MRS

AIAA-83-0125

Finite Element Formulations for Convection
Dominated Flows With Particular Emphasis
on the Compressible Euler Equations

T.E. Tezduyar and T.J.R. Hughes,
Stanford Univ., Stanford, CA

AIAA 21st Aerospace Sciences Meeting

January 10-13, 1983/Reno, Nevada

For permission to copy or republish, contact the American Institute of Aeronautics and Astronautics
1290 Avenue of the Americas, New York, NY 10104




FINITE ELEMENT FORMULATIONS FOR CONVECTION DOMINATED FLOWS
WITH PARTICULAR EMPHASIS ON THE COMPRESSIBLE EULER EQUATIONS

T.E. Tezduyar® and T.J.R. Hughes**
Division of Applied Mechanics, Stanford University
Stanford, California 94305

Abstract

A Petrov-Galerkin finite element formulation
for first-order hyperbolic systems is developed
generalizing the streamline-upwind approach which
has previously been successfully applied to convec-
tion-diffusion and incompressible Navier-Stokes
equations. The algorithm is applied to the Euler
equations in conservation-law form and is shown to
be effective in all cases studied, including ones
with discontinuous solutions. Accurate and crisp
representation of shock fronts in transonic pro-
blems is achieved.

1. Introduction

Analysis of inviscid, compressible fluid
flows, especially ones with discontinuities, has
been an interesting and challenging part of the
research done in th gield of computational fluid
dynamics (see Lomax'1}). Currently, finite differ-
ence methods are widely used. However, these are
difficult to apply to intricate geometries of aero-
dynamic interest. While the finite element method
has not been extensively used in this area so far,
there are potentially significant geometrical ad-
vantages.

In the finite element method, the problem
domain is’'discretized into sub-domains (elements),
and, via a weighted residual formulation, the go-
verning differential equation system is translated
into a system of ordinary differential equations.

In a weighted residual formulation, selecting
the weighting functions from the same class that
the interpolation functions are selected from,
leads to a (Bubnov) Galerkin formulation. When
applied to differential equation systems with sym-
metric operators (e.g. diffusion equations, most
structural and solid mechanics problems) Galerkin
formulations produce solutions with a ''best approx-
imation'' property. That is, the error is minimized
with respect to a certain norm.

For systems with non-symmetric operators
(e.g. first-order hyperbolic systems), however, the
Gaterkin formulation does not possess a best ap-
proximation property. This, in some cases, may re-
sult in solutions with spurious node-to-node oscil-
lations. In fact, this problem is not limited to
Galerkin finite element formulations. It also
arises for finite difference schemes when non-sym-
metric operators are approximated centrally.

Instead of using weighting functions which
lead to a Galerkin formulation, one can employ a
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Petrov-Galerkin formulation by modifying those
weighting functions according to an optimal rule.
The basic idea is to minimize the spurious oscilla-
tions without introducing excessive diffusion to
the soltution.

An optimal streamline upwind/Petrov-Galerkin
formulation for convection dominated flows was re=~
cently developed by Hughes and Brooks(2’3'h/ and
was successfully applied to the solution of convec~
tion-diffusion and incompressible Navier-Stokes
equations.

In this work we present a Petrov-Galerkin
algorithm which is a generalization of the stream-
tine upwind/Petrov-Galerkin algorithm to hyperbolic
systems. The weighting functions (which would nor-
mally lead to a Galerkin formulation) are perturbed
by the product of the coefficient matrix of the hy-
perbolic system, the gradient of the weighting
function and a time parameter. By incorporating
the coefficient matrix of the hyperbolic system
into the weighting function we automatically in-
ject the eigenvalue/eigenvector information of the
system into our finite element formulation.

In section 2 we briefly describe the hyperbo-
| ¢ systems that we are concerned with, and in sec-
t:on 3 we introduce the Petrov-Galerkin formulation.

In section 4 the procedure of finite element
di retization is defined.

fn section 5 the selection of the time para-
met r, used in the Petrov-Galerkin formulation, is
dic ussed.

Section 6 covers numerical applications with
empihasis on problems with discontinuous solutions.

In section 7, we draw our conclusions and make
suggestions for future research.

