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Abstract

We describe some of the finite element methods we developed in recent years for computation
of flow problems with moving boundaries and interfaces. The methods developed are categorized
into two classes: interface-tracking and interface-capturing techniques. Both classes of techniques
are based on stabilized formulations, and determination of the stabilization parameters used in
these formulations is also described. The interface-tracking techniques are based on the Deforming-
Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation, where the mesh moves to track the
interface. The interface-capturing techniques were developed for two-fluid flows. They are based
on the stabilized formulation, over typically non-moving meshes, of both the flow equations and
an advection equation. The advection equation governs the time-evolution of an interface function
marking the interface location. In addition, we describe some of the methods we developed for the
purpose of increasing the scope and accuracy of these two classes of techniques.

I. INTRODUCTION

In computation of flow problems with moving boundaries and interfaces, depending on the problem,
we can use an interface-tracking or interface-capturing technique. An interface-tracking technique
requires meshes that “track” the interfaces. The mesh needs to be updated as the flow evolves.
In an interface-capturing technique for two-fluid flows, the computations are based on fixed spatial
domains, where an interface function, marking the location of the interface, needs to be computed
to “capture” the interface. The interface is captured within the resolution of the finite element mesh
covering the area where the interface is. This approach can be seen as a special case of interface
representation techniques where the interface is somehow represented over a non-moving fluid mesh,
the main point being that the fluid mesh does not move to track the interfaces. A consequence of
the mesh not moving to track the interface is that for fluid-solid interfaces, independent of how well
the interface geometry is represented, the resolution of the boundary layer will be limited by the
resolution of the fluid mesh where the interface is.

The interface-tracking and interface-capturing techniques we have developed in recent years (see [1],
2], [3], [4], [5], [6]) are based on stabilized formulations. The stabilized methods are the streamline-
upwind /Petrov-Galerkin (SUPG) [7], [8], [9], [10] and pressure-stabilizing /Petrov-Galerkin (PSPG) [1]
formulations. An earlier version of the pressure-stabilizing formulation for Stokes flows was reported
in [11]. These stabilized formulations prevent numerical oscillations and other instabilities in solving
problems with high Reynolds and/or Mach numbers and shocks and strong boundary layers, as well
as when using equal-order interpolation functions for velocity and pressure and other unknowns. Fur-
thermore, this class of stabilized formulations substantially improve the convergence rate in iterative
solution of the large, coupled nonlinear equation system that needs to be solved at every time step of
a flow computation. Such nonlinear systems are typically solved with the Newton—Raphson method,
which involves, at its every iteration step, solution of a large, coupled linear equation system. It
is in iterative solution of such linear equation systems that using a good stabilized method makes
substantial difference in convergence, and this was pointed out in [12].
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In these stabilized formulations, judicious selection of the stabilization parameter, which is almost
always known as “7”7, plays an important role in determining the accuracy of the formulation. This
stabilization parameter involves a measure of the local length scale (also known as “element length”)
and other parameters such as the local Reynolds and Courant numbers. Various element lengths and
Ts were proposed starting with those in [7], [9], [10], followed by the one introduced in [13], and those
proposed in the subsequently reported SUPG and PSPG methods. A number of 7s, dependent upon
spatial and temporal discretizations, were introduced and tested in [14]. More recently, 7s which are
applicable to higher-order elements were proposed in [15]. Ways to calculate 7s from the element-
level matrices and vectors were first introduced in [16]. These new definitions are expressed in terms
of the ratios of the norms of the relevant matrices or vectors. They take into account the local
length scales, advection field and the element-level Reynolds number. Based on these definitions, a
7 can be calculated for each element, or even for each element node or degree of freedom or element
equation. Certain variations and complements of these new 7s were described in [17], [4], [18], [19],
[20]. In later sections, we will describe, for the semi-discrete and space-time formulations of the
advection—diffusion equation and the Navier—Stokes equations of incompressible flows, some of these
new ways of calculating the stabilization parameters. These stabilization parameters are based on
the local length scales for the advection- and diffusion-dominated limits.

The Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation [1], developed for
moving boundaries and interfaces, is an interface-tracking technique, where the finite element formu-
lation of the problem is written over its space-time domain. At each time step the locations of the
interfaces are calculated as part of the overall solution. As the spatial domain occupied by the fluid
changes its shape in time, the mesh needs to be updated. In general, this is accomplished by moving
the mesh with the motion of the nodes governed by the equations of elasticity, and full or partial
remeshing (i.e., generating a new set of elements, and sometimes also a new set of nodes) as needed.
The stabilized space-time formulations were used earlier by other researchers to solve problems with
fixed spatial domains (see for example [21]).

In computation of two-fluid flows with interface-tracking techniques, sometimes the interface might
be too complex or unsteady to track while keeping the frequency of remeshing at an acceptable level.
Not being able to reduce the frequency of remeshing in 3D might introduce overwhelming mesh
generation and projection costs, making the computations with the interface-tracking technique
no longer feasible. In such cases, interface-capturing techniques, which do not normally require
costly mesh update steps, could be used with the understanding that the interface will not be
represented as accurately as we would have with an interface-tracking technique. Because they do
not require mesh update, the interface-capturing techniques are more flexible than the interface-
tracking techniques. However, for comparable levels of spatial discretization, interface-capturing
methods yield less accurate representation of the interface. These methods can be used as practical
alternatives in carrying out the simulations when compromising the accurate representation of the
interfaces becomes less of a concern than facing major difficulties in updating the mesh to track such
interfaces. The need to increase the accuracy of our interface-capturing techniques without adding
a major computational cost lead us to seeking techniques with a different kind of “tracking”. The
Enhanced-Discretization Interface-Capturing Technique (EDICT) was first introduced in [22], [23]
to increase accuracy in representing an interface.

In Section II we describe the governing equations, and in Section III we summarize the stabilized
semi-discrete formulations for the advection—diffusion equation and the Navier—Stokes equations of
incompressible flows. The DSD/SST formulation is briefly described in Section IV. Some of the
ways for defining the stabilization parameters and discontinuity-capturing terms are described in
Sections V, VI, and VII. Mesh update techniques to be used in conjunction with the DSD/SST
formulation are reviewed in Section VIII. The Fluid—Object Interactions Subcomputation Technique
(FOIST), which was formulated for efficient computation of some special cases of fluid-object inter-
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actions, is described in Section IX. The EDICT and its extensions and offshoots are described in Sec-
tions X and XI. The extensions and offshoots of EDICT include the Enhanced-Discretization Mesh
Refinement Technique (EDMRT) and Enhanced-Discretization Space-Time Technique (EDSTT).
In Section XII we describe the Mixed Interface-Tracking/Interface-Capturing Technique (MITICT),
which we propose for computation of flow problems that involve both interfaces that can be accu-
rately tracked with a moving mesh method and interfaces that are too complex or unsteady to be
tracked and therefore require an interface-capturing technique. The Edge-Tracked Interface Locator
Technique (ETILT), which was proposed to enable interface-capturing techniques to have better vol-
ume conservation and yield sharper representation of the interfaces, is described in Section XIII. In
Section XIV we describe the Line-Tracked Interface Update Technique (LTIUT), which was proposed
as a stabilized formulation for the time-integration of the interface update equation in conjunction
with the DSD/SST formulation. Section XV consists of a summary of the basic iterative solution
techniques that were developed for solving the large, coupled nonlinear equation systems that need
to be solved at every time step of a computation. In Section XVI we describe the Enhanced-Iteration
Nonlinear Solution Technique (EINST) and the Enhanced-Approximation Linear Solution Technique
(EALST). These were developed to increase the performance of the iterative techniques used in so-
lution of the nonlinear and linear equation systems when some parts of the computational domain
may offer more of a challenge for the iterative method than the others. The Mixed Element-Matrix-
Based /Element-Vector-Based Computation Technique (MMVCT), which was proposed to improve
the effectiveness of the iterative solution techniques for coupled problems (such as fluid—structure in-
teractions), is described in Section XVII. In Section XVIII we describe the Enhanced-Discretization
Successive Update Method (EDSUM), which was proposed as an efficient iterative technique for
solution of linear equation systems in multi-scale computations. The concluding remarks are given
in Section XIX.

II. GOVERNING EQUATIONS

Let Q; C IR™ be the spatial fluid mechanics domain with boundary T'; at time ¢ € (0,7, where
the subscript t indicates the time-dependence of the spatial domain. The Navier—Stokes equations
of incompressible flows can be written on €, and Vt € (0,T) as

o wVu—£)-V.o =0, (1)

ot
V.u =0, (2)

where p, u and f are the density, velocity and the external force, respectively. The stress tensor o is
defined as

o(p,u) = —pl + 2pe(u). (3)

Here p is the pressure, I is the identity tensor, p = pv is the viscosity, v is the kinematic viscosity,
and g(u) is the strain-rate tensor:

1
e(u) = 5((Vu) + (Vu)"). (4)
The essential and natural boundary conditions for Eq. (1) are represented as

u=gon (I'Y);, n-o=hon (I, (5)

where (I';), and (I';);, are complementary subsets of the boundary I';, n is the unit normal vector,
and g and h are given functions. A divergence-free velocity field ug(x) is specified as the initial
condition.
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If there are no moving boundaries or interfaces, the spatial domain does not need to change with
respect to time, and the subscript ¢ can be dropped from {2, and I';. This might be the case even for
flows with moving boundaries and interfaces, if the formulation is not based on definining the spatial
domain to be the part of the space occupied by the fluid(s). For example, fluid—fluid interfaces can
be modeled over a fixed spatial domain by assuming that the domain is occupied by two immiscible
fluids, A and B, with densities p4 and pp and viscosities 4 and pg. In this approach, a free-surface
problem can be modeled as a special case where Fluid B is irrelevant and assigned a sufficiently low
density. An interface function ¢ serves as the marker identifying Fluid A and B with the definition
¢ = {1 for Fluid A and 0 for Fluid B}. The interface between the two fluids is approximated to be
at ¢ = 0.5. In this context, p and p are defined as

p=adpa+ (1 —=0¢)pp, p=dps+(1—0¢)up. (6)

The evolution of the interface function ¢, and consequently the motion of the interface, is governed
by a time-dependent advection equation, written on Q and V¢ € (0,7) as

9 B
5 tuVo=0. (7)

To generalize Eq. (7), let us consider the following time-dependent advection—diffusion equation,
written on Q and Vt € (0,T) as

%H.w—v-(uw):o, (8)

where ¢ represents the quantity being transported (e.g., temperature, concentration), and v is the
diffusivity. The essential and natural boundary conditions associated with Eq. (8) are represented as

¢ =gon [, n-vV¢=honI}y. (9)
A function ¢g(x) is specified as the initial condition.

