i n t eg ra i  en fo r ccs .  i n  a  u ' eak  scnse ,  t hc  co r r t i nu i t v  o f  t i r e  vc l oc i t v
i n  t i r ne .

2 .  I l t c  f i f t h  t c r r n  i n  ( 10 )  i s  a  l eas t  s ( l l t a r cs  a t l d i t r o r r  t o  t l r e  f o r t nu la
1 ion .  a r rd  t h i s  t e l r n  p rov i dcs  t l t c  ncc r : ss ; r r . r .  s l a l r r l i t r .  f o r . a t l r t c t i on
dorrr i ratct l  l lorvs in the pLcserrr :c o l  s l ta lp borrnr lar . r .  la . t .er .s.  

- l  
ht ,

sa ' r c  t e r i ) )  s t a i r i l i z cs  t l r e ' e t l r . r l  aga i r r s t  r r r r r ' c r i ca l  osc i l l : r t i o r r s
r vh i ch  a r i se  f r o ' r  ce r l  a i u  c . r ' b i r r a l  i o r r s  . f  i r t e r ' l r o l a t  i o r s  l i r r  r . c k r c -
i t t  and  p r cssu le .  i nc l u t i i ng  t l r c  r . r l r r a l  o r . r l e  r .  b i l i t r ea r .  i r r t c r . po la l  i o r r
uscd  i n  1 . l t e  cu r ren t  co rnpu ta t i o l r s .  Sce  f : l ]  f o r  r l c f i t r i l , r o r r  o f  t l t e
s tab i l i za t i on  coe l f i c i e r l  r .

. 1 .  . \ t  i L i q i r  Revno lds  uu lbe rs .  t i r c  s t ab i l i t v  i s  i r r Lp love t i  h , ,  i n co r '
p c i r ' ; r t i n q  t h e  s i x t h  l t n r r  i u l o  l i r I n r u l a t i o r  ( 1 0 ) :  t l i i s  i s  t h c  l c a s t
s ( l ua r ( ) s  l e r r r r  l o r  t l r e  con t i r r u i t r  e t l r r a t i o rL .  T I i e  coe f I i c i e r r t  i  i s
( le l l  ned r  n l t l  .

3 .  VELOCITY-PRESSURE-STRESS FORMULAT ION

I 'he phvsical  problenr r rncler  considcrat ion is  thc sanrc r rs t l ie  one t le-
I ined br-  equat ions (1)  (6) ,  i .c . .  Navier-Stokes er luat iors for  f lorvs of
incornpressib le Nervtonian f l  u id.  l {orvcvcr.  lLc n"; (  r r "o,  {  1 ) /2 indcpen-
den t  componen ts  o f t he  t l ev i a to l i c  s l t ess  l e l t so r  T  a l t :  t r ca tod  as  add i
t i ona l  unknowns .  and  cq r : a t i on  (3 )2  e r r t e r s  t he  va r i : r l i o l a l  f o rn ru l a t i on
di lcct lv .  

' fhe 
case of  dcforrn ing dornairrs is  not  covererd hcrc,  so lhc

subscr ipts c lenot ing donraiu t inro lcvel  a le dropped. The i r terpolat ion

funcl ion spaces for  t l re voloci tv .  pressl l re and devia. tor ic  s l ress tensor
a re  g lVen  as :

. - / ,  f  ,  t ,  - ' , ' r ' . ' ' "  t  I  -  '  I. \ , i  -  
t u  

t r '  €  l / / '  
r ! l J ]  . u  -  

E  o r r  l  r j .  /  l : l l

] ' , 1  -  i ,  , ' . f t l " ' ' , , ]  . . ' " - 0 , , , ,  I r )  .  { l r l

. s r  =  )  -  { ' i  , ; .  / / r / , r 1 , } .  l t r r. t  
[ / ,  , i  , ,  , . , , J -

(  ,  r .  t  , , .  r ' , . , r 1 , r . a + l ) / 2 . ]. \ '+  -  y i  =  
t r  

a '  e  l i l , , r r r  r ]  
|  i  r r ; '

l ' he  ve loc i t - v -p r css i l r e - s t l ess  f o l n ru l a t i on  g i ve r r  he le  i s  a l  t ' x t eus io r r
of  \ ' le thod I I  descr ibcd iu [O] to t iurc r icpeur lent  p loblerrrs.  aud car bo
rvr i t ten as fo l lows:  f ind uh € Sl ,  t ,n e Sj  a ld f r '  e S{ such that

Vwi e Vl .  vqh e v!  arLd VS/ '  e V{

I  u  l ' l u "  t  -  I  - \  .
I  w ' . ' ,  l :  t u ' ' . V u "  - f  l , / 1 1

J n  \ i / /  /

( 1 7 )

Rtmarks

4.  Asi t le f lonr st ,abi l izat ion tcnls r lescr . iber l  i l  Ser. l iou 2.  the for . t lu-
l a t i on  g i vcn  b t ' (  l 7 )  i nc l r r des  a  l eas t - s r l ua r . es  f o t . n r  o f t l r r :  cons t i t u
t i ve  e r l ua t i o r r  ( i 3 ) .  ( l o l sec l ucn t l r ' .  t h i s  f o rn ru l a t i r r r  r : a r r  be  app l i ed
i n  con j r r r r r : t i on  n ' i 1 l t  a rb i t l a r r . con rb i r r a l i ons  o f  i r r t e , r po la t i o l  f u t r c
t i ons  f o l  a l l  va l i ab l es .  i r r c l L r c l i ng  p r . cscu t l r ' cn rp i ovc r l  c c l uaJ -o l r i c r .
h i l i r r n a  l  c o r r r  l r i  r r a l  i o t r

5 .  De f i n i t i ons  o f  t hc  coo f f i c i cu t s  r .  f  a l t l  , r .  as  r i t , l l  a s  s t i Lb i l i t v  p roo f
and  e l r o r  a r ra l r , s i s  h r r  t l r c  s t eadv -s1 .a l i , caso  a t , r ,  g i v t , l  t r r  l ( i l .

6 .  l n  t he  co rnp t r t a t i ons  t ha t  f o l l ou ' .  f o ru l r l : r t i on  (  l i )  has  be t : n  d i s -
c r c t i zed  i n  i i r r r e  w i t h  t he  ( l r ank - l { i cho l son  sc Ie r r r e .  The  r r sc  o f '
d i s con t i nuous  ( i a l e l k j l  d i s c re t i za t i o l  (  spacc , t i r r r c  l t e t hod  )  i s  a l sc r
p l anned .