2. Initial/Boundary-value Problem

Let § be an open region of [R"Sd , where
ngd s the number of space dimensions, and let T
and Q denote its boundary and closure respective~

ly. Spatial and temporal coordinates are denoted

by x= {x;}€Q and t e [0,T] respectively.
Consider the following system of m partial
differential equations:
Uu, +A U . +6=0 1
~’t ~J ~J ~ ~ ( )
where
U= Ulx, t) (2)




~J J ~
6=0G(U, x, t) (&)
U ;= ou/ax (5)
Nsd
AU .= XY A. U . (summation (6)
RE RS j=1 "4 convention)
Eq. (1) is said to be hyperbolic if for each
K =1{kj} € R"sd there exists a transformation ma-
trix S such that
-1
S (k, A)s = A (7)
where A is a real, diagonal matrix.

Eq. (1) is called a balance law if there
exist vectors éﬁ such that

A =3 &, j
Aj = 3F,/au P<js<ngy (8)

If, in addition to (8), we have that

6=0, (1)
is called a conservation law.

Specification of appropriate boundary condi-
tions for hyperbolic systems is a heavy task, espe-

cially in multi-dimension?. For a gegﬁral treatment
of this topic see Moretti 5) And Yee(6). For the

present purposes, it suffices to assume that the
boundary conditions take the abstract form

3 U =g(t) (9)
where 3 is a boundary operator and g is a pre-
scribed function. -

The initial/boundary-value problem for (1)
consists of finding a function U which satisfies
(1), the boundary conditions (9), and the following
initial condition:

9lx, 0) = Yy (x) (10)

where Uo is a given function of

xe€q.

3. Weighted Residual Formulation

Consider a discretization of 0
subdomains @~ , e = ] y 2 e, Neg »
is the number of elements. We assume

into element
where ngp

Neg

Q= [ ()
e=1
Nes,

¢ = Q¢ (12)
e=1

A weighted residual formulation of (1) is
given by

o=f»7~u +A, U . +G)d |
R R Rt

9

where Q is a weighting function and - denotes the
dot product. In all cases we assume U is approxi-
mated by standard, €O , finite element interpola-
lations. The weighting functions may be selected
from a different set of functions than the trial

solutions. Thus (Ig) gives rise to a Petrov-Galer-
kin formulation.(2-L, 7-14)

An important class of Petrov-Galerkin me thods ,
which is emphasized in the sequel, is defined by
the following expression for W

W=+ vy (14)
where W is a member of the same class of functions
as the trial solutions and

_ T

To= 1, A (no sum) (15)

where 1. s a parameter which is chosen to opti-

mize accuracy according to some criterion. This
class of methods represents a generalization to
hyperbolic systems of the streamline-upwind/Petrov-
Galerkin formulation which has been successfully
applied heretofore to the convection-diffusion and
incompressible Navier-Stokes equations.(2,3»

The above choice of Ti bas interesting con-
sequences. For example, assume the one-dimensional,
linear, constant-coefficient case in which ¢ = 0.
Then the one-dimensional counterpart of Eq. (13)
reduces to the canonical form

0 =f(W+TAW)'(U
6 x ot

+ Qg,x)dﬂ (16)

where W = §TW

and U = §"'g . Thus (16) is equi-

valent to a system of uncoupled scalar equations.
Scalar equations of this form ar? extensively ana-
lyzed in Tezduyar and Hughes.(]s

Furthermore, this choice, in one dimension,
leads to difference equations which, under special
circumstances, have essential fg?tures in common
with the Lax-Wendroff method. (!

If 1. s taken to be zero then we have the
usual Galerkin method which possesses central-dif-
ference like character.

L. Semi-discrete Equations

Spatial discretization of the weighted residual
equation (13) via finite elements leads to the fol-
lowing semi-discrete system of ordinary differential
equations:

Mys+Cy=F (17)
where M = M(y, t) is the generalized 'mass' ma-
trix, C= Q(y, t) is the generalized convection
matrix, F = F(v, t) is the force vector, v is

the vector of (unknown) nodal values of U, and

a superposed dot denotes time differentiation. The
initial-value problem for (17) consists of finding
a function v = v(t) satisfying (17) and the ini-

tial condition

v(0F= Yo (18)




where v is determined from (10).