IIT. STABILIZED SEMI-DISCRETE FORMULATIONS
A. Advection—diffusion equation

Let us assume that we have constructed some suitably-defined finite-dimensional trial solution and
test function spaces S;L and Véf. The stabilized finite element formulation of Eq. (8) can then be

written as follows: find ¢" € Séf such that Yuw" € ng:

h
/ wh <a¢ —l—uh-ngSh) o+ / Vu - vV hdQ — / whhdl
Q Q Iy

ot
Nel a¢h

- Z/ Toupa - V' (E +u”- V¢h -V (VV¢h)) Q) = 0. (10)
e=1 €

Here n,; is the number of elements, )€ is the domain for element e, and 7gyp is the SUPG stabilization
parameter. For various ways of calculating 7supq, see [16], [17], [4], [18], [19], [20].
B. Navier-Stokes equations of incompressible flows

Given Eqgs. (1)—(2), let us assume that we have some suitably-defined finite-dimensional trial
solution and test function spaces for velocity and pressure: S, V!, S;j and V;j = Sg. The stabilized
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finite element formulation of Eqs. (1)~(2) can then be written as follows: find u” € S% and p" € S"
such that Yw" € V! and ¢" € V)

h
/ w . p (ai +u" - Vu" - fh> dQ) + / e(w") :o(p", u"d — [ w"-h"dl
Q ot Q In

el 1
+ / qhv udQ + Z/ ;[TSUPGpuh . th + TPSPquh] . [L(ph’ uh) _ pfh} ds?
Q e=1 €

Nel

+ Z/ sV - wipV - uhdQ = 0, (11)
e=1 ¢
where
ho o h ow'" h h h o h
L(¢",w")=p W—i—u -Vw" | =V -a(q",w"). (12)

Here Tpgpq and vige are the PSPG and LSIC (least-squares on incompressibility constraint) stabi-
lization parameters. For various ways of calculating 7pepe and vige, see [16], [17], [4], [18], [19],
20].

IV. DSD/SST FINITE ELEMENT FORMULATION

In the DSD/SST method [1], the finite element formulation of the governing equations is written
over a sequence of N space—time slabs (),,, where (),, is the slice of the space—time domain between the
time levels t,, and ¢, 1. At each time step, the integrations involved in the finite element formulation
are performed over (),,. The space—time finite element interpolation functions are continuous within
a space—time slab, but discontinuous from one space—time slab to another. The notation (-),, and (-);
denotes the function values at t, as approached from below and above. Each @),, is decomposed into
elements Q¢, where e = 1,2, ..., (ng),. The subscript n used with n,,; is for the general case in which
the number of space—time elements may change from one space—time slab to another. The Dirichlet-
and Neumann-type boundary conditions are enforced over (P,), and (F,)n, the complementary
subsets of the lateral boundary of the space-time slab. The finite element trial function spaces (S"),
for velocity and (S!), for pressure, and the test function spaces (V!!), and (V) = (S),, are defined
by using, over @, first-order polynomials in both space and time. The DSD/SST formulation [1],
[18], [19] is written as follows: given (u");, find u" € (S}), and p" € (S!'), such that Yw" € (V]),
and ¢" € (V))n:

h
w' - p (% +u" - Vu" - fh) dQ + / e(w") 1 a(p", u")dQ
Qn n

_ / wh - WP + / /YO / (W)t p (W) — (uh);) dO
(Pn)h n n

(nel)n h
1 ow
+ E / ; |:TSUPGp ( ot +u”. th) + 7-Pspc;vqh} ) [L(ph> uh) - pfh} dQ
e=1 n

+ Z/ VaieV - whpV - udQ = 0. (13)
e=1 %

This formulation is applied to all space-time slabs Qo, Q1, Qa, - . ., @n_1, starting with (u”); = u,.
For an earlier, detailed reference on the DSD/SST formulation see [1].



Similarly, the DSD/SST formulation of Eq. (8) can be written as follows:

h
/ w" <ai + uh-ngh) dQ + | Vuw"-vVe"dQ
Qn ot Qn

_ / WP + / (W) (") — (6M);7) dO
(Pn)n n

(Nel)n h h
+ / Tsura <{% + uh~th) (% +u"- Vo' -V (uwh)) dQ=0.  (14)
1 n

e=

V. CALCULATION OF THE STABILIZATION PARAMETERS FOR
INCOMPRESSIBLE FLOWS

Various ways of calculating the stabilization parameters for incompressible flows were covered
earlier in detail in [16], [17], [4], [18], [19], [20]. In this section we focus on the versions of the
stabilization parameters (7s) denoted by the subscript ven, namely the UGN /RGN-based stabilization
parameters. For this purpose, we first define the unit vectors s and r:

h
u

S oy —’ 15
T (15)
|

r = 4l 16
TV T (16)

where, for the advection—diffusion equation, in Eq. (16) we replace |[u”| with |¢"|.
We define the components of (7sype)uen corresponding to the advection-, transient- and diffusion-
dominated limits as follows:

Nen -1
TsuaNt  — (Z ‘U-h : VNa‘) ) (17)
a=1

At

Tsvanz = 57 (18)
h2

TsugNs — Z—SN, (19)

where n,, is the number of element nodes and N, is the interpolation function associated with node
a, and the “element length” hpqy is defined as

Nen -1
Pran = 2 (Z |r-VNa|) . (20)

a=1
Based on Eq. (17), we define the “element length” hycay as
huax = 2[[0"|| Tsven - (21)

Although writing a direct expression for Tsyen: as given by Eq. (17) was pointed out in [18], [19], [20],
the element length definition one obtains by combining Eq. (17) and Eq. (21) was first introduced (as
a direct expression for hyay) in [13]. The expression for hpay as given by Eq. (20) was first introduced
in [17]. We note that hygy and hpey can be viewed as the local length scales corresponding to the
advection- and diffusion-dominated limits, respectively.



We now define (Tgupe)uven, (Trspe)ven, and (Visic)van as follows:

1
1 1 1 T
(TSUPG)UGN = (T + - + - ) > (22)
Tsuent Tsuan2 Tsuans
(TPSPG)UGN = (TSUPG>UGN7 (23)
2
(VLSIC)UGN = (TSUPG)UGN HuhH . (24)

Eq. (22) is based on the inverse of (Tgypg)uen being defined as the r-norm of the vector with compo-
nents —= —L __ and —L—. We note that the higher the integer r is, the sharper the switching

TSUGN1’ TSUGN2 TSUGN3 ) ) N ) ) ;
between Tsvani, Tsvane and Tsuans becomes. This “r-switch” was introduced in [16|. Typically, we
) )

set r = 2. The expressions for Tgyens and (Visic)uen, given respectively by Eqgs. (19) and (24), were
proposed in [18], [19], [20]. We define the “SUPG viscosity” vsype as

2
Vsupa = TSUPGHU—hH . (25)

The space-time versions of Tsyani, Tsuanes Tsuans, (TSUPG>UGN7 (TPSPG>UGN7 and (VLSIC)UGN7 given re-
spectively by Egs. (17), (18), (19), (22), (23), and (24), were defined in [18], [19], [20] as follows:
a=1

>_ : (26)
h2

TsugNs — ﬂ’ (27)

4y

Nen aNa
TsugNi2 = (Z' It —I—uh.VNa

3=

1 1 B
(Tsura)uen = (TT +7_T ) ) (28)

SUGN12 SUGN3

(TPSPG)UGN = (TSUPG>UGN7 (29)
2

(VLSIC)UGN = (TSUPG)UGN HuhH . (30)

Here, n., is the number of nodes for the space-time element, and N, is the space—time interpolation
function associated with node a.

Remark 1: It was remarked in [16], [17], [19], [20] that in marching from time level n to n + 1,
there are advantages in calculating the 7s from the flow field at time level n. That is

T — Tp, (31)

where 7 is the stabilization parameter to be used in marching from time level n to n+1, and 7, is the
stabilization parameter calculated from the flow field at time level n. One of the main advantages in
doing that, as it was pointed out in [17], [19], [20], is avoiding another level of nonlinearity coming
from the way 7s are defined. In general, we suggest making 7s less dependent on short-term variations
in the flow field. For this purpose, we propose a recursive time-averaging approach in determining
the 7s to be used in marching from time level n to n + 1:

T — 21Tp + 20Tno1 + (1—21—22) 7, (32)

where 7,, and 7,,_; are the stabilization parameters calculated from the flow field at time levels n and
n—1, and the 7 on the right-hand-side is the stabilization parameter that was used in marching from
time level n — 1 to n. The magnitudes and the number of the “averaging parameters” z1, 2o, ... can
be adjusted to create the desired outcome in terms of giving more weight to recently calculated 7s
or making the averaging closer to being a trailing average.