7 .  ] ' he  l i r r r e  dc t i v i r t i ve  o f  l l r e  v r - l oc i t t  r v c i gh t i r g  f u r r r  t i o rL  r e l ' r ps , , r r 15
tLe var iat iou of  thr .  t inrc dcr ival  ivc o i  thr .  r 'e lor : i l t  i t rc l f .  l ,br .
, : x a n r p l e .  i r r  l l i o  c a s o  o f s p : r c t ' - l i r r r t ' r r r r , t h o d .  l l r i s  t r ' ; r r r  i s  l l r e  t r n t
t imc  de r i va t i v c  o f  t he  we igh t i t r g  f u r r c t i o r r .  O l  t he  o thc r  ha r r r l .  i n
t he  case  o f  Eu le r - t vpe  t i n re  d i s r : r c t i za l  i on  r r i t h  t ; r r ) c  s t ep  1 ' l .  t l r c
Lern \uh f  0t  is  replacecl  bf '  ( r l+,  -  uf i  11f  r .  n, i t lL  u l  kuorvn.  i ind
thus  t he  va r i a t i on  t enn  t r oco r r r r : s  w i / J t .

4 .  NUMERICAL  EXAMPLES

I'iscorrs d.royt lulling irt a t:iscous fluid

In th is axisyrnrnctr ic  s inrulat ion,  g lavi tv  is  appl icd lo t rvo di { Ierent
I lu ids u ' lL ich causes thc hcavier  f lu ic l  (d lop) to fa l l  and t lc fo l rn unt i l  ter . -
minal  veloci t .v  and shape are rcacheci .  Sur ' {ace t ,ensiotr  is  accountcd for .
. \ t  terrr r inal  r .c loci t l ' ,  th<:  l lc l 'nolds nrnrbel  is  10:r .  the \ \ t 'ber  ntLmber
is 5. i r1.  and the t l rag coel l ic ient  is  1.( i l .  Shown in I r igure 2 is  thc drop
a t  i r  cqua l l - v  spaccc l  i n s tan t s  t h roughou t  t he  s i r r r u l a t i on .  A l so  s i r ou ,n
is : t "u iso surface of  the vor l ic i tv  arrd t rvo iso surfar .es of  t l tc  st ro;r r r r
f u r r c t i on .  

' I h c  
f i r L i l e  e l e rnen t  n tosh  r : o rLs i s l  o f  x . i 51  r r o r i es  an r l  7 . 365  e l -

e l ncn t s .  
' f he  

s i r nu la t i on  r vas  pe  r ' f o t  n r cd  on  a  ( ' \ l - ! r  s r r pc l co r r r pu te t . .  . \ t
each  non  l i nea r  i t c l a t i on  n i t h i r  e ; r t : h  t i r n t ' s t cp .  app to . r i n ra te l v . 1 | i . 000
cquat ious are solvcd s i rnul tancoush usi t rg t i re G\1I tES tcchnir luc rv i tL
a diagorLal  prccondi t ioncr.  

' l 'o  
lb l lorv the tnot ion of  l l re r l r .op as i t  fa l ls .

t he  e t i t i r e  f i n i t c  c l e r r r en t  n resh  t l a rLs l a tes  t oge l l t c l  r v i t h  t he  t l r op  so  t l r a l
t he  ccn te r  o fg l av i l v  o f  t hc  d rop  s t : r v s  a l  l h c  s : r n re  l oca l i o l  l e l a l i ve  t o
t he nrc'sh .

A neu'rncsh rnovirg scl r r : r r rc is  uscd to <lefo lm thc rr resl r  ; rs  t lLe t l ro l r
changes  i t s  shape .  I n  t l r i s  r nes i r  n t ov i r r g  schcu t c .  a  l i r r e ; r r .  e l as tos ta t i c s
problem is solved u 'hcuever the rnesh f rorrr  lhc p lcr , iorrs t i rnc stcJr  or  i t -
eral ion needs to be deforrnct l  in to : r  r rer l ,  orre.  l 'he boundatv condi t ions
fol  th is e lastostat ics problern alc user l  to dcl ine 1.he ncrv.  desire ' r l  shape



o f t hc  do rna in .  and  t hen  t hc  i r l c ' r i o r  no t l c s  ge t  d i s t l i b r r t e t l  acco rd i ng l r

T I r ^  n , l u a l i o n  b c i r r c ,  s o l r n r l  i s
1'16y past an oscillutirtg tirfoil at IleynoLtls rturnlrcr 1,000

I i ' lorv at  Re.-vnolds nunber 1.000 is  fo lccd past  a NACIA 0012 air -

f<.r i l  rvhich is  osci l la t ing rv i l l r  a non di tncnsic inal  f i 'cc luet t r :y  of  1.0.  
' l 'he

air fo i l  osci l la tes betrveert  angles of  at tack of  10 and 30 degrees.  Sl towl

in I r igurc 6 is  thc vort , ic i t l  at  var ious iustances dul ing the s imulat ion.

Thc s i r rmlat ion n 'as performcd on a Cl \1-5 s l tpcrcomputcr .  At  cach

non- l i r rear i te. r : r1, ion rv i th in each t i rne step.  t 'o t rghh' I i9.000 cquat ions

arc solved s imuhaueouslv using thc ( : iNI l tES lechr ique rv i th a d iagonal

prccondi l ioncr.  ' I 'he nrovernent of  thc a i l fo i l  is  faci l i tated b1'  dcfornra

t ions in thc space-t i tne domain;  at t t l  t , l tus.  no reureshing was t teet led.

Thc f in i te e lernt ' r r t  nresh,  which cot ts ists of  6.609 noclcs at td 6, ,160 ele-

n r c r r t s .  can  be  see t r  i r r  F i gu rc  7 .  a t  10o  and  : J0o  ang l c  o f : r l t ack .

I;orl.r:t:-irLrlutrrl r:ibratiorts of a cylitulcr itt t,ertical dirtctiott

This probleni  re1)reser l ts  a s i rnple modcl  of  f l r r id-struct  r t rc interac-

t ion.  . {  c1 ' l i rLder mountcd on l ight l f  i lantpred spr i t rgs is : r l lo*ed to t t tove

i r r  t l r c  vc r t i ca l  c l i r c c t i on  i n  r esponse  t o  t hc  f l u i d  f o r ces  ac t i r i g  o I r  i t .

T l r e  n ro t i on  o f  t he  c t l i n r l c l  a l l t : r s  t l r e  vo l t ex  shc t l d i r r g  r r r echa tL i s t r t  o f

t l re t :v l inder s igni f icaut l l 'ant l  leads to scvcla l  inte lest i r rg ph1's ica. l  p i te-

norrrena.  : \  detai led numcr ical  i r tvest igat iou ol  s t tc l t  at t  osci l la , tot  catr

be found in [5] .  The rnol ion of  l l ie  cv l i rde r  is  gort r r t t ' r l  bv t i rc  fo l lorv i lg

cqua t i on :

" i ' ] . ' -o  in  t l '

oi - (';tt Li'i 't '

( 1 8 )

(  1 e )
with o ' '  c lef ined as

where  ( . ' ; r7 .1  a , re  th t ' f i r : t i t i o t ts  Hookeat t  e las l i t :  coe{ f i c ie t t t s .  a t l r l  € " 'dc

l ined  as

.,,,,, _ 
t, i ' .) I r i, ' t . 