~Q
The arrays in (17) are assembled from element
contributions:

Neg,

o= A (%) (19)
e=1

Te = [Tab] (20)

sz = f (Na b Na,l IIT)Nb dsl (21)
e
Neyg

c = A (22)
=1

< = e (23)

[ T
<oh f (N, I+ Naoi T )A~\JNb do  (24)

Ae
Net

Fo= A (%) (25)
e=]

£ o= (26)

ih
o o
"
z
o
(£
a
o]

© L (my 85 g ) (27

where l\ represents the finite element assembly
operator; a and b are (local) element node
numbers; 1 < a,b < ng, where neny is the number
of nodes for the element under consideration; N3
is the element shape function associated with node
a; 1 is the mxm identity matrix; and gb

is a vector which contains the boundary condition
data emanating from (9). The dimensions of the
nodal arrays mab and ¢§, are mxm, and
the dimension of f¢ and gg are m x |

5. _Selection of Tj

Three expressions for T; have been experi-
mented with. They are given as follows:

spatial criteria

We consider two multi-dimensional local cri-
teria:

T, = i
; Fa h/p 1 < i< Neg (28)
and
T, =Fa hi/oi (ho sum) 1 < i < Neg (29)
where a is a transient algorithm parameter,(IS)

F is a non-dimensional parameter and P, is the

spectral radius of A; , that is,

o, = max  |A (A.)] (30)
1<j<m 37
and
o= llel] = (p; oi)l‘f (31)
h = h. p/0 (32)
he= 2[]9 x; || (33)

Eq. (33) holds for standard low-order isoparametric
elements. The gradient operator, ¢ , is taken in
terms of the natural Cartesian coordinates of the
bi-unit n_g4-cube. For example, (33) yields the
following formulas:

ng=1: hs= 2| ax/3¢g)| (34)

b3
ax.\’ ax; \
h, =2 7w/t 5 (35)

If other types of finite elements are employed,
(33) needs to be suitably modified. Note that (28)
and {29) are local specifications of T; in that
it depends upon the element geometry and eigenva-
lues of A which varies from point to point. Ra-
tionale for this form of T; s provided by the
following examples:

n

|
N

sd ~

Examples
1. Consider the scalar model equation
U_+xuU_=0 (36)

re is assumed constant.
3) have shown that if

Vs (37)

then the semi-discrete equations achieve fourth-
order phase accuracy.

Y? Raymond and Garder

Fo =

2. Consider the steady analog of (36) regu-
larized by a diffusion term,

A U,x =g U,xx (38)

As € > 0, the choice

Fa=y (39)

leads to nodaily exact solutions. The general case
for the convection- d|ffu5!8? equation is described
in Hughes and Brooks.

Remark

The preceding optimality conditions, (37) and
(39), need to be altered for higher-order elements.
For example, in the case of three- node quadr tic
elements (39) should be changed to ?
Throughout this work only low-order elements are




employed.

temporal criterion

In this case we assume

T, = Fa At Ui <ngy (ko)
where At is the time step of the transient algo-
rithm. Note that (40) is a global specification
in that At is the same for all elements.

This choice, in one-dimension, with F = |
and o =} and coupled with an explicit transient
algorithm leads to a Lax-Wendroff type me thod. (15)
Remark

The factor, F , in (28) and (40) has been
included to account for nonlinear effects. It has
been our experience that a value of F greater
than or equal to one needs to be employed to ade-
quately handle shock-wave phenomena.

6. Numerical Applications

Isothermal flow in a nozzle

We consider one-dimensional isothermal flow
in a nozzle with cross-sectional area varying
along the axis. The governing baé?nce law egua-
tions, provided by Lomax et al.<] , possess the
following conservation variable, flux and source
vectors:

i
U = pA ] (1)
; u
pu (
F = A 42)
- pu2 + pc2
° (
¢ = 43)
2 2
-pc A,x

where o , u and c¢ are density, velocity and
acoustic speed respectively. A is the cross-
sectional area of the nozzle.

We present results for the case in which the
nozzle cross-sectional area is

(x - 2.5)2

A{x) = 1.0 + 7.5

0 <x <5, (4&)

and the acoustic speed is
¢c = 1.0 (45)

The flow is subsonic at the inlet and outlet.

A shock front forms at x = &4 . The exact solu-
tions, which can be obtained by the integration

of the square of the Mach number (in this case u2),

were provided by Lomax et al.(]8)

For boundary conditions, density was specified
at both ends of the nozzle.