VI. DISCONTINUITY-CAPTURING DIRECTIONAL DISSIPATION (DCDD)

As an alternative to the LSIC stabilization, we proposed in [17], [4], [19], [20] the Discontinuity-
Capturing Directional Dissipation (DCDD) stabilization. In describing the DCDD stabilization, we
first define the “DCDD viscosity” vpepp and the DCDD stabilization parameter mcpp:

2
Vpcpp = TDCDDHuhH ) (33)

h’DCDD || V || u” H H h’DCDD
TbcbbD Diepe et ) ( )

where

hDCDD = h'RGN . (35)

Here wu, is a reference velocity (such as ||u”|| at the inflow, or the difference between the estimated
maximum and minimum values of ||[u”||), and uu, is a characteristic velocity (such as u or [|[u”]]).
We propose to set Ucha = Ures-

Then the DCDD stabilization is defined as

Shepp = Zel /e pVw" ([VDCDDrr — Kcorn) -Vuh) s, (36)
e=1
where Kcorr Was defined in [17], [4], [19], [20] as
Kcorr = Vpeop (T - 8)%ss . (37)
As a possible alternative, we propose
Kcorr = Vsupa (T - 8)%rr | (38)
As two other possible alternatives, we propose

Kcorr = switch (VSUPG » Vpeon(T 3)2) Ss, (39)

Koorr = switch (I/DCDD , Vsupa(T s)z) T, (40)
where the “switch” function is defined as the “min” function:
switch (o, B) = min («, 3) (41)

or as the “r-switch” given in Section V :

switch (a, 3) = <$ + %) N . (42)

Remark 2: Remark 1 applies also to the calculation of vpepp.



VII. CALCULATION OF THE STABILIZATION PARAMETERS FOR
COMPRESSIBLE FLOWS AND SHOCK-CAPTURING

The SUPG formulation for compressible flows was first introduced, in the context of conservation
variables, in a 1982 NASA Technical Report [9] and a 1983 AIAA paper [10]. Here we will call
that formulation “(SUPG)sy”. In this section, in the context of the (SUPG)sy formulation and
based on the ideas we discussed in Sections V and VI, we propose alternative ways of calculating the
stabilization parameters and defining the shock-capturing terms. For this purpose, we first define
the conservation variables vector as U = (p, puq, puso, pus, pe) (where e is the total energy per unit
volume), associate to it a test vector-function W, define the acoustic speed as ¢, and define the unit
vector j as

.V
= (43)

As the first alternative in computing Tgyen: for each component of the test vector-function W, we
propose to define 7°gueni, T sven: and TCguen: (associated with p, pu and pe, respectively) by using
the expression given by Eq. (17):

-1
Nen
Tsven1 = T suen1 = T sven1 = (Z |uh : VNa|> . (44)
a=1

As the second alternative, we propose to use the following definition:

Ten

-1
T svent = T'sven = T suent = (Z (C |.] ’ VNa‘ + |uh ) VNaD) . (45)

a=1
In computing Tgyena, We propose to use the expression given by Eq. (18):

At

u (4
TP svanz = T suanz = T svenz = 7 . (46)

In computing Tgyays, we propose to define T%gyqys by using the expression given by Eq. (19):

h2
u e RGN . 47
T suaNs Ay ( )
We propose to define 7¢gycns as
A ran)”
T suans = % ) (48)

where v¢ is the “kinematic viscosity” for the energy equation,
Ten -1
W rax = 2 (Z r¢ - VNa\> , (49)
a=1

I i
(A
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and 6 is the temperature. We define (7&ypq)ven, (7o

Y oa)uan and (T$pq)uan by using the “r-switch”
given in Section V :

R (e A ) G1)

SUGNl)T (TpSUGNZ)

1

1 1 1 o
Tu — + _|_ s 52
( SUPG)UGN ((TUSUGNl)T (TUSUGN2)T (TUSUGNS)T) ( )

1

1 1 1 o
Te — + _|_ . 53
( SUPG)UGN ((TeSUGNl)T (TeSUGNZ)T (TGSUGNB)T) ( )

In defining the shock-capturing term, we first define the “shock-capturing viscosity” Vsgoc:

Vsnoc = TSHOC(uint)2a (54)
where
h Vo || b 7
Tenon = SHOC (H 1Y || SHOC) ’ (55)
2ucha Pref
h’SHOC = h’JGN ) (56)

Nen, -1
My = 2 (Z iz VNa\) : (57)

a=1

Here pyof is a reference density (such as p" at the inflow, or the difference between the estimated
maximum and minimum values of p"), uw. is a characteristic velocity (such as uy or |[u”|| or
acoustic speed c¢), and uy, is an intrinsic velocity (such as ug, or |[u”|| or acoustic speed c). We
propose to set Uiy = Ucha = Uref- 1he parameter [ influences the smoothness of the shock-front.
We set 3 = 1 for smoother shocks and 3 = 2 for sharper shocks (in return for tolerating possible
overshoots and undershoots). As a compromise between the § = 1 and # = 2 selections, we propose
the following averaged expression for Tgyoc :

1
Tsnuoc = 5 ((TSHoc)gzl + (TSHoc)g:2> . (58)

As an alternate way, we also propose to calculate vgyoe by using the following expression:

o\ B/2-1 3
) (P} (59)

where Y is a diagonal scaling matrix constructed from the reference values of the components of U :

Nsd h
Venoe = HY—le (Z Y—lai

al’i

i=1

(Ul)ref O 0 0 0
0 <U2)r0f 0 O 0
Y = 0 0 (U3) ot 0 0 , (60)
0 0 0 (U O
0 0 0 0 (U5)]ref



11

out ,0U"

7 = . 61
at Mo (61)
OR

h
7Z = A?ﬁU , (62)

825‘2'

and we set 0 = 1 or = 2. Here
OF;

Ai — Ay T 63
50 (63)

where F; is the Euler flux vector corresponding to the ith spatial dimension. As a compromise
between the § = 1 and [ = 2 selections, we propose the following averaged expression for vgyoc :

1
Vsnoc = 2 ((VSHoc)gzl + (VSHoc)gzg) . (64)

We can also calculate a separate vgyoc for each component of the test vector-function W :

Nsd aUh 2 6/2_1 h B
— — SHOC
=D (EIF)) () rmremers
Given Vgyoc, the shock-capturing term is defined as
Nel
Ssioc = Z VW" . (K’SHOC ’ VUh) dQ? (66)
e=1 Qe

where Kguoc 1s defined as

Ksioc = Vsioo I - (67)
As a possible alternative, we propose

Ksioc = Vsioc Jj - (68)

If the option given by Eq. 65 is exercised, then vgyoc becomes an (ngq+2) X (ngg+2) diagonal matrix,
and the matrix Kgyoc becomes augmented from an ngg X ngg matrix to an (ngg X (ngg +2)) x ((nsq +
2) X ngq) matrix.

In an attempt to preclude compounding, we propose to modify vgyoc as follows:

Vsoc < Vsnoc — Switch (TSUPG G- u)2’ Tsue ([ -0l — C)2> VSHOC) ) (69)

where the “switch” function is defined as the “min” function or as the “r-switch” given in Section V.

For viscous flows, the above modification would be made separately with each of T&pg, 7%, and

TSopa, and this would result in vgyoo becoming a diagonal matrix even if the option given by Eq. 65
is not exercised.

Remark 3: Remark 1 applies also to the calculation of 78pe, T2 pe and 75pq, and Vspoc-
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VIII. MESH UPDATE METHODS

How the mesh should be updated depends on several factors, such as the complexity of the interface
and overall geometry, how unsteady the interface is, and how the starting mesh was generated. In
general, the mesh update could have two components: moving the mesh for as long as it is possible,
and full or partial remeshing (i.e., generating a new set of elements, and sometimes also a new set of
nodes) when the element distortion becomes too high. In mesh moving strategies, the only rule the
mesh motion needs to follow is that at the interface the normal velocity of the mesh has to match the
normal velocity of the fluid. Beyond that, the mesh can be moved in any way desired, with the main
objective being to reduce the frequency of remeshing. In 3D simulations, if the remeshing requires
calling an automatic mesh generator, reducing the cost of automatic mesh generation becomes a
major incentive for trying to reduce the frequency of remeshing. Furthermore, when we remesh,
we need to project the solution from the old mesh to the new one. This introduces projection
errors. Also, in 3D, the computing time consumed by this projection step is not a trivial one. All
these factors constitute a strong motivation for designing mesh update strategies which minimize the
frequency of remeshing. In some cases where the changes in the shape of the computational domain
allow it, a special-purpose mesh moving method can be used in conjunction with a special-purpose
mesh generator. In such cases, simulations can be carried out without calling an automatic mesh
generator and without solving any additional equations to determine the motion of the mesh. One
of the earliest examples of that, 2D computation of sloshing in a laterally vibrating container, can
be found in [1]. Extension of that concept to 3D parallel computation of sloshing in a vertically
vibrating container can be found in [12].

In general, however, we use an automatic mesh moving scheme. In the automatic mesh moving
technique introduced in [24], the motion of the internal nodes is determined by solving the equations
of elasticity. As boundary condition, the motion of the nodes at the interfaces is specified to match
the normal velocity of the fluid at the interface. Similar mesh moving techniques were used earlier by
other researchers (see for example [25]). In [24] the mesh deformation is dealt with selectively based
on the sizes of the elements and also the deformation modes in terms of shape and volume changes.
Mesh moving techniques with comparable features were later introduced in [26].

In the technique introduced in [24], selective treatment of the mesh deformation based on shape
and volume changes is attained by adjusting the relative values of the Lamé constants of the elasticity
equations. The objective would be to stiffen the mesh against shape changes more than we stiffen it
against volume changes. Selective treatment based on element sizes, on the other hand, is attained
by altering the way we account for the Jacobian of the transformation from the element domain to
the physical domain. In this case, the objective is to stiffen the smaller elements, which are typically
placed near solid surfaces, more than the larger ones.

The method described in [24] was recently augmented in [27], [28], [29] to a more extensive kind,
by introducing a stiffening power that determines the degree by which the smaller elements are
rendered stiffer than the larger ones. When the stiffening power is 0.0, the method reduces back
to an elasticity model with no Jacobian-based stiffening. When it is 1.0, the method is identical to
the one introduced in [24]. In [27], [28], [29] we investigated the optimum values of the stiffening
power with the objective of reducing the deformation of the smaller elements. In that context, by
varying the stiffening power, we generated a family of mesh moving techniques, and tested those
techniques on fluid meshes where the structure underwent three different types of prescribed motion
or deformation.