(20)-Ar  -  . )  .

whcre  v ' '  dcnotes  d isp lace tnents  o f  t lLe  t ro t l cs .  fo  be t te r  p t t ' sc rve  t l l t :

s t r l l c t u r c  o f t h e  o r i g i n a l  r n e s l t  i t t  t h e  h i g h  r c s o l t t t i o n  r c g i o l t s .  t h e  s n l a l h r '

e le rnen ls  a le  tnade s t i f fe r  thar r  the  la rgcr  ones .  T l t t :  t r rod i f i cahon is

ac i r ievcd  b .v  d lopp ing .  i r t  thc  co t t rp t r ta t ion  o I  the  s t i f l ' l ess  t l i : t t t ' i x .  1 . l re

Jacob ian  o f  the  t lans fo l r t t : r t io t i  f ro t t t  t l i e  c lc t t ie t i t  donra i t t  1  o  I  i l e  p i rvs ica l

dona in .  i l v  do ing  so .  thc  s t t ta l l c r  c lc t t te t t t s  bcco t t t t '  s t i1 re r  tha l r  the

l a r g e r  o n c s :  a n c l  t h u s ,  t e t a i n  t l t c i t  s l r a p c s  l r c 1 1 e t .  I t i  l l l i s  p l r l b l e n t .  t ' r '

c o n t r o l  t h e  d i s t r i b u t i o n  t t f  t l t e  t t o d e s  a t  t h c  i t t l e t l a c t ' t o  l t a v e  o r l i t a l

s p a r : i n g  t h r o u  g l r o t t t  t i t n c .

l ' o r te r  in . t t ' rac t ion  u : i th  t  Jn  t  ;u r fu l 'e

I n  t h i s  f l c c  s u t f a c c  p r o b J e l l l  { s c o  l j i g u l e  i J ) '  s r r r f a c e  d c f o l n r r l i o i r s

a r e  g e n c r a t e t )  b v  a  p a i i  o l  r ' o : t i c c s ; r l r p l o a c h i t l g  l i t t ' s t t l f a c r ' l l o l t t  b c

k i w .  
' f h c  

v o r t i r : c s  c t e a l e  l a r g e  s t t t  f : t c e  d i ' f o t t : t a l i < i t t s .  a n r l  c v e t t t l t a l l v  t l t c

g c u c r a l e d  r v a v c  b r t ' a k s .  
' 1 ' h c  

l i r o b l c t t t  t a s  s r i l l c r l  n i t l l  7 . S ( ) 2  c l c t l t t ' l l t s

a n d  S . 0 1 l 6  r r o t l c s .  l ' l r e  l 7 . r - r 7 { }  f i r ' l t l  e q t t a l i r i t r s  a l r d  1 ' r . - 1 i } 7  t t t e s l t  t t t o r e

n r c l t s  e ( l l l a t i o . l r s  * ' e t e  s o l v c t l  o r r  l ' \ l  ' r  L i s i r t g  a  C i \ l l i l l S  t c c l r r r i c l t r c  r i i t l r

a  d i a g o n a l  p r c c o n d i t i o r t t r r .  
' l ' l r i ' r ' e s t t l t s  

\ \ ' c  I e l ) ( ) r t  h t ' L c  a l t ' l t l e l i t t t i l l a l r '

a n d  r v e r e  o b t a i n e d  r v i t h  u o  t e t r t t ' s h i u g  a t  a l l .  l l o t ' c v r : t .  i 1  i s  c l t t i t c  t : l t ' a ;

t h a t  l h i s  i s  a  p r o b l e t t t  i r r  i v h i c h  r i e  t v j l l  t t c c r l  s o t t t c  t c m c s l l i t t g  o n c c  i t t  a

t l L i l e .  I n  f a c t .  r l u e  t o  t t l a c c e p t a b l c  l c v e l  o f  t t t c s l t  r l i s l o t t i o t t s .  a f l e t  t l t e '

l a s t  i l a , r n e  i u  l ' ' i g r r r o  l J .  t i r c  s i r r r r r l a t i o t t  b c t o t t t e s  r l r l r e l i a b l t '  l t t  f t t l t l r t '

s i l ru la t io rLs ,  renre .sh i Ig  rv i l l  be  t rsc t l  to  gc l te la tc  a  t te . rv  t t les l t  rv l le t t  th t '

c u L r e r r t  n t e s l t  i l c l s  1 o o  d i s l o r t c c l .

l ' o u n t a i t t

' fhe  
spacc- t in rc  fo r rnu la l io t t  i s  ap1; l i cd  l le rc  lo  so lve  a  p toLr le r l i  in

v o l r ' i r t g  d r a r t t a t i c  t l e f o r l t r a t i o n  o l  t h e  i r r i t i a l  d o l n a i l .  r \  f l o w  f l o r n  a

four r ta in  rs  s i r r iu la t td  i rv  l r rcsc I ib ing  a  u r r i t  v t ' r t i ca l  Ve loc i l r 'a1  thc  lo rvcr '

( i n l l o r v )  b o u n r l a r v  o f a n  i r r i t i a l l v  r e c t a n g u l a r  1 . 0  x  2 . 0  d o r l l a i t t .  \ ' c r l i c a l

s l ip  conr l i t iou  is  i rny roset l  a t  thc  s r r le  rva l l s  o f  the  in i t ia l  t j r l tna i t l ,  rvh i le

the  topmost  (ou t f lo rv  )  boundar f  i s  le f t  f rc t ' .  As  the  f lu id  e t t tc rs  t l t c

donra in .  i l  over l lo*s  thc  sJ ip  rva . l l s  aur l  fa l l s  dou 'n  t tnder  t ' l t c  in f f r tc t rce

o f  u n i t  g r a v i t r ' .  T h c  i l u i t l  i s  a s s u r t r c t l  1 o  b c  i r l v i s c i t i .  a n d  t h c  t i t u c  s t e p  i s

take |  as  0 .05 .  
' rh lee  

f in i le  e lcnre i l t  n tcshes  anc l  p ressure  f ie lds  f |o rn  th is

s imu la t ion  arc  s l ro t rn  in  I ' i gu |e  1 .  h t  th is  cas( ' .  a  l l cw rnesh is  gcrera tec l

au ton ta t i ca l l l  cverv  t i r r re  thc  d0nra i l l  i s  de for r t te t l .  and  t l ie  so l t l l i on  i s

p r o j c c t e d  f r o r t r  t h c  o i d  t r r t s h  t o  t h c  n e r v  o l e .  T h e  t t u n l b c r  o {  c i t ' l t t e t l t s

g r o r v s  f r o n r  t h o  j n i t i a l  6 1  1  t o  2 . 1 2 ( j  a t  1  =  6 . 0 .