We introduced the source term into the equa-
tion system in a transient fashion. That is in-
stead of having the full value of the term A,x at
the beginning, we let it reach its full value gra-
dually. This is done by taking A,x as a linear
function of time during an initial time interval at
the end of which A x Teaches its full value. The

. ’
numerical A , can be expressed as follows:
s

(n ) n/ngpon<ongg
, X/ NUMERICAL
T = (46)
» X 1 n>n_,
- ti
where n denotes the number of time steps mark-

ing the éhd of the transition interval.
problem solved, nti =10

For the

The finite element mesh has 40 elements with
element length of 0.125 We set the transient-al-
gorithm parameter ¢ to unity and employed impli-
cit time=stepping schemes with 2 iterations. Fur-
ther details are presented in Tezduyar-Hughes( 55.
The time parameter T was chosen spatially and the
time step was taken to be 0.5 .

Figure 1 shows the results, for F =1 , 2 ,
5 and 10 , which are in close agreement with the
exact solution. There are very slight oscillations
near the shock front for low F . For F =1 and
F =2 the shock front is across only one element.
The error in the shock location is about half an
element length. As F increases, the shock front
becomes smeared.

Entropy condition test problem

We tested our algorithm on a problem governed
by the inviscid Burgers' equation

), =0 (47)

with initial condition shown in Figure 2, frame 0.
The initial condition has a stable shock on each
side of an unstable one.

The mesh has 40 elements with uniform element
length of 1.0 The transient-algorithm parameter
a was set to 0.5 The parameter T was chosen
spatially with F = 1.0 An implicit time-step-
ping scheme with two iterations was employed(‘Sg.
Each frame in Figure 2 corresponds to a time step
(At = 2.174)

As time passes, the unstable shock collapses
while the stable shocks merge and form a single
stable one. The last frame attains the exact
steady-state solution.

Flow around a thin biconvex airfoil

We consider the problem of a thin biconvex
airfoil placed in a uniform flow field. The axis
(xy-axis) of the parabolic arc is aligned with the



direction of the uniform fiow (non-lifting case).
The parabolic arc bounding the airfoil is de-
scribed by the following expression:

= b _ 2 4
X, = 3 ] (2 x]) ] (48)
where b denotes the ratio of the maximum airfoil

thickness to the cord length; we chose it to be
0.10 .

The governing equations are the Fuler equa-

tions. The conservation variables and flux vec-
tors are
1
Y
U= p (49)
Y2
e
u.c
u.pu, + 6.‘ p
g =< (50)
uppuy + 84, P
u. (pe + p)
j p p
where p , u and p are density, velocity and

pressure respectively; and &;: is the Kronecker
delta. The total energy per udit mass, e , |is
the sum of the internal and kinetic energies per
unit mass. An equation of state relates the pres-
sure to the other variables. That is:

plp, 1) (51)

©
1]

e-%lglz (52)

where i is the internal energy per unit mass.
If we have an ideal gas then the equation of state
becomes :

p=(y-1)pi (53)

Here Y is the ratio of the specific heats,
which is taken to be 1.4 . The acoustic speed
is related to density and pressure by the equation

=y plo (54)

Boundary conditions

The free stream parameters are taken to be

e = 1. (55)

The value of wuj, is set according to the follow-
ing formula which depends on the specified value
of the free stream mach number M,

2 Mi Y(Y = ')em
o= 7 (56)
Mo Y(v - 1)}/2 +1

Along the x;-axis, away from the airfoil, we
impose the following condition on uj

2 =0 ’ ,X]I > 5 (57)

On the surface of the airfoil, the velocity vector
must be perpendicular to the surface normal vector.
This restriction can be expressed as:

o
N

LIZ X

£ = (58)

Y1 X

|

[=X

Assuming that the airfoil thickness is small enough,
such that the uniform flow field is perturbed only
slightly, wu; can be approximated in (58) by its
free stream value (see Leipmann and Roshko(19)):.

uy _ dx,
UT = E;T (59)

From (48) and (59), the boundary condition on the
surface of the airfoil can then be expressed as

u =

9 -4 X|u

» Il <5 (60)

lo

We study the problem for two different values
of the free stream Mach number. The subcritical
value My, = 0.5 results in a symmetric subsonic
solution, while the supercritical value M, = 0.84
gives a transonic solution with a shock near x| =

0.3 .