In the mesh moving technique introduced in [24], the structured layers of elements generated
around solid objects (to fully control the mesh resolution near solid objects and have more accurate
representation of the boundary layers) move “glued” to these solid objects, undergoing a rigid-body
motion. No equations are solved for the motion of the nodes in these layers, because these nodal
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motions are not governed by the equations of elasticity. This results in some cost reduction. But more
importantly, the user has full control of the mesh resolution in these layers. For early examples of
automatic mesh moving combined with structured layers of elements undergoing rigid-body motion
with solid objects, see [12]. Earlier examples of element layers undergoing rigid-body motion, in
combination with deforming structured meshes, can be found in [1].

In computation of flows with fluid—solid interfaces where the solid is deforming, the motion of
the fluid mesh near the interface cannot be represented by a rigid-body motion. Depending on the
deformation mode of the solid, we may have to use the automatic mesh moving technique described
above. In such cases, presence of very thin fluid elements near the solid surface becomes a challenge for
the automatic mesh moving technique. In the Solid-Extension Mesh Moving Technique (SEMMT) [3],
[4], [5], [6], we proposed treating those very thin fluid elements almost like an extension of the solid
elements. In the SEMMT, in solving the equations of elasticity governing the motion of the fluid
nodes, we assign higher rigidity to these thin elements compared to the other fluid elements. Two
ways of accomplishing this were proposed in [3], [4], [5], [6]; solving the elasticity equations for the
nodes connected to the thin elements separate from the elasticity equations for the other nodes, or
together. If we solve them separately, for the thin elements, as boundary conditions at the interface
with the other elements, we would use traction-free conditions. In [28], [29], we demonstrated how
the SEMMT functions as part of our mesh update method. We employed both of the SEMMT
options described above. In [28], [29], we referred to the separate solution option as “SEMMT —
Multiple Domain” and the unified solution option as “SEMMT — Single Domain”.

IX. FLUID-OBJECT INTERACTIONS SUBCOMPUTATION TECHNIQUE (FOIST)

The Fluid-Object Interactions Subcomputation Technique (FOIST), which was introduced in [2], is
an intermediate level approximation between treating the objects as point masses and using a fully
coupled fluid—object interaction (FOI) formulation. We assume that the nature of the fluid—object
interactions, such as the scales involved and flow patterns expected, allows us to take into account
only a one-way coupling between the main flow field and the motion of the objects. In other words,
we assume that the main flow field influences the motion of the objects, but the presence and motion
of the objects do not influence the main flow field. With this assumption, the main flow field can be
computed without taking into account any of the smaller-scale objects, and at the same time, the
dynamics of the objects can be determined by carrying out flow subcomputations over smaller-scale
domains around the objects. The boundary conditions for these domains would be extracted from
the main flow field, at locations corresponding to the positions of those boundaries at that instant.

The main flow field would be computed over a fixed mesh. The subcomputation for each object
would be carried out over a fixed mesh, and in a coordinate frame attached to that object. In
the subcomputations, we take into account the geometry of the objects, and determine the unsteady
flow field around these objects together with the resulting fluid dynamics forces and moments. These
forces and moments would be used, while taking into account the instantaneous values of the moments
of inertia, to compute the path and orientation of the objects.

Each subcomputation can be carried out as a two-way coupled fluid—object interaction problem
without the need for mesh moving. This is because the coordinate frame is attached to the object,
and the coupling is implemented by updating the boundary conditions as a function of the orientation
of the object, rather than by updating the mesh.

Because the FOIST would typically not involve mesh moving or remeshing, by eliminating the
cost associated with those tasks, it would result in a major reduction in the computational cost. The
FOIST can be extended to cases where the main flow computation or a subcomputation may require
mesh update. This could happen for the main flow, for example, when it involves moving objects
that are too large to be handled with the assumptions underlying FOIST. For a subcomputation,
this could happen, for example, when the object is undergoing deformations.
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Here we also describe another level of approximation—one that is beyond FOIST, but still with
more realistic assumptions than those used in treating the objects as point masses. In this technique,
which was introduced in [2] and which we call “Beyond-FOIST” (B-FOIST), for each object with
a different shape, we would generate a database of fluid dynamics force and moment coefficients.
This database would be generated from computations for a set of Reynolds numbers within a range
of interest and a set of “basis directions” for the flow velocity. These would typically be unsteady
flow computations, but the force and moment coefficients would be determined based on temporal
averaging of the results.

With this database, the path and orientation of the objects would be calculated without flow
subcomputations. At each instant of the calculation of the path and orientation of an object, the
force and moment coefficients needed would be estimated by interpolation from the database of these
coefficients. The coefficients corresponding to the Reynolds number and flow velocity directions at
an instant would be calculated by a linear or higher-order interpolation with respect to the Reynolds
number, and by a directional interpolation with respect to the flow velocity direction. The directional
interpolation would use from the database the basis directions nearest to the direction of the flow
velocity.

How effective B-FOIST would be for a given problem would depend on the balance between i) the
computational cost saved by not doing the flow subcomputations, and ii) the loss of some accuracy
and the increased cost associated with generating the database. For example, if the fluid—object in-
teraction problem involves many objects with identical shapes, B-FOIST might prove quite effective,
because the database generation would not involve objects with different shapes. In addition, if these
objects have one or more symmetry planes or axes, the cost of database generation would further
decrease, gaining additional incentive for B-FOIST.

The starting point for the basis directions for the flow velocity would be the six directions identified
by (1,0,0), (-1,0,0), (0,1,0), (0,-1,0), (0,0,1), and (0,0,-1). For the flow direction at an instant, the
directional interpolation would use the three nearest of these basis directions. We now provide more
explanation of how the interpolations would be carried out.

Let us assume that we have a database of computed forces {F3} and moments {M§} corresponding
to the parameter space {{U} x {es}}, where « = 1,2,...,ny, 3 =1,2,...,n,. Here {U',U?,...}
denote the ny velocity magnitudes, and {ej, e, ...} denote the unit vectors in the n, flow directions.
We note that {F§} does not need to be in the ez direction. Given a flow velocity magnitude U and
direction s, we need to interpolate from our database the estimated force and moment F and M.
First, we find within the parameter space {{U} x {eg}} the velocity magnitudes U" and U™ nearest
to U (with the condition U" < U < U"®), and the linearly independent unit vectors ey, eg, and ey
“closest” to s. The velocity magnitude interpolation parameters z" and z® can be determined from
the following expressions:

R L
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In some cases, it might be desirable to upgrade the linear interpolation given by Eq. (70) to a
higher-order interpolation. The unit vector s can be written as

S = €pSp + €Sy + ersy . (71)

Here sp, sg, and s are the components of s, which can be determined by solving the following
equation system:

(er-ep)sy + (er-€s)ss + (er-€r)sy7 = €p-s,
(es-ep)sp + (es-€5)ss+ (s €r)sy = eg-s,
(er-ep)sp+ (er-es)ss+ (er-er)sy = ep-s. (72)



15

The “closest” unit vectors would be determined through a search process (with the condition sy, sg, S+ >
0). We interpolate the estimated force and moment F and M by using the following expressions:

F = 2" (spFp + ssFg + soFy) + 2% (spFp + ssFy + s:FY) | (73)
M = 2"(spiMp 4 ssMg + s:My) + 2" (se My + ssMg + s M7) . (74)

To increase the directional resolution of the database, additional basis directions can be defined.
The first set of additions would be (1,1,1), (-1,1,1), (1,-1,1), (1,1,-1), (-1,-1,1), (-1,1,-1), (1,-1,-1),
and (-1,-1,- 1). The second set of additional directions would be (1,1,0), (-1,1,0), (1,-1,0), (-1,-1,0),
(1,0,1), (-1,0,1), (1,0,-1), (-1,0,-1), (0,1,1), (0,-1,1), (0,1,-1), and (0,-1,-1). If an object has one or more
symmetry planes or axes, some of the basis directions become redundant and would be eliminated.

X. ENHANCED-DISCRETIZATION INTERFACE-CAPTURING TECHNIQUE
(EDICT)

In the EDICT (Enhanced-Discretization Interface-Capturing Technique) [22], [23], we start with the
basic approach of an interface-capturing technique such as the volume of fluid (VOF) method [30].
The Navier-Stokes equations are solved over a non-moving mesh together with the time-dependent
advection equation governing the evolution of the interface function ¢. In writing the stabilized
finite element formulation for the EDICT (see [23]), the notation we use here for representing the
finite-dimensional function spaces is very similar to the notation we used in the section where we
described the DSD/SST formulation. The trial function spaces corresponding to velocity, pressure
and interface function are denoted, respectively, by (S)n, (S)n, and (S}),. The weighting function
spaces corresponding to the momentum equation, incompressibility constraint and time-dependent
advection equation are denoted by (Vi)n, (V!)n (= (SF)a), and (V}),. The subscript n in this case
allows us to use different spatial discretizations corresponding to different time levels.