Slprin.kle r

S i m i l a r l v  t o  t i r c  p t e c e r l i t l l l  c x a l r r p i c .  t l l e  s l t a c e  t i t t t c  l b t u r r r l a t i o l l  i s

u s e d  h c r e  1 o  s i t l u l a t c  f l o r v  f t o u t  a  s p l i n k l e r  l i k c  c o l f i g r r r a t i o t t '  A  s l t o r l

v e r t i c a i  p i p e  2 . 0  u r t i t s  l o r r g  a n r l  1 . 0  u n i l  * i d c  i s  l o c a t e < l  0 . 5  t : r t i t s  a l t o v e

a perpcut l i r : r t la r  p la tc  b lock i r lg  l l re  f lo$  o f  f lu id  l \ ' r l r r r  l i re  p ipc  
'1 - i re  

f lu id

c r t e r s  a t  l h e  u p ; r e r  e ' n t l  o l  t h c  p i p e  r v i t l l  u t l j l  r l o t t t w a t t l  v c l o t i t r "  
' I l l e

ver l i ca l  p ipe  rva l l s ,  as  $c l l  as  thc  b lo r :k ing  P la te .  a te  ass l l l l t t ' t l  to  pc t ' t t t i1

s l i p  a l o n g  1 h e  s u r f a c e .  
' l ' i r c  

l l r r i c l  l l o $ ' s  a l o u r r d  t l r t ' p 1 a t r ' : i r t d  p l o c e c t l s

d o r v n r v a l t l  u u c l e l  t h e  i n l l u e n c c  o l  a  u n i 1 .  g l : r l i t v  f o l ' c c .  
' l ' l r e  

v i s c o s i t v

o f  t h c  f l u i d  i s  0 . 0 0 1 .  u ' l r i l e  t h e  t i l n e  s t e l )  i s  t a k o n  a s  0 . 0 1 .  I r r  t h i s

prob le rn  thc  sur face  te l ts ion  coef f i c ie l l l .  a t  the  f l r t i c l  i r r t t r r face  is  t ) .001

Th lee  f in i te  e lemcnt  t r tes l tcs  a t rd  P l ' css l l rc  f i c l r l s  a lc  s l tou ' l  i t l  I r ig t r le  ' i

As  in  the  prcced ing  prob le tu .  la rge  c lc fo r rna t io r r  o f  thc  donra l l  . jus t i l i es

rcgcr re ra t io t t  o f  the  f i r t i te  l l t - '111o l l t  l l tes l t  a t  cVt 'L l  l i l t t c  s tcp .  The c lc l t te t l l

c o u n t  i n c r e a s e s  f l o n r  7 8 0  t o  i . S - 1 0  a t  I  =  1 . 0 .

I I e l e  ) '  r e p r e s c n t s  t l t e  t t o r n t a l i z c d  v e r t i c a l  d i s p l a c c l t t r : t t 1  o f  l l l t '  c r ' l i n

r i c r ' .  
' ] I ' h e  

c l i s p l a c e r r r e n t  a n d  l l i e  v e l o c i t v  o f  t h c  c r ' l i r t t l e l  a r c  l l o r l l l a l -

i z e d  b v  i t s  l a d i u s  a n d  1 h c  f t o c  s t t c a ; t t  v r : l o c i l v  l e s p c c l i v c J l ' .  . 1 /  i s  l h r r

l o n - t l i m c n s i o u a l  m a s s / r ; n i t  l e r g t h  o f  l h c  t l l i l r l t r .  i  t s  l l t e  s t r t t c l t t r a l

d a r r r p i r L g  c o e l f i c i e n t  a s s o c i a t e r l  w i t h  t h c  s J  S l e l l l .  : r t t t l  i ' ' 1 .  d r . ' ; r o t t ' s  I  I r e  i i l l

c o e J f i c i c l l  f o l  t h c  c v l i r r r l e r .  1 , ,  i s  t l t e  r e t l r r c e t l  t r a t t t r a l  f t o t l t t e t t r r . , r f l l l e

s p l i n g - n a s s  s v s t e m  a t t d  i s  t l e f i n e t i  a s :

2 f..o
t. L

I r
(22)

rv l ie re  r i  i s  the  rad ius  o f  thc  cv l indcr ' .  { I  i s  thc  f tee  s t team ve loc i tv

and f ,  i s  the  ac lua . l  r ta t r t ra l  f re t lucncv  o f  thc  s ls t t r l l l .  l r r  th is  p rob le tn .

F- , ,  -  66111c. .  t l  =  112. i4  a . r rd  (  =  : t - l l  x  t0  { .  Resu l ts  a rc  p tcs t : t r ted  lb r

t rvo  d i f f c re r t t  Re- r 'no lds  n t t t t tbers  i l2 '1  a l ld  i100.  l ' b l  bo l l l  case-s .  t  l l e

r r n s t e a d l - '  l l o r v  p a s t  a  f i x c d  c V l i n d e |  a t  t l r r :  r e s p c c t i v e  R c v t i o l t l s  t t L t l r t i t c r s

i s  u s c d  a s  1 , h e  i n i t i a l  r : o n d i l i o t r .  T h e  l i r t r r - '  s t e p  f o r  t l t e  '  o t t i l r t t l a l i o t i '  i s

1 . 0 . ' f h c f i t r i t e e l e n t e n t t t t e s l t c o n s i s t s o f ' 1 , 2 0 9  l l o c l c s a t t r l  ' 1 . 0 ( j 0 e l o r l r c n t s '

. \ t  each t in re  s tep  apptox i r r ra tc lv  25 .00 t )  cqu : r t io t ts  a re  so l r ' c t i  t t s i l tg  l l te

G \ l  R . E S  t e c h r t i q u e .  I n  b o t h  c a s c s .  a s  a .  I  c s t t l t  o f  t h e  c v l i n d e r  v i t r r a t i r i n s .

t h e  t l r a g  a r r d  t l t e  t o t t l u c  a t : t i n g  o l  t h c  c v l i l r d c r  i t l c r e a s c  s l r b s t a l l i a l l v

rvh i le  there  is  a  decrease i r r  the  a tnp l i tuc lc  o f  the  l i f t  ac l r l rg  on  t l t c

cv l indcr .

Rr:yn.old..s rttnn.bt r :J24

t ' o r  R e v n o i d s  t t L t t n b e r  : J 2 - 1  l h e  t c d t l c e t l  I t a l t t r a l  f t c t l t t c n c v  c ; f  1 l l "

s p r i l g - n a s s  s v s t c t t t  a u d  t l t e  S 1 r ' o t r h a l  t t t l t t t b c t  l i r r  { l o r v  1 r a s 1  a  l i r l r l

r : . r ' l i t t c le r  havc ' r 'e rY  c lose  Va lues .  , \ s  soo t t  as  l l l e  c l l i r r t lC t  i s  re l t 'aser l

i t  s t a r t s  o s c i l l a t i t t g  r v j t l t  a t t  a r t l p l i t u t i < :  t h a t  i t t c l c a s r - ' s  $ i t h  l i r r r i '  l - r ' r ' t l

t r r a l L v ,  a  t c r r r p o r a l l l ' p e r i o d i c  s o i t t l i o r l  i s  o b t a r r r c r i .  I i g n l c  S  s l r o r v s  l l t e

t i m e  h i s t o r i e s  o f  t l L i ' d r a g  a n d  l i i l  c o c f l i c i e n t s  a n r l  l l r c  t t o i l t l a l i z t ' t i  ! t ' r

t i c a l  r l i s p l a c t ' r l e n t  o l  t h e  c l ' l i t r d c l  f o l  t h r '  l r c l i o t l i c  s o l t t t i o t t .  F l g r r r e  1 . )

s h o [ ' s  a  s { ' ( l l r e n c c  o l  f r a t t t t ' s  c l i s l r l a v i i l g  t } r e  v o l t i c i t l  { i 0 l r l  r l l r l i r l g  i i r l o

per io t i  o f  thc  r :y l in t l c l  r r ro t io r r .  
' i ' hc  

f i r . s t  a r r r l  las t  f ranrcs  cor r ts l ron t l .