Finite element mesh and boundary conditions

The computational domain is shown in Figure 3.
We utilize three finite element meshes with dif-
ferent overall sizes: the medium and fine meshes
with L} = 3.5, Ly = 3.0 , and the coarse mesh
with Ly =2.0 , tp = 1.5 . Each mesh has 4N
elements in the xj-direction; in the xj-direction,
there are BN elements across the airfoil and 4N
elements each upstream and downstream. The number
of nodal points are: (16N + 1) x (4N + 1) , total,
and (8N + 1) across the airfoil. For the coarse
mesh N =1, for the medium mesh N =2 , and
for the fine mesh N = 4

The meshes are shown in Figure 4; they are
symmetric with respect to the xy-axis.

At the left boundary we set p , up and e
to their free stream values. At the upper bound-
ary, we impose the condition uz = 0 , which can
physically be interpreted as a channel wall. Fur-
thermore, for the transonic case, we also impose
the free stream boundary conditions at the upper
boundary. Along the x]-axis we take the boundary
conditions of (57) and (60). Imposing the boundary
condition of (60) along the x)-axis instead of on
the airfoil surface is a standard thin-airfoil
approximation.



We used the temporal definition of the para-
meter T; with F =1 The transient-algorithm
parameter o was set to unity. Implicit methods
with one iteration were employed. {15

The steady boundary condition of (60) was
implemented in the same way as for the nozzle pro-
btem. That is, during an initial time period of
certain length, the airfoil thickness ratio was
taken as a linear function of time, and at the end
of this time period (4 time steps) it reached its
steady-state value.

Subsonic case

We compare our results, at free stream Mach
number 0.5 , to the analytical solution 20) of the
Cauchy=-Riemann equations of the small-perturbation
problem.

Figure 5 shows the analytical and finite ele-
ment (medium and coarse mesh) solutions. The va-
lues of Cp(CP) and Uj(U) are plotted along the
airfoil.

The time steps for the medium and coarse
meshes were set to 0.23 and 0.46 , respectively.
The fine mesh was not used for this case, because
even the coarse mesh results were very close to
the analytical solution.

Transonic case

Figure 6 shows the finite element solutions
at free stream Mach number 0.84. We employed the
medium and fine meshes with time steps 0.40 and
0.20 , respectively.

At the upper computational boundary, both
channel and free stream boundary conditions were
imposed. The difference in the location of the
shock fronts, for these two cases, is about 6% of
the cordlength. This is to be expected, because
the channel boundary condition results in in-
creased Mach number at the upper computational
boundary.

In this problem, the medium mesh performed
almost as well as the fine mesh. One should also
note that even the fine mesh is relatively coarse
compared to most finite difference grids used for
this type of problem.

Figure 7 shows the Mach contours for the fine
mesh with channel boundary condition.

7. Conclusions

In this paper, a Petrov-Galerkin finite ele-
ment algorithm for first-order hyperbolic equa-
tion systems was presented. The algorithms were
tested on several problems invoiving solutions
with shocks. Accurate solutions were obtained in
all cases studied. The algorithms handled shocks
very satisfactorily; the shock fronts were, for
the most part, very crisp with minimal oscilla-
tions.

Overall, the finite element algorithms sug-
gested here performed very well for probliems with
smooth and discontinuous solutions. The optimal
selection of the time parameter, T; , which

appears as a factor in the perturbation part of

the weighting functions, needs further delineation.
This needs to be pursued from the standpoint of
nonlinearities and shocks which are, of course,
prime concerns in solving the compressible Euler
equations.

We believe that, with the recent advances in
the development of Petrov-Galerkin algorithms, the
finite element method has now become a viable al-
ternative in computational fluid dynamics. How-
ever, the efficiency of finite element algorithms
still needs to be improved, especially with respect
to decreasing 'storage requirements. Recently, an
"element-by-element'' approach to the finite element
formulaEion has been proposed by Hughes, Levit and
Winget. »22 The preliminary results seem to be
promising, particularly for problems with symmetric
operators. Eventually, with the help of such new
concepts, the finite element method can be expected
to become an economically competitive and powerful
analysis tool in the field of computational fluid
dynamics.
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Figure 4 Flow around a thin biconvex airfoil:
finite element meshes. Coarse mesh, 64 elements;
medium mesh, 256 elements; fine mesh, 1016 ele-
ments.



1.2

(A) Free stream Mach number = 84

M = medium mesh
F = fine mesh
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(B)
a Figure 6 Flow around a thin biconvex airfoil,
transonic case.
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Figure 5 Flow around a thin biconvex
airfoil, subsonic case: M, = 0.50.
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Figure 7 Flow around a thin biconvex airfoil,
transonic case: Mach contours for fine mesh.