The stabilized formulations of the flow and advection equations can be written as follows: given
u} and ¢, find ul,, € (S))nt1, Phyy € (S))ngr, and @, € (S))nt1, such that, Vw),, € (Vi)n4a,

Vg € (V) )nsr, and Ve, € (V¢>)n+1

/Wn+1 p <— +u" - Vu" ) dQ + /Qe(wﬁﬂ) o (p", u)dQ

- w' - h"dl + / gV -u"dQ
Th Q

Nel 1
+ Z /e p[TSUPGfOuh VW Tesea V] - [L(Ph> u") — Pfh} s
e=1

Nel

+ Z/ VLSICV'WZ-H/OV'uth =0, (75)
e=1 ¢
/,¢h 8;&_‘_ h_v¢h dQ
0 n+1 ot
+ i/ Tou- Vot o¢" +u"- Vo) dQ =0. (76)
- . ¢ n+1 at

Here 7,4 is calculated by applying the definition of 75ypq to Eq. (76).
To increase the accuracy, we use function spaces corresponding to enhanced discretization at and
near the interface. A subset of the elements in the base mesh, Mesh-1, are identified as those at
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and near the interface. A more refined mesh, Mesh-2, is constructed by patching together second-
level meshes generated over each element in this subset. The interpolation functions for velocity and
pressure will all have two components each: one coming from Mesh-1 and the second one coming from
Mesh-2. To further increase the accuracy, we construct a third-level mesh, Mesh-3, for the interface
function only. The construction of Mesh-3 from Mesh-2 is very similar to the construction of Mesh-2
from Mesh-1. The interpolation functions for the interface function will have three components, each
coming from one of these three meshes. We re-define the subsets over which we build Mesh-2 and
Mesh-3 not every time step but with sufficient frequency to keep the interface enveloped in. We need
to avoid this envelope being too wide or too narrow.

XI. EXTENSIONS AND OFFSHOOTS OF EDICT

An offshoot of EDICT was first reported in [31] for computation of compressible flows with shocks.
This extension is based on re-defining the “interface” to mean the shock front. In this approach, at
and near the shock fronts, we use enhanced discretization to increase the accuracy in representing
those shocks. Later, the EDICT was extended to computation of vortex flows. The results were first
reported in [32], [33]. In this case, the definition of the interface is extended to mean regions where
the vorticity magnitude is larger than a specified value.

Here we describe how we extend EDICT to computation of flow problems with boundary layers. In
this offshoot, the “interface” means solid surfaces with boundary layers. In 3D problems with complex
geometries and boundary layers, mesh generation poses a serious challenge. This is because accurate
resolution of the boundary layer requires elements that are very thin in the direction normal to the
solid surface. This needs to be accomplished without having a major increase in mesh refinement also
in the tangential directions or creating very distorted elements. Otherwise, we might be increasing the
computational cost excessively or decreasing the numerical accuracy unacceptably. In the Enhanced-
Discretization Mesh Refinement Technique (EDMRT) [3], [4], [5], [6], we propose two different ways
of using the EDICT concept to increase the mesh refinement in the boundary layers in a desirable
fashion. In the EDICT-Clustered-Mesh-2 approach [2], [3], [4], [5], [6], Mesh-2 is constructed by
patching together clusters of second-level meshes generated over each element of Mesh-1 designated
to be one of the “boundary layer elements”. Depending on the type of these boundary layer elements
in Mesh-1, Mesh-2 could be structured or unstructured, with hexahedral, tetrahedral or triangle-
based prismatic elements. In the EDICT-Layered-Mesh-2 approach [2], [3], [4], [5], [6], a thin but
multi-layered and more refined Mesh-2 is “laid over” the solid surfaces. Depending on the geometric
complexity of the solid surfaces and depending on whether we prefer the same type elements as
those we used in Mesh-1, the elements in Mesh-2 could be hexahedral, tetrahedral or triangle-based
prismatic elements. The EDMRT, as an EDICT-based boundary layer mesh refinement strategy,
would allow us accomplish our objective without facing the implementational difficulties associated
with elements having variable number of nodes.

In the Enhanced-Discretization Space-Time Technique (EDSTT) [3], [4], [34], [5], [6], we propose
to use enhanced time-discretization in the context of a space-time formulation. The motivation is to
have a flexible way of carrying out time-accurate computations of fluid—structure interactions where
we find it necessary to use smaller time steps for the structural dynamics part. There would be two
ways of formulating EDSTT. In the EDSTT-Single-Mesh (EDSTT-SM) approach [3], [4], [34], [5],
6], a single space-time mesh, unstructured both in space and time, would be used to enhance the
time-discretization in regions of the fluid domain near the structure. This, in general, might require
a fully unstructured 4D mesh generation. In the EDSTT-Multi-Mesh (EDSTT-MM) approach [3],
[4], [34], [5], [6], multiple space-time meshes, all structured in time, would be used to enhance the
time-discretization in regions of the fluid domain near the structure. In a way, this would be the
space—time version of the EDMRT. This approach would not require a fully unstructured 4D mesh
generation, and therefore would not pose a mesh generation difficulty. In general, EDSTT can be



17

used in time-accurate computations where we require smaller time steps in certain parts of the fluid
domain. For example, where the spatial element sizes are small, we may need to use small time
steps, so that the element Courant number does not become too large. In computation of two-
fluid interface (or free-surface) flows with the DSD/SST method, time-integration of the equation
governing the evolution of the interface (i.e. the interface update equation) may require a smaller
time step than the one used for the fluid interiors. This requirement might be coming from numerical
stability considerations, when time-integration of the interface update equation does not involve any
added stabilization terms. In such cases, time-integration with sub-time-stepping on the interface
update equation can be based on the EDSTT-SM or EDSTT-MM approaches. As an alternative
or complement to these approaches; the sub-time-stepping on the interface update equation can be
accomplished with the Interpolated Sub-Time-Stepping Technique (ISTST).

In the ISTST, time-integration of the interface update equation with smaller time steps would
be carried out separately from the fluid interiors. The information between the two parts would
be exchanged by interpolation. The sub-time-stepping sequence for the interface update, together
with the interpolations between the interface and fluid interiors, would be embedded in the iterative
solution technique used for the fluid interiors, and would be repeated at every iteration. The iterative
solution technique, which is based on the Newton-Raphson method, addresses both the nonlinear
and the coupled nature of the set of equations that needs to be solved at each time step of the
time-integration of the fluid interiors. When the ISTST is applied to computation of fluid-structure
interactions, a separate, “inner” Newton-Raphson sequence would be used at each time step of the
sub-time-stepping on the structural dynamics equations.

XII. MIXED INTERFACE-TRACKING /INTERFACE-CAPTURING TECHNIQUE
(MITICT)

In computation of flow problems with fluid—solid interfaces, an interface-tracking technique, where
the fluid mesh moves to track the interface, would allow us to have full control of the resolution
of the fluid mesh in the boundary layers. With an interface-capturing technique (or an interface
representation technique in the more general case), on the other hand, independent of how well the
interface geometry is represented, the resolution of the fluid mesh in the boundary layer will be
limited by the resolution of the fluid mesh where the interface is. In computation of flow problems
with fluid—fluid interfaces where the interface is too complex or unsteady to track while keeping the
remeshing frequency under control, interface-capturing techniques, with enhanced-discretization as
needed, could be used as more flexible alternatives. Sometimes we may need to solve flow problems
with both fluid—solid interfaces and complex or unsteady fluid—fluid interfaces.

MITICT was introduced in [2], primarily for fluid-object interactions with multiple fluids. The
class of applications we were targeting were fluid—particle-gas interactions and free-surface flow of
fluid—particle mixtures. However, the MITICT can be applied to a larger class of problems, where
it is more effective to use an interface-tracking technique to track the solid—fluid interfaces and an
interface-capturing technique to capture the fluid—fluid interfaces. The interface-tracking technique is
the DSD/SST formulation (but could as well be the Arbitrary Lagrangian-Eulerian method or other
moving mesh methods). The interface-capturing technique rides on this, and is based on solving over
a moving mesh, in addition to the Navier—-Stokes equations, the advection equation governing the
time-evolution of the interface function. The additional DSD/SST formulation is for this advection
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This equation, together with Eq. (13), constitute a mixed interface-tracking /interface-capturing tech-
nique that would track the solid—fluid interfaces and capture the fluid—fluid interfaces that would be
too complex or unsteady to track with a moving mesh. The interface-capturing part of MITICT can
be upgraded to the EDICT formulation for more accurate representation of the interfaces captured.

The MITICT can also be used for computation of fluid-structure interactions with multiple fluids
or for flows with mechanical components moving in a mixture of two fluids. In more general cases,
the MITICT can be used for classes of problems that involve both interfaces that can be accurately
tracked with a moving mesh method and interfaces that are too complex or unsteady to be tracked
and therefore require an interface-capturing technique.

XIII. EDGE-TRACKED INTERFACE LOCATOR TECHNIQUE (ETILT)

The Edge-Tracked Interface Locator Technique (ETILT) was introduced in [2], to have an interface-
capturing technique with better volume conservation properties and sharper representation of the
interfaces. To this end, we first define a second finite-dimensional representation of the interface
function, namely ¢"¢. The added superscript “e”. indicates that this is an edge-based representation.
With the, interfaces are represented as collection of positions along element edges crossed by the
interfaces. Nodes belong to “chunks” of Fluid A or Fluid B. An edge either belongs to a chunk of
Fluid A or Fluid B or is an interface edge. Each element is either filled fully by a chunk of Fluid A
or Fluid B, or is shared by a chunk of Fluid A and a chunk of Fluid B. If an element is shared like
that, the shares are determined by the position of the interface along the edges of that element. The
base finite element formulation is essentially the one described by Egs. (75) and (76). Although the
ETILT can be used in combination with the EDICT, we assume that we are working here with the
plain, non-EDICT versions of Egs. (75) and (76).

At each time step, given ul and ¢/, we determine u?_, pl'. |, and ¢/ ;. The definitions of p and u
are modified to use the edge-based representation of the interface function: p" = ¢"*p4+ (1—¢"*)pp,
ph = ¢"us+ (1 — ¢")up. In marching from time level n to n + 1, we first calculate ¢ from ¢ by
a least-squares projection:

/ " (B — ¢l¢) d2 = 0. (78)

As an alternative way for computing ¢”, we propose to use the following expression for the nodal

values of ¢" :
(nser)
- 1 he
0= > ([ okan /[ aa) (79

e=1

where A represents a node, and (ng), is the number of surrounding elements for that node.
To calculate ¢",,, we use Eq. (76). From ¢",, we calculate ¢/¢, by a combination of a least-
squares projection:

/Q (W6 )p (61 p — 6, d2 = 0, (20)
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and corrections to enforce volume conservation for all chunks of Fluid A and Fluid B, taking into
account the mergers between the chunks and the split of chunks. This volume conservation condi-
tion can symbolically be written as VOL (¢ ,) = VOL (¢!¢). Here the subscript P is used for
representing the intermediate values following the projection, but prior to the corrections for volume
conservation. It can be shown that the projection given by Eq. (80) can be interpreted as locating
the interface along each edge crossed by the interface at the position where ¢" 4 =1/2.