r c s p e r : t i v c l v .  t o  t h e  l o r v c t  a t t d  u p l t t : r  c x l r e l l l c  l r o s i t i o t l s  o f  t h e  i l l l n

dcr  rvh i le  the  rn idd le  f ra rue  cor rcsponds to  thc  I t tea t t  cv l i l tdc l  loca l io t t .

I h c  v o l t i c e s  i n  t h c  r v a k c  o f  t h c  o s c i l l a t r r r g  c l i i l l d e r ' l l a v c ' a  J : i r g c t  i a l -

e r I a l  d i m e t t s i 0 n  c o r t t p a l c t l  1 o  l l i o s ( ' i r r  t l r e  r V a k t ' o 1 ' a  l i x e d  r : r ' l i r L d t ' r "  I  l r e

s o l u t i o n  r v a s  c o i l t p t t t e t l  o r r  ( ' R A \ ' \ l \ l l '  l ' - , \ .  
' l  

h e  i i i l c a l  e r l l t a t i o r t  r v s

l e r n  r c s u l t i n g  f r o n t  t h e  [ i n i t c  o l e t n c t r t  d i s c t c t i z a l i o n s  i s  s o l V c d  r r s i n g  t l t c

* * r,0,,;!  + (1, t, , l \  - +

1 0



Ci \1R . I -S  n re thoc l  i r  co l r j u t t c t i o t r  r v i r h  ( ' l - l l l :  p reco t t t l i l i o t i c r  [ 10 ] .  . \ n

avorage c luster  s ize o{  2 jJ e l t : r r retr ts  at t t i  a I r r l lov s l tacc ol  d intc ls ior i  25

\ \ ' h :  u 5 . r l  f o r  1 l r ,  ,  o t r r I r t 1 a l i o r r . .

Reynokls nurrtber |J00

At Reynolds nurnber 300 the reduced uatural  f requency of  the

spr ing-mass system is larger than the Strouhal  number for  f low past

a.  f ixed c1' l inder.  In i t ia l ly ,  the osci l la . tor  exhib i ts  t l te phenonrenon of

beats.  At  a later  t i rne,  the vortex shedding f requency of  the cyl inder

locks on to the natural  f requency of  the spr ing-rnass system. Final ly '

the cvl inder rcachcs a per iodic osci l la , t ion ampl i tude of  approxinrately

one radius.  Figure 10 shows ther t i rne histor ics of thc t l rag aud l i f t  cocf-

f ic ients and the normal ized vert ica, l  d isplacernent of  the cyl inder wherr

i t  reaches a ternporal ly  per iodic statc.  I i igure 11 shows a.  scqucucc of

f rames displaying the vort ic i t ,y  f ie ld dur ing one per iod of  the c-v l i r rder

mot ion.  The f l rs t  and last  f ramcs correspond. respcct ivel l ' ,  to the lower

and upper extremc posi t ions of  the cvl inder rvhi le the rn iddlc f ramc cor-

responds to the nreau cr ' l i ldc l  locat ion.  ln th is casc.  thc iongi tudinal

spacing bct*een thc vort iccs in thc nake of  thr :  cv l indr: r  is  snal lcr  than

t lLat  for  a f ixer l  cr ' l i rLc ier .  l 'h is  arrangenrer l t  of  vol t ices appeals to be

u l s t ab l c '  a rLd  t l r c r t l i r r e  t he  vo l t i ces  coa lesce  r l o r vns l , r ean r .  Thcsc  com-
pu ta t i ons  $e rc  ca r r i cd  ou t  on  ( lN l  i r .  I hc  l i n ca l  cqua t i , r r r  \ \ ' s t en r  i s
sohcci  using G\IRES in con. juuct ion rv i th a c l iagorral  p ier :ondi t ioner ' .
' f  

hc d imension of  the I i rv lov spacc uscr l  is  iJ [ ) .

I  lo t r  pa.s l  r t .s lu l ior tary . \ ' . ' l ( ' .1  A0 lJ  u i r lo iL d l le  yt rc lds nutnbe:r  100,000

L . r s t ea r l v  i : r r n i na r  so l r r l i on  i s  co rnp r r t ed  l b r  I i o r v  pas t  a  s t a l i ona ry

- \A ( ' ' \  0012  a i r f o i l  a t  10 "  ang l c  o f  a t t ac l i .  
' l ' h t '  l l e l ' no l t l s  n t i r n l r t ' r .  l ; a sed

o rL  t he ' cho rd  l cng t . h  o f t he  a i r [ o i ]  a r r r l  t Le  f l e r ' - s t r eanL  vc l oc i t r ' .  i s  100 .000 .
' I ' h c  

f i r i t e  c l e rnen l  r t t os l i  e rnp lov t ' t l  1b l  t h i .  s i t uu l a t i o t t  l o t t s i s l s  t i l  2 ( j . f l 00

r roc l cs  a r t l  2 t r . ( i 00  r l r r a i l r i l a t e r : r l  t ' l t ' r r t ' r t t s .  
' l ' h c  

a i l f o i i  , r l  un i l  t l r o t r l

I . r r q t l r  i s  l o c a t e r l ; r t  ( 0 . 0 ) .  l ' h e  t o n l r t t l i r l i o n a l  r l o r r a i t r  l i r ' '  i r t  a : t ' c 1 a r L

, l r l ; r r  l ' , , ; r  r i l r o : r , l r o t t o u r  l c f t  : i l d  1 o 1 r  I i g l r l  t o o l t l i t r ; r 1 r ' s ; r r r ' (  ( i .  ( i )  a r r d

: ) l r . r ,  r , ' . 1 )e (1 i vch .  I ' l r r ' l i l r r e  s t e l )  i s  0 . t ) { ) 2 .  , \  t t n i [ o r r r t  i r l l o r r  v r ' l o c i t v

. i  I  L t  , -  ' l r l r i f i c r l  a t  t ho  i e f t  bou l r l : r l r ' .  
' l  

h c  r i gh t  bou r r c l a l v  i s  an  o r t t

l Lo r i  l , o , r r r i l a l r ' .  a r t l  t r ac t i on  f r cc  cond i t i on  i s  app l i e t l  t he r c .  Svmtnc t r v

cond i t i o r r r  a1  l  l r r ,  l onc l  a l c l  L rppc l  bou r r r l a r i es  and  t h t '  no  s l i p  cond i l . i o r r

a t  t l Le  a i r f o i i  t r r r f ace  a re  spec i f i e r l .  , \ t  cach  l i t u c  s l ep  ap i r r ox i r t t a t c l y

160 .000  e r l ua t i o r s  a r c  sc i l v cc l  t i s i t i g  t l r e  C l \ l l t l l S  t r r c t l i od  i n  con j r r nc t i o t r

n i t h  a  d i agona l  p r t ' con r l i t i o re r .  T l i o  d i u r cns ion  o l  t he  l i r , t ' i o v  vec to r

space  emp love t l  i s  50 .  
' l ' h csc  

co t r r l r t t t r t i o t Ls  \ \ ' o t r ' ( a r ' r i c ( l  ou1  on  C \ I - 5 .