These projections and volume corrections are embedded in the iterative solution technique, and
are carried out at each iteration. The iterative solution technique, which is based on the Newton—
Raphson method, addresses both the nonlinear and coupled nature of the set of equations that need
to be solved at each time step. We now provide more explanation of how the projections and volume
corrections would be handled at an iteration step taking us from iterative solution i to 7 + 1.

A) In determining (¢%,)5" from (¢f, )™, in the first step of the projection, the position of the
interface along each interface edge is calculated. The calculation for an edge might yield for the
interface position a value that is not within the range of values representing that edge. This would

imply the following consequences.

i) That interface edge does not remain as an interface edge after the projection.

ii) The node at the end of that edge (in the direction of the interface motion) changes from one fluid
to another after the projection.

iii) Different edges among those connecting that node to other nodes might be identified as edges
expected to be interface edges after the projection. An edge connecting that node to another node
would be identified as an interface edge if the other node belongs to a different fluid. If not, it means
that a chunk of one of the fluids is merging with another chunk of the same fluid. It might also mean,
as a special case, that a chunk of fluid is connecting with itself at another point.

In the second step of the projection, the interface positions would be calculated along the newly-
identified interface edges and those predicted to remain as interface edges after the first step of the
projection. If additional steps of the projection are required, the same procedure would be followed.

B) After the projection is complete, we need to detect the possible occurrence of mergers between
chunks and split of chunks. The mergers can be detected as described earlier when we discussed the
options related to identification of interface edges following a projection step. To detect the split of
chunks, one way is to go through a sorting process. In this process, for each chunk, we start with
one of the nodes belonging to that chunk, identify all the nodes connected to that node with edges
belonging to that chunk, do the same for the newly-identified nodes, and continue this recursive
process until all the connected nodes are identified.

After this sorting is complete, if we still have some nodes left in that chunk, this would mean that
the chunk we are inspecting has been split. The recursive process needs to be repeated for the nodes
and edges remaining in that chunk, so that any additional splits that chunk might have undergone
are detected.

C) After the process of identifying all the Fluid A and Fluid B chunks is complete, we need to enforce
the volume conservation. For each chunk, we compare the volumes corresponding interface locations
denoted by (¢!4,)" and (¢"%,)"™. In the cases of mergers and splits, we compare the aggregate
volume of a set of chunks corresponding to (¢"%,)" and constituting a merger/split group to the
aggregate volume of the set of chunks constituting the related merger/split group corresponding to
(Oh5a)

D) The volume conservation for a chunk or a merger/split group would be enforced by inflating or

deflating its volume. Let us suppose that multiplying the positive and negative increments along



20

each interface edge by a factor (1 + ) and (1 — x), respectively, results in a volume correction by a
factor (1+y), where y and x are of the same sign. We need to determine the value of z, such that the
corresponding value of y is sufficiently close to the volume correction needed. This would be done
iteratively, and the convergence of these iterations can be accelerated by calculating the numerical
derivative of y with respect to  and using that estimate in updating = at every iteration. In some
cases, we may not be able to represent an increment along the edge where the interface was located
prior to a projection or volume correction iteration. This would happen when an interface edge does
not remain as an interface edge after the projection or volume correction iteration. For such cases, we
propose to measure the increment along the “extended edge”, where the edge is imagined to extend
into the neighboring element. The imaginary location of the interface along the extension would be
where the extension pierces the “interface plane” passing through the interface locations along the
edges of the neighboring element. The increment would be measured as the distance between the
imaginary location and the location prior to the projection or volume correction iteration. The new,
corrected interface locations along the edges of the neighboring element would be determined by
shifting the interface plane parallel to itself until it is pierced by the extended edge at the corrected
imaginary location along the extended edge. If an interface location along an edge is affected by more
than one shifting plane, then the resultant correction would be calculated by a weighted averaging. If
the extension of an edge coincides with another edge, then the increment would simply be measured
along the “edge pair”, and the interface location would be corrected along the edge pair itself.
Interface locations that are not along such edge pairs or riding on shifting interface planes would be
corrected by projection from those that are.

As an alternative to using the advection equation given by Eq. (76) and the projections given by
Egs. (78) — (80), at each time step we can calculate (¢! ) p by time-integrating an equation governing
the positions of the interface along element edges crossed by the interface. For that purpose, for each
element edge crossed by the interface, we write the following equation:

ds

o &n = u-n, (81)

where s is the position of the interface along the edge, e, is the unit vector along the edge, n is the
unit vector normal to the interface at the point it is pierced by the edge, and u is the fluid velocity
at that point. In time-integration of this equation, we can use sub-time-stepping techniques based
on the EDSTT and ISTST described in Section XI. To differentiate this version of ETILT from the
previous one, we name the first one ETILT-A and this second one ETILT-B, which was proposed in
[34], [5].

XIV. LINE-TRACKED INTERFACE UPDATE TECHNIQUE (LTIUT)

It was mentioned in Section XI that in computation of two-fluid interface (or free-surface) flows
with the DSD/SST method, time-integration of the interface update equation may require a smaller
time step than the one used for the fluid interiors. This might be avoided if the time-integration of
the interface update equation is based on a stabilized formulation. To this end, we proposed in [5]
the Line-Tracked Interface Update Technique (LTIUT).

Let us assume that as we march from time level n to n + 1, each interface node A traces a line
identified with unit vector e,. Typically we would select e, = n,, where n, is the unit vector normal
to the interface at node A. We let s, denote the position of node A along that line. The interface
update task would then consist of calculating, for each node A, the unknown value (s,)n+1. We
define a local coordinate system (z,y, z) associated with the interface node A, where e, is the unit
vector along the coordinate axis z, and e, = e,. We define the 2D spatial domain €2, to be the
projection of the cluster of 2D interface elements sharing the node A on to the xy-plane. Limited to
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2, and the interval from time level n to n + 1, we write the following equation:

0z

E‘i_uxy'(vxy)z_uzzov (82)
where
u, = e,-u, (83)
U, = u-—ue,, (84)
Vo = V—eg,e, V). (85)

We note that while the projected position of node A remains fixed in the xy-plane, in general we
cannot say the same thing for any other node B in the cluster of 2D interface elements sharing node
A. Because, as we march from time level n to n 4+ 1, node B traces its own line, with unit vector
es. Therefore, unless e, - eg = 1, the position of node B in the xy-plane changes. Consequently,
2, changes its shape (i.e. deforms). With that in mind, we can solve Eq. (82) with the DSD/SST
formulation, using the concepts and approaches we used in Sections IV and XII. The DSD/SST
formulation of Eq. (82) can be written as

/QA N, (% +ul (V)" —u ) dQ + /(QA)n(NA); (M) = (")) do

(net)a

C 5 L

Here (Q,), is the space-time slab associated with Q,, N, is the space-time finite element interpo-

lation function corresponding to node A, ((n¢)a), is the number of space-time elements in (Q,),,
(Q4)S is a space—time element, and 7, is the SUPG stabilization parameter.

Eq. (86) would be used for generating a fully-discrete equation associated with each interface node

A. We note that the variables (2,)}, (2a)n41, (28);, and (2s),,,; are dummy unknowns. The real

unknowns we are tracking are (s,),+1 and (sg)ni1, with the following relationship to the dummy
unknowns:

ugy.(vxy)NA) (agt +ul (V)" —u )dQ —0. (86)

(z8)n1 = (28)n = (€, €4) ((55)nt1 = (s8)n) - (87)
XV. ITERATIVE SOLUTION METHODS

The finite element formulations reviewed in the earlier sections fall into two categories: a space—
time formulation with moving meshes or a semi-discrete formulation with non-moving meshes. Full
discretizations of these formulations lead to coupled, nonlinear equation systems that need to be
solved at every time step of the simulation. Whether we are using a space-time formulation or a
semi-discrete formulation, we can represent the equation system that needs to be solved as follows:

N (d,41) = F. (88)

Here d,,; is the vector of nodal unknowns. In a semi-discrete formulation, this vector contains the
unknowns associated with marching from time level n to n + 1. In a space—time formulation, it
contains the unknowns associated with the finite element formulation written for the space-time slab
@,. The time-marching formulations described earlier can also be used for computing a steady-state
flow. In such cases time does not have a physical significance, but is only used in time-marching to
the steady-state solution.



22

We solve Eq. (88) with the Newton-Raphson method:

T () =F N, (59)

where ¢ is the step counter for the Newton-Raphson sequence, and Ady, is the increment computed
for d’,,. The linear equation system represented by Eq. (89) needs to be solved at every step of the
Newton—Raphson sequence. We can represent Eq. (89) as a linear equation system of the form

Ax = b. (90)

In the class of computations we typically carry out, this equation system would be too large to solve
with a direct method. Therefore we solve it iteratively. At each iteration, we need to compute the
residual of this system:

r = b— Ax. (91)

This can be achieved in several different ways. The computation can be based on a sparse-matrix
storage of A. It can also be based on storing just element-level matrices (element-matrix-based), or
even just element-level vectors (element-vector-based). This last strategy is also called the matrix-
free technique. After the residual computation, we compute a candidate correction to x as given by
the expression

Ay =P 'r, (92)

where P, the preconditioning matrix, is an approximation to A. P has to be simple enough to
form and factorize efficiently. However, it also has to be sophisticated enough to yield a desirable
convergence rate. How to update the solution vector x by using Ay is also a major subject in
iterative solution techniques. Several update methods are available, and we use the GMRES [35]
method. We have been focusing our research related to iterative methods mainly on computing
the residual r efficiently and selecting a good preconditioner P. While moving in this direction,
we have always been keeping in mind that the iterative solution methods we develop need to be
efficiently implemented on parallel computing platforms. For example, the “parallel-ready” methods
we designed for the residual computations include those that are element-matrix-based [36], element-
vector-based [36], and sparse-matrix-based [37]. The element-vector-based methods were successfully
used also by other researchers in the context of parallel computations (see for example [38]).

In preconditioning design, we developed some advanced preconditioners such as the Clustered-
Element-by-Element (CEBE) preconditioner [39] and the mixed CEBE and Cluster Companion (CC)
preconditioner [39]. We have implemented, with quite satisfactory results, the CEBE preconditioner
in conjunction with an ILU approximation [37]. However, our typical computations are based on
diagonal and nodal-block-diagonal preconditioners. These are very simple preconditioners, but are
also very simple to implement on parallel platforms. More on our parallel implementations can be
found in [36].

XVI. ENHANCED SOLUTION TECHNIQUES

Sometimes, some parts of the computational domain may offer more of a challenge for the Newton—
Raphson method than the others. This might happen, for example, at the fluid—solid interface in
a fluid—structure interaction problem, and in such cases the nonlinear convergence might become
even a bigger challenge if the structure is going through buckling or wrinkling. It might also happen
at a fluid—fluid interface, for example, if the interface is very unsteady. In the Enhanced-Iteration
Nonlinear Solution Technique (EINST) [3], [4], [34], [5], [6], as a variation of the Newton-Raphson
method, we propose to use sub-iterations in the parts of the domain where we are facing a nonlinear
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convergence challenge. This could be implemented, for example, by identifying the nodes of the
zones where we need enhanced iterations, and performing multiple iterations for those nodes for
each iteration we perform for all other nodes. Or, at every time step, we can let those nodes have a
“head start” of several iterations prior to commencing iterations for all other nodes. In time-accurate
computations of fluid—structure interactions with the EDSTT-SM or EDSTT-MM approaches, the
EINST can be used to allow for a larger number of nonlinear iterations for the structure.

In some challenging cases, using a diagonal or nodal-block-diagonal preconditioners might not
lead to a satisfactory level of convergence at some locations, in the parts of the domain posing the
challenge. This might happen, for example, in a fluid—structure interaction problem, where the
structure or the fluid zones near the structure might be suffering from convergence problems. The
situation might become worse if the structure is going through buckling or wrinkling. It might also
happen at a fluid—fluid interface. We might also face this difficulty in the SEMMT described in
the section on mesh update methods, if the elasticity equations for the nodes connected to the thin
elements are solved together with the elasticity equations for the other nodes. In the Enhanced-
Approximation Linear Solution Technique (EALST) [3], [4], [5], [6], we propose to use stronger
approximations for the parts of the domain where we are facing convergence challenges. This could
be implemented, for example, by identifying the elements covering the zones where we need enhanced
approximation, and reflecting this in defining the element-level constituents of the approximation
matrix. For example, for the elements that need stronger approximations, we can use as the element-
level approximation matrix the full element-level matrix, while for all other elements we use a diagonal
element-level matrix. This particular EALST can be summarized by first expressing the assembly
process for A and P as

Nel

A=A A, (93)

e=1

Nel

P:eélPe, (94)

where A is the finite element assembly operator, and then defining P¢ for the elements belonging to
the enhanced-approximation and diagonal-approximation groups:

pe _ Ac for Enhanced Approximation Group (95)

| DIAG(A®) for Diagonal Approzimation Group

Here DIAG represents a diagonal or nodal-block-diagonal approximation operator. We note that in
factorizing the submatrices of P corresponding to the enhanced-approximation group, we can use
a direct solution method, or, as an alternative, a second-level iteration sequence. This second-level
iteration sequence would have its own preconditioner (possibly a diagonal or nodal-block-diagonal
preconditioner) and its own GMRES vector space (possibly shorter than the GMRES vector space
used in the first-level iterations). To differentiate between these two versions of the EALST, we will
call them EALST-D and EALST-I.

In EINST and EALST, elements can be selected to the enhanced group (enhanced-iteration group
in EINST and enhanced-approximation group in EALST) in a static or dynamic way. In the static
way, the elements would be selected to the enhanced group based on what we know in advance
about the flow problem. Elements in the parts of the mesh that are expected to offer more of
a challenge during a computation would belong to the enhanced group. For example, in a fluid—-
structure interaction computation, a thin layer of fluid elements around the structure could be defined
as the enhanced group. In the dynamic way, elements would be selected to the enhanced group based
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on identifying the nodes with the highest normalized residuals or lowest residual reduction rates. For
example, elements connected to the nodes with the lowest 10% residual reduction rates could be
defined as the enhanced group. The residuals being examined are those for the nonlinear equation
system in EINST and the linear equation system in EALST. In the dynamic way, the enhanced
group would not be re-defined every time step. They would be re-defined frequently enough so that
in between re-defining the enhanced group we can expect to maintain substantial overlap between
the elements in the enhanced group and the elements connected to the nodes with the lowest residual
reduction rates.

XVII. MIXED ELEMENT-MATRIX-BASED/ELEMENT-VECTOR-BASED
COMPUTATION TECHNIQUE (MMVCT)

The MMVCT was introduced in [2], and was also described in [6]. Consider a nonlinear equation
system of the kind given by Eq. (88), re-written in the following form:

N; (dy,d2) = Fy,
N, (d;,d2) = Fy, (96)

where d; and dy are the vectors of nodal unknowns corresponding to unknown functions u; and us,
respectively. Similarly, we re-write Eq. (90) in the form

Ajxy +Apxe = by,

Agix; + Agoxs = by, (97)
where
N,
Ag, = .
By 8d7 (98)

Re-writing Eqgs. (88) and (90) in this fashion would help us recognize or investigate the properties
associated with the individual blocks of the equation system. It would also help us explore selective
treatment of these blocks during the solution process. For example, in the context of a coupled fluid—
structure interaction problem, u; and u, might be representing the fluid and structure unknowns,
respectively. We would then recognize that computation of the coupling matrices A5 and Ay poses
a significant difficulty and therefore alternative approaches should be explored.

[terative solution of Eq. (97) can be written as

P Ay, + PpAyy, = by — (Auxg + Apxs),
Py Ay + PyAys = by — (Agixy + AgoXs), (99)

where Pg,’s represent the blocks of the preconditioning matrix P. Here we focus our attention to
computation of the residual vectors on the right hand side, and explore alternative ways for evaluating
the matrix—vector products.

Let us suppose that we are able to compute, without a major difficulty, the element-level matrices
Af, and A, associated with the global matrices Aj; and Ay, and that we prefer to evaluate
Aq1x; and Agyxy by using these element-level matrices. Let us also suppose that calculation of
the element-level matrices A{, and AS$, is prohibitively difficult. Reflecting these circumstances,
the computations can be carried out by using a mixed element-matrix-based/element-vector-based
computation technique [2], [6]:

Nel Nel Ne d d . NE d d
(A11X1 -+ A12X2) = 1(A§1X1) + qu hIIlO |: 1( 1,42 + €1X2) 1( 1, 2):| ’

€= e=1le;1— 61

el el ' Ne(ds + d _N°(d d
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where €; and €y are small parameters used in numerical evaluation of the directional derivatives.
Here, Aq1x; and Agoxy are evaluated with an element-matrix-based computation technique, while
A x5 and Agxy are evaluated with an element-vector-based computation technique.

In extending the mixed element-matrix-based/element-vector-based computation technique de-
scribed above to a more general framework, evaluation of a matrix-vector product Ag,x, (for
8,7 = 1,2,...,N and no sum) appearing in a residual vector can be formulated as an inten-
tional choice between the following element-matrix-based and element-vector-based computation
techniques:

Nel

Apyxy = éél( 5%5)5 (101)
el N(...,dy +e5x,,...) —Nz(...,d,,...
Apx, = A iy [Nolodh e, ) TNl dy ) (102)
IBA{ v €=1Eﬁ—>0 66

Sometimes, computation of the element-level matrices Aj  might not be prohibitively difficult, but
we might still prefer to evaluate Ag,x, with an element-vector-based computation technique. In
such cases, instead of an element-vector-based computation technique requiring numerical evaluation
of directional derivatives, we might want to use the element-vector-based computation technique
described below.

Let us suppose that the nonlinear vector function N corresponds to a finite element integral form
Bs(Wg,uy,...,uy). Here Wy represents the vector of nodal values associated with the weighting
function wgs, which generates the nonlinear equation block 3. Let us also suppose that we are able
to, without a major difficulty, derive the first-order terms in the expansion of B3(Wg, uy, ..., uy)
in u,. Let the finite element integral form Gg,(Wg,uy,...,uy, Au,) represents those first-order

N

terms in Au,. We note that this finite element integral form will generate ad, Consequently, the

matrix-vector product Ag,x, can be evaluated as [2], [6]

8N6 Nel

Agx, = W = eé1 Gs,(Wg,uy,...,un,v,), (103)
¥

where, v, is a function interpolated from x, in the same way that u, is interpolated from d,. This
element-vector-based computation technique allows us to evaluate matrix—vector products without
dealing with numerical evaluation of directional derivatives. To differentiate between the element-
vector-based computation techniques defined by Eqs. (102) and (103), we will call them, respectively,
numerical element-vector-based (NEVB) and analytical element-vector-based (AEVB) computation
techniques.