Figure 12 shorvs.  rcspcct ivc lv.  a scquence of  f larues displaving tho

vort ic i tv  f i t : l r l  arLd str t 'arn f l rnct ion at  i ive c l i f l t ' r 'cr t  instants.  l iorr r  t lLcse

picture- . .  i t  can be obscrved that  tLc f lorv orr  thc r rpper srrr face oI  t l r t :

a i r for l  separates vcry c losc to thc lcading cdgc.  Orrr  conrput : r t iorrs do

not reveal  any appareut  per iodic i t f  in  thc shcddirg of  lhe vortex stntc-

turcs.  This fact  a lso urani fests i tsc l f  in  t l re t . i rne histo l ies of  thc l i f t  and

drag coef f ic ients on the ai r {o i l  rvhich aLc shorvn i r r  I f igure l l l .  \ \ 'c  do

rea l i ze  t ha t .  i r r  r ea l i t r ' .  f l ou , s  a t  such  h i gh  l t e l ' no l ds  nun rbc rs  a re  t u l bu -

l en t .  O r r r  goa l  l r e re  i s  t o  c l emons t l a t e  t ha t  o r r l  f o l r n r r l a t i o r r s  a l o  l ob r r s l
e r rough  t o  hanc l l c  nun re r i <a l  c l r a l l cnges  pose t l  l r l  suc l r  h i gh  I l c vno lds

n r r r r r bc l  f l ou  s .

i lou pt tst  a f r re ly l t l l i r tg . \ ' . - l ( ' . )  00 1.J r i . rJoi l
' [ ' h i s  

s i nm la t i on  i uvc i l ves  a  \ , \ ( ] - \  0012  a i l f o i l  f a l l i ng  unc l t : r  l l r e  ac -

t ion ofgravi tv arrd f l r r i t l  {o lces.  
' l 'he 

ai r lb i l  is  assrrnrccl  to bo urado ol  a
ru ta te l i a l  r v i t i r  t l c r s i t v  o f  10 .  

' f  
he  r l r : l s i l , r '  o f  t hc  su l l ou r r r l i r r g  l l u i d  i s  l .

Basec l  on  t hc  dcns i t r '  ; r r r l  1hc  shap t '  o f  t l r e  a i r ' f o i l  i r s  r r r ass  anc l  po la l  n ro -

rnen t  o f  i n c l t i a  a l c ,  r espoc t i ve i , r ' .  1 . 00E  a r r r l  0 . 22  l .  
' t ' h c  

ccn t c l  o l  g l av i t v

o f t he  a i r f o i l  l i e s  a1  0 . . 117  cho rc l  l cng ths  f i on r  t i r c ' i r - ' a r l i ng  e r l ge .  
' l ' l L c  

a i r
f o i l  o f  un i t  cho l r l  l eug th  i s  i n i t i a l l v  l oca t cc l  a t  ( 0 ,0 ) .  f  i r c  co r r r pu ta l i ona l

donra, in l ies in a rcctangulal  box rvhose bot torn lef t ,  and top l ight  coor ' -
d i . na tes  a l e  ( -  10 . -  l 0 )  a rLd  (20 .10 ) .  r c spec t i v c l v .  1 ' l r c  g rav i t a t i o r r a l  f o l ce .

o f  mag r r i t ude  1 .0 .  ac t s  i n  t l r e  ncg : r t i ve . r - d i l ec t i o r r .  
' l ' h c  

f i n i t c  e l en re r r l
rnesh emploved fo l  th is s i rnulat ion consists of  8. .116 nodes ar t l  8. ;10.1

e len ren t s .  Zc l o  ve l oc i t v  i s  spcc i l i e< l  a t  t hc  l c f t  au r l  1hc  t oJ r  bou r rda t i es .
A t  t he  l owe |  bo r r r r da t r ' .  secon< l  co t r r l t o t | o i l t  ( t he  co tnpo l r cn t  no r . I l r a l  t o
t he  l oue r  bounc la l r ' )  o f ve l oc i l v  t s  spec i f i e r l  a  zcLo  va lu t ' .  t . h i l e  t heo thc r .
cor.npol lent  is  f rcc.  

' f ract ion 
f rec Lroundarv condi t ious are speci f ied at

thc r ight  boundan,.  
' l 'hc 

v iscosi t r  of  thc f lu id is  0.01.  
' l 'hc 

t i rne stcp is
0.02,5.

r \ t  /  -  0,  the ai r fo i l  is  re lcascd f torrr  rest  at  a 10o anglc f rorrr  t ,he
l inc of  gravi ty.  l ' igutc l . l  shorvs t l tc  t i rne histor ics of  the forces,  ve-
loci t ies and the displacernents associatecl  rv i th thc arr . fo i l .  

' I 'he 
pi tch

ratc and the displaceurcnt  are in degtecs/ul i t  l i ruc and degrecs.  re-
specl ivel l r ;  1he l incar veloci t ies and c l isplacetrrents are re l ) ( ) r ' tec l  for  the
rnid-chord point ,  of  the ai r fo i l .  \ \ ic  obsetve f ronr thc f igure that  the
air ' lo i l  leachos a ternpolal i .v  pel iodic solr r t  jon.  In acid i l iorr  l ,o having
a  l i nea l  ve l o t  i t - v .  t hc l e  i s  a  s r r l r e r i r uposcd  l l i t c l r i r g  r r i o t i on .  l . ' i g r r r . c  1 , . r
shorvs ; r  seql lencc of  f rarnes of  thc vort ic i t .v  f ic ld at  var ious instants
dur ing ouc pi tch cycle of  thc a i r fo i l .  ' l ' l rc  

f rarnes in ther lef t  colurnn
show the global  vort ic i tv  f ie lds:  thc c lose-rrps aroLrur l  the ai r ' {o i l  ar .c t l is
p l avcd  i n  t he  l i gh1 ,  co l r r n rn .  I r r  o r r l  co l t pL r t a t i o r s .  t ' c  mov r :  t i r t ' r ncs l r
u i t h  t he r  vc l oc i t v  o f  t he  r r r r r l  c l r o l r J  po i l t  o l  t he  a i r . { o i l .  Tho  p i t ch i ng
mo t i o r  o f  l l r r :  a i r f o i l  i s  acco ru rnoc la ted  bv  r r r ov i l g  t hc  nodcs  acco rd i t r g
1o  a  sche r t t e  desc r i bcc l  i n  I i r ] .  l t  s l r ou ld  be  t r o t r : r l  t ha l  t l t i s  p l o l r l cu t  i n
vo l ves  ve rv  l a l ge  d i sp l ace r r r e r r l s  o f t he  a i r f o i l l  d csp i t r :  t l r a l .  * c  a r c  ab le
l , o  c i l l r v  ou t  t  he  con rp r r t a t i ons  i i  i t  hoL r t  l c i i r es l r i l g .  