Remark 4: In fluid—structure interaction computations where the structure is light, in the absence
of taking into account the coupling blocks A5 and As;, we propose a short cut approach for improv-
ing the convergence of the coupling iterations. In this approach, we artificially increase the structural
mass contribution to A (with the understanding that subscript 2 denotes the structure) to reduce
“over-correcting” (i.e. “over-incrementing”) the structural displacements during the coupling itera-
tions. This is achieved without altering by or by (i.e. F; — N; (dy,ds) or F5 — Ny (dy,d»)), and
therefore when the coupling iterations converge, they converge to the solution of the problem with
the correct structural mass.

Remark 5: In fluid-structure interaction computations with light and thin structures (such as
membranes), it might be desirable to eliminate the higher spatial modes of the structural response
normal to the membrane. We propose to accomplish that by adding to the finite element formulation
of the structural mechanics problem a “Directional-Inertia Stabilizing Mass (DISM)” term, which
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we define as

Nel

. Py o
SDISM = Z[ e w (77 P IIII) ’ < dt2 ) ds2 ’ (104>
e=1

where Q° is the membrane domain, y” is the displacement, p* is the material density, n is the unit

. . . . d2yh
vector normal to the membrane, and 7 is a non-dimensional measure of the curvature in { % ).

XVIII. ENHANCED-DISCRETIZATION SUCCESSIVE UPDATE METHOD
(EDSUM)

In this section, we describe a multi-level iteration method for computation of flow behavior at small
scales. The Enhanced-Discretization Successive Update Method (EDSUM) [2], [6] is based on the
Enhanced-Discretization Interface-Capturing Technique (EDICT). Although it might be possible
to identify zones where the enhanced discretization could be limited to, we need to think about
and develop methods required for cases where the enhanced discretization is needed everywhere
in the problem domain to accurately compute flows at smaller scales. In that case the enhanced
discretization would be more wide-spread than before, and possibly required for the entire domain.
Therefore an efficient solution approach would be needed to solve, at every time step, a very large,
coupled nonlinear equation system generated by the multi-level discretization approach.

Such large, coupled nonlinear equation systems involve four classes of nodes. Class-1 consists of all
the Mesh-1 nodes. These nodes are connected to each other through the Mesh-1 elements. Class-2E
consists of the Mesh-2 edge nodes (but excluding those coinciding with the Mesh-1 nodes). The edge
nodes associated with different edges are not connected (except those at each side of an edge, but we
could possibly neglect that a side node might be connected to the side nodes of the adjacent edges).
Nodes within an edge are connected through Mesh-2 elements. Class-2F contains the Mesh-2 face
nodes (but excluding those on the edges). The face nodes associated with different faces are not
connected (except those at sides of a face, but we could possibly neglect that those side nodes might
be connected to the side nodes of the adjacent face). Nodes within a face are connected through
Mesh-2 elements. Class-2] nodes are the Mesh-2 interior nodes. The interior nodes associated with
different clusters of Mesh-2 elements are not connected. Nodes within a cluster are connected through
Mesh-2 elements.

Based on this multi-level decomposition concept, a nonlinear equation system of the kind given by
Eq. (88) can be re-written as follows:

N, (di, deg, dop, dgy) = Fy,
Nogp (di, dop, dop, dof) = Fap,
Nop (di, dog, dop, dof) = Fap,
Ny (dy, dog, dop, dof) = Fy, (105)

where the subscript “n 4 1”7 has been dropped to simplify the notation.

This equation system would be solved with an approximate Newton—Raphson method. At each
nonlinear iteration step, we would successively update the solution vectors corresponding to each
class. While updating each class, we would use the most recent values of the solution vectors in
calculating the vectors N, Nog, Nop, and Ny; and their derivatives with respect to the solution
vectors. We would start with updating the Class-1 nodes, then update the Class-2E, Class-2F, and
Class-2I nodes, respectively. The process is shown below, where each class of equations are solved in
the order they are written.
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ON; . o . .
od S ) ) (Adll) = F - Nl ( Zla Z2E7 Z2F7 221) )
Vl(as, dip, dip, d;)
0d (AdZQE) = F2E - N2E (dll—i—la éE? éF? é[) ;
28 1(af™, dip, dip, di;)

ONyp i i i i i

od . . (Adjyp) = Fop —Nop (d1+1= ds', dyp, or) -
20 1(d, dyf, dip, diy)

ON , . , , .

S (Ady) = T Na (A Al A ). (106)
201 (et dyfs dyl, diy)

This sequence would be repeated as many times as needed, and, as an option, we could alternate
between this sequence and its reverse sequence:

ON . L . .
Sl (Ady) = Fa—Nu(dy, dyp, dip, diy).
20 1(di, dip, dip, dj;)
ON . S . .
3dar (Adyy) = Fop— Nop (df, dp, dip, i)
28 |(af, dip. aip. aif?)
ON . L . .
8d2E (Adyp) = Fop— Nog (di, dip, di}, dif'),
25 |(aj, iy azpt, asf?)
ON . S . .
L (Ad) = F-N(d A ag di). (107)
Ul(a, a5t diit, d5)t)

Updating the solution vector corresponding to each class would also require solution of a large
equation system. These equations systems would each be solved iteratively, with an effective precon-
ditioner, a reliable search technique, and parallel implementation. It is important to note that the
bulk of the computational cost would be for Class-1 and Class-2I. While the Class-1 nodes would be
partitioned to different processors of the parallel computer, for the remaining classes, nodes in each
edge, face or interior cluster would be assigned to the same processor. Therefore, solution of each
edge, face or interior cluster would be local. If the size of each interior cluster becomes too large,
then nodes for a given cluster can also be distributed across different processors, or a third level of
mesh refinement can be introduced to make the enhanced discretization a tri-level kind.

A variation of the EDSUM could be used for the iterative solution of the linear equation system
that needs to be solved at every step of a (full) Newton—Raphson method applied to Eq. (105). To
describe this variation, we first write, similar to the way we wrote Eqgs. (97) and (98), the linear
equation system that needs to be solved:

Anxy + Appxop + AjopXor + Ajorxor = by,

Aspixi + AgpopXop + AsporXor + AgparXer = bap,
Aopixy + AopopXop + AgpopXor + AgparXer = baop,
Aonxi + AgropXop + AsporXor + AgrarXor = boyp, (108)
where
ON
Agy = " (109)

od,’
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with 3,y =1,2E, 2F, 21. Then, for the iterative solution of Eq. (108), we define two preconditioners:

Ay 0 0 0
Ao Aopor 0 0
P _ , 110
Lros Aspi Agper Agpar 0O (110)
| Ao Aopre Aspr Agpy
[ AL Ape Apr Ay
. 0  Aspor Aspor Aspar
Psror = 0 0 Asror Agpor (111)
0 0 0 Asror

We propose that these two preconditioners are used alternatingly during the inner iterations of the
GMRES search. We note that this mixed preconditioning technique with multi-level discretization
is closely related to the mixed CEBE and CC preconditioning technique [39] we referred to in Sec-
tion XV. Along these lines, as a mixed preconditioning technique that is more closely related to
the mixed CEBE and CC technique, we propose that the following three preconditioners are used in
sequence during the inner iterations of the GMRES search:

An 0 0 0
| 0 DIAG (Agp) 0 0
P, = 0 0 DIAG (Agpar) 0 ’ (112)
0 0 0 DIAG (Aszrar)
[ DIAG(A;;) 0 0 0
B 0 Aspor 0 0
Pspror = 0 Aspor Agpar 0 ’ (113)
i 0 Asror Aspr Aspr
[ DIAG (Ay;) 0 0 0
- 0 Asmor Asper Asgpar
Psiror = 0 0 Asror Agpor (114)
I 0 0 0 Asror

As possible sequences, we propose (Pr, Pseror, Psiror, -, Pr, Pseror, Psiror), as well as (P,
PSETOIa ey PL, PSETOI) and (PL, PSITOEa ey PL, PSITOE)' As a somewhat downgraded version
of Py, we can use a preconditioner that is equivalent to not updating x,g, Xor, and Xs;, instead of
updating them by using DIAG (Asgag), DIAG (Aspar), and DIAG (Agfor). Similarly, as downgraded
versions of Psgror and Pgrror, we can use preconditioners that are equivalent to not updating x,
instead of updating it by using DIAG (Ay;).

To differentiate between the two variations of the EDSUM we described in this section, we call the
nonlinear version, described by Eqs. (106) and (107), EDSUM-N, and the linear version, described
by Egs. (108) — (114), EDSUM-L.

XIX. CONCLUDING REMARKS

We described the stabilized finite element interface-tracking and interface-capturing techniques we
developed in recent years for computation of fluid dynamics problems with moving boundaries and
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interfaces. We also described the calculation of the stabilization parameters used in these stabilized
formulations. The interface-tracking techniques are based on the DSD/SST formulation, where the
mesh moves to track the interface. The interface-capturing techniques, which were developed for
two-fluid flows, are based on the stabilized formulation, over non-moving meshes, of both the flow
equations and an advection equation. The advection equation governs the time-evolution of the
interface function marking the interface location. Additonally, in this paper we described some of
the methods developed to increase the scope and accuracy of the interface-tracking and interface-
capturing techniques. Among these methods is the FOIST, which is a subcomputation technique
for fluid-object interactions. Also among these methods are the EDICT, which was developed to
increase the accuracy in capturing the interface, and extensions and offshoots of the EDICT, such
as the EDMRT (enhanced mesh refinement) and EDSTT (enhanced discretization for space—time
computations), and other enhanced iterative solution techniques such as the EINST, EALST, ED-
SUM, and MMVCT. Other methods that were developed to increase the scope and accuracy of
the interface-tracking and interface-capturing techniques are the MITICT, ETILT and LTIUT. The
MITICT was developed for the classes of problems that involve both interfaces that can be accurately
tracked with a moving mesh method and interfaces that are too complex or unsteady to be tracked
and therefore require an interface-capturing technique. The ETILT was developed to improve the
interface-capturing techniques with better volume conservation properties and sharper representa-
tion of the interfaces. With the LTIUT, in computation of two-fluid interfaces with the DSD/SST
method, the interface update equation can be solved with a stabilized formulation.
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