' l ' h cso  
r , es r r l l s  r vc r . e

c ( ' i l r l ) u t c0  0 t t  I  i \ l - . ' ) .

I:Lou, ptLst n "pr.o.jectile"

I n  t h i s  p ro i r l e ru  nc  s i r n r r l a t i :  l i r r :  c l v rLa r r r i c s  o i  a  " p i o j cc t i l e " .  I ' h c
p lo . j ec t i l e  i s  r uo< le l cc l  bv  a  t l o  r i i ; l cns i o r ra l .  n r i s s i l c  l j ke  e rb . j ec t .  ' I i r e

nose  se t l i on  o f  t he  p ro j ec t i l e .  o rLc  l i f t l i  o l  l l r c  r . l r o r i l .  i s  ; L  l r a l l  c l l i p se .
' I  

i rc  l t rnain ing l ra l t  of  t  hr ,  ob. j t .c1 is  l i  lcctaugie s i1 l r  lorrncl r , r l  of f  r .or . lc t .s .
' l ' l L c  

r nax iun r rn  t h i ck r ress  o f  t l r c  p l o j cc t i l r :  i s  12  pc r ce r l  o f  l h c  cho rd .
T ' ho  f i n i t e  e l en ren t  n r r : sh  used  [ i r r  t h i s  l r l o l i l c r r  i s  v r . . r ' r ' s i r r r i l i i r  t . o  t ] r < ,o r r r :
i t r  t l r c  D l c v i o u s  l r r o b L t ' n r .  

' l ' [ i c  
t l e r s i t r  r i f  l i r o  r r o : r , i s  1 . 0 0 { )  n h i i e  l l r a l

o f  l l r e  l c s t  o f  t I o  ob . j c c t  i s  . ' r [ ) .  
' l ' 1Lc  

t l c r r s i ] r '  o l  l l t c  s r r no r r r x l i r g  f l L r i d

i s  i .  
' l ' h c  

r nass  a r rd  l i o l a l  r no t r t t ' r t 1  o l  i r r t ' l t i a  a r r ' .  r t ' spcc l i vo l r ' . 2 : J . t i l

a rLd  i . 2 j l .  Thc  ccn t c l  o f  g rav i t v  o l  t ho  p l o . j c c t i L t '  l i c s  a t  0 .21  c l r c i r d

lcngths f rorn thc leading edge. 
- Ihc 

gravi t l '  forcc.  of  rnagr i tude 0.00J1.

acts in the negat ivc '9 d i rect ion.  Zcro veloci t . f  is  speci{ iod at  t ,he lef t

bo r rnda rv .  A t  t he  l owe r  and  uppe r  bounda l i es  second  co r l poucn t  ( t he

conporrent  normal  to tht :  bortndarr ' )of  vc loci tv  is  sper: i f ied a zeto r ,a lue.
' l ' rac1, ion {rec boundalv condi t ions arc spcci l ied at  the t ighr bout td:r r . \ ' .
' l 'hc r . is t :osin '  of  thr l  f lu id is  0.00 l .  Thc t inrc stcp used is  0.025.

' l ' h c  
i u i t i a i  coud i t i on  f o l  t h i s  s i n ru l a t i on  i s  t l r c  u r s t cadv  so lu t i on  f o r

f l ou '  pas t  l ho  p l o j cc t i l c  r vh i ch  i s  be i r t g  t oucc l  a t  a  10 "  aug le  o f  a t t ack

i n  t he  nega t i ve : ;  d i l ec t i on  a t  a  spccd  o [  1 .0 .  
' l ' he r  t ho  l t r o . j c c t i l c  i s  r c

l eased .  I ' i g r r r e  l 6  sho rvs  t he  t i n r c  h i s l o r i es  o f  l he  f o r ccs .  vc l oc i l i c s  a t t r l

t lLe r l isplaccrncnts of  thc project i le.  
' l ' [ rc  p i tch latr :  :nt t i  t l isp lacernent

: r re in dcgrees/urr i t  t i rne and dcglees.  r 'espect ivelv;  thc l incar veloci l ies

aud t l isplacenents a le re l )or tod for  the rn idchord point  of  the plo jec-

t i le .  F igure 17 shou's a se( luence of  f ramcs of  the vort ic i tv  f ic ld and

s t rea r r  f unc t i on  a t  va r i ous  i r r s t an t s  du l i ng  t hc  co tnpu l . a t i o t L .  l : t o t r t  t he

f i g r . ues  r ve  obse l v t ' t ha t  as  t he  s i n ru l a t i on  l ) t og l csses  t he  r r agn i t r r de ' o f

the vel t ical  conrponelr t  of  veloci tv  iuc lcascs whi lc  lhat  of  l l ro hor izontal

c{)r rpol}ent  decrca,scs.  As expt 'c tet l .  thc ox ' ta l l  speet l  t l l  t l ro p lo jcct i lc

c l ccLca . ses .  A l so .  t he  p i t ch  i l i sp l ace rnen t  o f  t hc  p ro j cc t i l c  i t t c l eases  r v i l l t

t i n re  bu t  t hc  ang le  o l  a t t ack  s tavs  a t  a  r ' : t hLc  t l ose  t o  ze ro .  l  h i s  l ac t

can  be  obse l ved  f r o r r r  l he  s t r ca tn  f u r c t i o r  l r i t t u res .

l"l6xt past o cyLirrltr ut ll.eynold.s rrurttber' 5,000

The veloci ty-pressl l re-st fess forruulat ior t  is  t rser l  to comptt te '  f lorv

pasl ,  a f ixed cvl indcr iu l , rvo di r r rensior ts.  at  Rcyuolds r tut t tber i r .000.  
' l  

l re

rrppol  and lorvcr  bourrdal ies a lc f lorv svnln letrv l i les.  rv l r i lc  t l tc  dorvn

stre i r r r r  i rouudarv is  t ract ion f lcc.  
' fhc 

t resl t  cot ts ists of  21.{Of i  quadr i

lateral  e lements.  wi t l t  cont i r tuous bi l i t iear  i r r terpolat iorr  | rnct ions {o l  a l l

va l i ah l es .  
' l l i e  

e l emeu t  s i z c  l l ca r  l l t i ' c v l i nde l  su t f acc  i s  o f  t hc  o l dc r ' 0 . 01 .

A  t i ne  s tep  s i ze  o f0 . l  was  se l cc l cd  t o  p rov i t i e  su f f i c i en t  t c so lu t i on  o l  l i t e

t l



vo r t ex  shedd ing  pe r i ods .  . \  d i ago t ra l  s ca l l ug  r v i t h  uo  p t ccond i t i o t l i t t g

r v a s a p p l i e d 1 0 t h c s v s t c l i l . ' I h e I i r . r ' l o v s u b s p a t : e s i z c i s 5 0 . $ i t l t i r o t l t c r

GNIRES i t e ra t iO i l s .  a r r r l .  tYp i ca lh ' . . 1  no i l - l i u ca r  i t c l a t i o l l s  l ) e I  t i l I l e  s t c l ) .
. l .he 

s i r .nulat ion was cout inued for  2.080 t imc steps a{ ter  l t 's tar t  f tout  a

steady state sol t t t ion at  Rt :1 'nol t ls  nut t tbcr  100,  and rcached a pel iodic

sta. te rv i th Strorr l ra l  t tut t tbcr  0.2. '16.  ncar /  = 100.() '  This statc is  c l tar-

acter ized by a dowurvatd def lect ion of  t l le  vortex street .  at td l lo l l  zcro

posi t ive mean valuc ol  t .hc l i f t  coef f ic icut .  l i re prcsence of  t rvo dist inct

per iodic solut ions at  th is Rct .nol t ls  nur l tber rvas couf i rnrer t l  by l tumer i -

cal lY invert ing.  at  /  = 160.0.  the cnt i rc f low f ie ld about the l ror izontal

l ine passing through the center  of  rhe cvl i r lder ' .  fhe rcsul t ing rrpu'atd

def lect ion of  1he rvake cont iuued t t t l l rer turbecl .  provi l tg that  t l io  two

solut ions (upwarcl  at td dorvtru 'ard biaseci)  are equ:r l l1 'adruiss ib le b1' the

sv ste ln.

Four d i f fe lent .  vor l , i t : i t1 ' f ie lds ale s l rorvu i t i  l ' igure 18 1 'he lbur '

f rarncs reprcsent  the fu l lv  dcvelopcd pcr. iodic f lorv f ic ld.  at  an instant

shen the l i f t  coeJl ic i t :nt  at l .a ins the t t tax i t t l t t t t t .  tneat t  ar td l t t iu i t t t t l t t r  at td

subscquen t  r r r ea r r  va l ucs .  r es l r ec t iVe l t ' .  I ' l r e  c t i l i | e  t i l l r e  l t i s l o l v  o f  t hc

drag ancl  l i f t  coef l lcrerr t ,s  is  s l torvtr  i r t  I r igurcs l9 ant l  20 '
, I I te pcr fo lnralcc ureasr l rc l t r ( . tLts lakcn { i r r  th is p lo i r let t t  tcVealcd t l tc

t o ta l  co rnp t r t a t i on  sPce t l  o f  . i 60  r r r ega i i ops  on  ( l l \ l  200  co r t t l r r r t e t  $ t t l t

32 .768  p roccsso rs .  
' l ' h i s  

f i g i l r . c  i r r c l r r r l e "  pa ra l l c ' l  oU tp r r l  o l  da ta  t o  l i r t '

Da ta \ i au l t  r r r ass  s l o l ag0  svs t c t l t .  [ i l  t he  so l r r t i o l  l ) l l a s ( '  t l l I  spec t i  o l

co l t . i l r r u i l i ca t i ou  bo t rnc l  ( ; \ IRES  so lV t , t . r ' oL r l i t r t ' a l r p i i c r l  1o  l | ( , 5 \ ' s l ( l l t l

r v i t h  129 .610  c l eg rces  o f  f r . ce r l , r r r r  uas  . ' r 20  t r r cga f lOps .  on  l L i , o t l r c r  l t a r l t l .

t l r e  l L i gh lY  paLa l l e l  n t a t r i x  f o r t na t i 0 rL  p l i as0  ac l t i eVcd  l . 61 i i  r r r t ' ga l l oP :  o t l

t hc  sa rnc  r r r ac l r i t i e .  : \ 11  con tp i l t a t i i ) l s  wc le  pc r ' l o l n t cd  i t t  t l o r r b l c  ( 61  b i l  )

p reci  s ior l .

F i gu rc  1 .  The  ( : l lBE /CC s t r a tegv  f o r  t o t a l l l  t t ns t r uc t  u red  rneshcs :

the f ine (pr imary ' )  and coarse (cornpaniotr)  r t teshes and the c luster  of

e lements associated to a typical  e lernent  of  t l te coarse lnesh.
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Figure 2. Fa.lling viscous drop: shape (left), iso surlace o{ vorticity (right top) and iso-surfaces of strea.m function (right boltom) at terminal
velocitv.



Fiqure 3. Vortex interaction with a fiee surface: mesh (left) and vorticity (right) at different ;nsiants'
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Figure 4. Flow from a fountain: rnesh (teft) and pressure field (right) at t = 2.0,4.0 and 6.0.
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Figure 6. Flow past an oscillating NACA 0012 airfoil at R€ynolals number 1,000: vorticity field evolutior.

Figure 7. Flow past an oscillating NACA 0012 airloil at Reynolds lumber 1,000: rnesh at l0' and 30o angle of attack.
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Figure 11. Flow pa,st a ve ically oscillatjng cylinder a't ReYnolds num-

be; 300: vorticitt at the lowest, mean and highesl location of the cYlir-

der.
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Figur€ 8. Florv past a. vertically oscillating cylinder at Rcynolds nurnb€r

324: time hjstories of the drag and lift coeJliciells and the normalized

vertical displacement.

FiBure 10. Flow past a verticaliy osciila,tin8 cylinder al Reynolds num-
ber 300: time histories of the drag and IiIt coefficients and the normal
ized vertical displacement.

Figure 9. Flow past a vertically oscillating c)'linder at Reyrolds number
324: vorticity at th€ loiv€st, mean and highest location of the cylinder.
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Figule 12. Flow past a" fixed NACA 0012 airfoil at Reynolds nrnrber 100,000: vorticity (left colullll) and str€am]ires (right column) at I =

14.1. 11.6. 14.8. 15 and 15.2.

Figure 13. Flow past a fixed NAC-A 0012 airfoil at lier-nolds Dumber 100,000: time histories oI the lift alrd drag coeficients.
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Figure 15. Floiv past a f.eely falling NACA 0012 airfoil: vorticity at various inslants during one pitch cycle ofthe airfoil.
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Figure 17. Flow past a "project i le": vort ici tv ( left  cohrlrn) aId slream iunction (r ighr rolt lnr l |)  at I  = 0.0.1?.5.;15.0.52.5.t0.0 ard 37.5.



Figure 18.  l ' lorv past  a cvl i r l ler  at  Rcvnolds l lnrDl)( r I  ; . (J00:




