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Abstract. The Streamline-Upwind/Petrov-Galerkin (SUPG) formulation is one of the
most widely used stabilized methods in finite element computation of compressible flows.
The formulation includes a stabilization parameter, which is mostly known as “τ” and
plays a significant part in determining the accuracy of the solution. Typically the SUPG
formulation is used in combination with a shock-capturing term that provides additional
stability near the shock fronts. The definition of the shock-capturing term includes a
shock-capturing parameter that plays an important role in determining the quality of the
solution near the shocks. In this paper, we describe, for the finite element formulation of
compressible flows based on conservation variables, new ways for determining the τ and
the shock-capturing parameter. The new definitions for the shock-capturing parameter are
far simpler than the one based on the entropy variables and involve less operations in
calculating the shock-capturing term.
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1 INTRODUCTION

Most of the computational fluid mechanics techniques reported in the literature in
the past two decades are based on stabilized formulations. In finite element computa-
tion of flow problems, the Streamline-Upwind/Petrov-Galerkin (SUPG) formulation for
incompressible flows [1, 2], the SUPG formulation for compressible flows [3, 4, 5], and the
Pressure-Stabilizing/Petrov-Galerkin (PSPG) formulation for incompressible flows [6] are
some of the most prevalent stabilized methods. Stabilized formulations such as the SUPG
and PSPG formulations have a number of well-known advantages. They prevent numer-
ical instabilities in solving problems with high Reynolds or Mach numbers and shocks
or thin boundary layers, as well as when using equal-order interpolation functions for
velocity and pressure. They also substantially improve the convergence rate in iterative
solution of the large, coupled nonlinear equation system that needs to be solved at every
time step of a flow computation. The SUPG and PSPG formulations are among the
stabilized methods that achieve these objectives without introducing excessive numerical
dissipation.

The SUPG formulation for incompressible flows was first introduced in an ASME pa-
per [1], with further studies and examples in [2]. The SUPG formulation for compressible
flows was first introduced, in the context of conservation variables, in a NASA technical
report [3]. A concise version of the technical report was published as an AIAA paper [4],
and a more thorough version with additional examples as a journal paper [5]. After
that, several SUPG-like methods for compressible flows were developed. Taylor–Galerkin
method [7], for example, is very similar, and under certain conditions is identical, to one of
the SUPG methods introduced in [3, 4, 5]. Another example of the subsequent SUPG-like
methods for compressible flows in conservation variables is the streamline-diffusion method
described in [8]. Later, following [3, 4, 5], the SUPG formulation for compressible flows
was recast in entropy variables and supplemented with a shock-capturing term [9]. It was
shown in [10] that the SUPG formulation introduced in [3, 4, 5], when supplemented with a
similar shock-capturing term, is very comparable in accuracy to the one that was recast in
entropy variables. The stabilized formulation introduced in [11] for advection–diffusion–
reaction equations also included a shock-capturing (discontinuity-capturing) term, and
accounted for the interaction between the discontinuity-capturing and SUPG terms. The
formulation precluded augmentation of the SUPG effect by the discontinuity-capturing
effect when the advection and discontinuity directions coincide. The PSPG formulation
for the Navier–Stokes equations of incompressible flows, introduced in [6], assures numer-
ical stability while allowing us to use equal-order interpolation functions for velocity and
pressure. An earlier version of this stabilized formulation for Stokes flow was introduced
in [12].

A stabilization parameter, which is almost always known as “τ”, is embedded in the
SUPG and PSPG formulations. It involves a measure of the local length scale (also
known as “element length”) and other parameters such as the element Reynolds and

2



Tayfun E. Tezduyar

Courant numbers. Judicious selection of the stabilization parameter plays an important
role in determining the accuracy of the formulation. Various element lengths and τs were
proposed starting with those in [1, 2] and [3, 4, 5], followed by the one introduced in [11],
and those proposed in the subsequently reported SUPG and PSPG methods. Here we will
call the SUPG formulation introduced in [3, 4, 5] for compressible flows “(SUPG)82”, and
the set of τs introduced in conjunction with that formulation “τ82”. The τ used in [10]
with (SUPG)82 is a slightly modified version of τ82. A shock-capturing parameter, which
we will call here “δ91”, was embedded in the shock-capturing term used in [10]. Subsequent
minor modifications of τ82 took into account the interaction between the shock-capturing
and the (SUPG)82 terms in a fashion similar to how it was done in [11] for advection–
diffusion–reaction equations. All these slightly modified versions of τ82 have always been
used with the same δ91, and we will categorize them here all under the label “τ82-MOD”.

To be used in conjunction with the SUPG/PSPG formulation of incompressible flows,
the Discontinuity-Capturing Directional Dissipation (DCDD) stabilization was introduced
in [13, 14, 15] for computation of flow fields with sharp gradients. This involved a second
element length scale, which was also also introduced in [13, 14, 15] and is based on the
solution gradient. This new element length scale is used together with the element length
scales already defined in [11]. Recognizing this second element length as a diffusion
length scale, new stabilization parameters for the diffusive limit were introduced in [14,
15, 16, 17, 18, 19]. The DCDD stabilization was originally conceived in [13, 14, 15] as an
alternative to the LSIC (least-squares on incompressibility constraint) stabilization. The
DCDD stabilization takes effect where there is a sharp gradient in the velocity field and
introduces dissipation in the direction of that gradient. The way the DCDD stabilization
is added to the finite element formulation precludes augmentation of the SUPG effect by
the DCDD effect when the advection and discontinuity directions coincide.

Partly based on the ideas underlying the new τs for incompressible flows and the DCDD
stabilization, new ways of calculating the τs and shock-capturing parameters for compress-
ible flows were proposed in [18, 19, 20, 21, 22]. In this paper, we describe how the new
parameters are defined. Like the τs and shock-capturing parameters developed earlier,
these new parameters are intended for use with the SUPG formulation of compressible
flows based on conservation variables. Compared to the earlier one that was derived
based on the entropy variables, the new shock-capturing parameter is much simpler and
computationally less costly.

The Navier–Stokes equations are given in Section 2. We summarize the stabilized
formulations in Section 3, and describe the calculation of the stabilization parameters
for incompressible flows in Section 4. The DCDD stabilization is described in Section 5.
In Section 6, we describe the calculation of the stabilization parameters for compressible
flows and the shock-capturing term. The concluding remarks are given in Section 7.
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2 NAVIER–STOKES EQUATIONS

Let Ω ⊂ IRnsd be the spatial domain with boundary Γ, and (0, T ) be the time domain.
The symbols ρ, u, p and e will represent the density, velocity, pressure and the total
energy, respectively. The external forces (e.g., the gravity) are represented by f .

2.1 Compressible flows

The Navier–Stokes equations of compressible flows can be written on Ω and ∀t ∈ (0, T )
as

∂U

∂t
+

∂Fi

∂xi

−
∂Ei

∂xi

−R = 0 , (1)

where U = (ρ, ρu1, ρu2, ρu3, ρe) is the vector of conservation variables, and Fi and Ei are,
respectively, the Euler and viscous flux vectors, defined as

Fi =













uiρ

uiρu1 + δi1p

uiρu2 + δi2p

uiρu3 + δi3p

ui(ρe + p)













, (2)

Ei =













0
Ti1

Ti2

Ti3

−qi + Tikuk













. (3)

Here δij are the components of the identity tensor, qi are the components of the heat flux
vector, and Tij are the components of the Newtonian viscous stress tensor:

T = 2µεεε(u), (4)

where µ = ρν is the viscosity, ν is the kinematic viscosity, and εεε(u) is the strain-rate
tensor:

εεε(u) =
1

2

(

(∇∇∇u) + (∇∇∇u)T
)

. (5)

The equation of state used here corresponds to the ideal gas assumption. The term R
represents all other components that might enter the equations, including the external
forces.

Eq. (1) can further be written in the following form:

∂U

∂t
+ Ai

∂U

∂xi

−
∂

∂xi

(

Kij
∂U

∂xj

)

−R = 0 , (6)
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where

Ai =
∂Fi

∂U
, (7)

Kij
∂U

∂xj
= Ei. (8)

Appropriate sets of boundary and initial conditions are assumed to accompany Eq. (6).

2.2 Incompressible flows

The Navier–Stokes equations of incompressible flows can be written on Ω and ∀t ∈
(0, T ) as

ρ

(

∂u

∂t
+ u · ∇∇∇u− f

)

−∇∇∇ · σσσ = 0, (9)

∇∇∇ · u = 0, (10)

where ρ is assumed to be constant, and

σσσ(p,u) = −pI + 2µεεε(u). (11)

Here I is the identity tensor. An appropriate set of boundary conditions are assumed to
accompany Eq. (9), and a divergence-free velocity field u0(x) is specified as the initial
condition.

3 STABILIZED FORMULATIONS

3.1 SUPG stabilization for compressible flows

Given Eq. (6), we form some suitably-defined finite-dimensional trial solution and test
function spaces Sh

U
and Vh

U
. The SUPG formulation of Eq. (6) can then be written as

follows: find Uh ∈ Sh
U

such that ∀Wh ∈ Vh
U

:
∫

Ω

Wh ·

(

∂Uh

∂t
+ Ah

i

∂Uh

∂xi

)

dΩ +

∫

Ω

(

∂Wh

∂xi

)

·

(

Kh
ij

∂Uh

∂xj

)

dΩ

−

∫

ΓH

Wh ·HhdΓ−

∫

Ω

Wh ·RhdΩ

+

nel
∑

e=1

∫

Ωe

τττ SUPG

(

∂Wh

∂xk

)

·Ah
k

[

∂Uh

∂t
+ Ah

i

∂Uh

∂xi
−

∂

∂xi

(

Kh
ij

∂Uh

∂xj

)

−Rh

]

dΩ

+

nel
∑

e=1

∫

Ωe

νSHOC

(

∂Wh

∂xi

)

·

(

∂Uh

∂xi

)

dΩ = 0 . (12)

Here Hh represents the natural boundary conditions associated with Eq. (6), and ΓH

is the part of the boundary where such boundary conditions are specified. The SUPG
stabilization and shock capturing parameters are denoted by τττ SUPG and νSHOC. They were
discussed in Section 1 and will further be discussed in Section 6.
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3.2 SUPG/PSPG stabilization for incompressible flows

Given Eqs. (9)–(10), we form some suitably-defined finite-dimensional trial solution and
test function spaces for velocity and pressure: Sh

u
, Vh

u
, Sh

p , and Vh
p = Sh

p . The stabilized
finite element formulation of Eqs. (9)–(10) can then be written as follows: find uh ∈ Sh

u

and ph ∈ Sh
p such that ∀wh ∈ Vh

u
and ∀qh ∈ Vh

p :

∫

Ω

wh · ρ

(

∂uh

∂t
+ uh · ∇∇∇uh − fh

)

dΩ +

∫

Ω

εεε(wh) : σσσ(ph,uh)dΩ−

∫

Γh

wh · hhdΓ

+

∫

Ω

qh∇∇∇ · uhdΩ +

nel
∑

e=1

∫

Ωe

1

ρ

[

τSUPGρuh · ∇wh + τPSPG∇qh
]

·
[

 L(ph,uh)− ρfh
]

dΩ

+

nel
∑

e=1

∫

Ωe

νLSIC∇∇∇ ·w
hρ∇∇∇ · uhdΩ = 0, (13)

where

 L(qh,wh) = ρ

(

∂wh

∂t
+ uh · ∇∇∇wh

)

−∇∇∇ · σσσ(qh,wh). (14)

Here hh represents the natural boundary conditions associated with Eq. (9), and Γh is
the part of the boundary where such boundary conditions are specified. The SUPG,
PSPG and LSIC (least-squares on incompressibility constraint) stabilization parameters
are denoted by τSUPG, τPSPG and νLSIC, respectively. They were discussed in Section 1 and
will further be discussed in Section 4.

4 CALCULATION OF THE UGN/RGN-BASED STABILIZATION PARAM-
ETERS

Various ways of calculating the stabilization parameters for incompressible flows were
covered earlier in detail in [23, 13, 14, 15, 16, 17, 24, 18, 19]. In this section we focus
on the versions of the stabilization parameters (τs) denoted by the subscript UGN, namely
the UGN/RGN-based stabilization parameters. For this purpose, we first define the unit
vectors s and r:

s =
uh

‖uh‖
, (15)

r =
∇∇∇‖uh‖

‖ ∇∇∇‖uh‖ ‖
. (16)

The components of (τSUPG)UGN corresponding to the advection-, transient- and diffusion-
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dominated limits were defined in [15, 16, 17, 24, 18, 19] as follows:

τSUGN1 =

(

nen
∑

a=1

|uh · ∇∇∇Na|

)

−1

, (17)

τSUGN2 =
∆t

2
, (18)

τSUGN3 =
h2

RGN

4ν
, (19)

where nen is the number of element nodes and Na is the interpolation function associated
with node a, and the “element length” hRGN is defined as

hRGN = 2

(

nen
∑

a=1

|r · ∇∇∇Na|

)

−1

. (20)

Based on Eq. (17), the “element length” hUGN is defined as

hUGN = 2‖uh‖ τSUGN1 . (21)

Although writing a direct expression for τSUGN1 as given by Eq. (17) was pointed out
in [15, 16, 17, 24, 18, 19], the element length definition one obtains by combining Eq. (17)
and Eq. (21) was first introduced (as a direct expression for hUGN) in [11]. The expression
for hRGN as given by Eq. (20) was first introduced in [13, 14, 15]. It was noted in [15, 16,
17, 24, 18, 19] that hUGN and hRGN can be viewed as the local length scales corresponding
to the advection- and diffusion-dominated limits, respectively.

We now define (τSUPG)UGN, (τPSPG)UGN, and (νLSIC)UGN as follows:

(τSUPG)UGN =

(

1

τ r
SUGN1

+
1

τ r
SUGN2

+
1

τ r
SUGN3

)

−

1

r

, (22)

(τPSPG)UGN = (τSUPG)UGN, (23)

(νLSIC)UGN = (τSUPG)UGN ‖u
h‖

2
. (24)

Eq. (22) is based on the inverse of (τSUPG)UGN being defined as the r-norm of the vector
with components 1

τSUGN1
, 1

τSUGN2
and 1

τSUGN3
. We note that the higher the integer r is, the

sharper the switching between τSUGN1, τSUGN2 and τSUGN3 becomes. This “r-switch” was
introduced in [23]. Typically, r = 2. The expressions for τSUGN3 and (νLSIC)UGN, given
respectively by Eqs. (19) and (24), were proposed in [15, 16, 17, 24, 18, 19]. The “SUPG
viscosity” νSUPG is defined as

νSUPG = τSUPG‖u
h‖

2
. (25)

The space–time versions of τSUGN1, τSUGN2, τSUGN3, (τSUPG)UGN, (τPSPG)UGN, and (νLSIC)UGN,
given respectively by Eqs. (17), (18), (19), (22), (23), and (24), were defined in [15, 16,
17, 24, 18, 19].
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5 DISCONTINUITY-CAPTURING DIRECTIONAL DISSIPATION (DCDD)

As an alternative to the LSIC stabilization, the Discontinuity-Capturing Directional
Dissipation (DCDD) stabilization was proposed in [13, 14, 15]. In describing the DCDD
stabilization, we first define the “DCDD viscosity” νDCDD and the DCDD stabilization
parameter τDCDD:

νDCDD = τDCDD‖u
h‖

2
, (26)

τDCDD =
hDCDD

2uref

‖ ∇∇∇‖uh‖ ‖ hDCDD

uref
, (27)

where

hDCDD = hRGN . (28)

Here uref is a reference velocity (such as ‖uh‖ at the inflow, or the difference between the
estimated maximum and minimum values of ‖uh‖). Combining Eqs. (26) and (27), we
obtain

νDCDD =
1

2

(

‖uh‖

uref

)2

(hDCDD)2 ‖ ∇∇∇‖uh‖ ‖ . (29)

Then the DCDD stabilization is defined as

SDCDD =

nel
∑

e=1

∫

Ωe

ρ∇∇∇wh :
(

[νDCDDrr−κκκCORR] · ∇∇∇uh
)

dΩ , (30)

where κκκCORR is defined as

κκκCORR = νDCDD(r · s)2ss . (31)

6 CALCULATION OF THE STABILIZATION PARAMETERS FOR COM-
PRESSIBLE FLOWS AND SHOCK-CAPTURING

The SUPG formulation for compressible flows was first introduced, in the context of
conservation variables, in [3, 4, 5]. Here we will call that formulation “(SUPG)82”. In
this section, in the context of the (SUPG)82 formulation and based on the ideas we
discussed in Sections 4 and 5, we propose alternative ways of calculating the stabilization
parameters and defining the shock-capturing terms. For this purpose, we first define the
acoustic speed as c, and define the unit vector j as

j =
∇∇∇ρh

‖ ∇∇∇ρh ‖
. (32)
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As the first alternative in computing τSUGN1 for each component of the test vector-function
W, we propose to define τρ

SUGN1, τu
SUGN1 and τ e

SUGN1 (associated with ρ, ρu and ρe,
respectively) by using the expression given by Eq. (17):

τρ
SUGN1 = τu

SUGN1 = τ e
SUGN1 =

(

nen
∑

a=1

|uh · ∇∇∇Na|

)

−1

. (33)

As the second alternative, we propose to use the following definition:

τρ
SUGN1 = τu

SUGN1 = τ e
SUGN1 =

(

nen
∑

a=1

(

c |j · ∇∇∇Na|+ |u
h · ∇∇∇Na|

)

)

−1

. (34)

In computing τSUGN2, we propose to use the expression given by Eq. (18):

τρ
SUGN2 = τu

SUGN2 = τ e
SUGN2 =

∆t

2
. (35)

In computing τSUGN3, we propose to define τu
SUGN3 by using the expression given by

Eq. (19):

τu
SUGN3 =

h2
RGN

4ν
. (36)

We propose to define τ e
SUGN3 as

τ e
SUGN3 =

(he
RGN)2

4νe
, (37)

where νe is the “kinematic viscosity” for the energy equation,

he
RGN = 2

(

nen
∑

a=1

|re · ∇∇∇Na|

)

−1

, (38)

re =
∇∇∇θh

‖ ∇∇∇θh ‖
, (39)

and θ is the temperature. We define (τρ
SUPG)UGN, (τu

SUPG
)UGN and (τ e

SUPG
)UGN by using the

“r-switch” given in Section 4 :

(τρ
SUPG

)UGN =

(

1

(τρ
SUGN1)r

+
1

(τρ
SUGN2)r

)

−

1

r

, (40)

(τu
SUPG

)UGN =

(

1

(τu
SUGN1)r

+
1

(τu
SUGN2)r

+
1

(τu
SUGN3)r

)

−

1

r

, (41)

(τ e
SUPG

)UGN =

(

1

(τ e
SUGN1)r

+
1

(τ e
SUGN2)r

+
1

(τ e
SUGN3)r

)

−

1

r

. (42)
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In defining the shock-capturing term, we first define the “shock-capturing viscosity”
νSHOC:

νSHOC = τSHOC(uint)
2
, (43)

where

τSHOC =
hSHOC

2ucha

(

‖ ∇∇∇ρh ‖ hSHOC

ρref

)β

, (44)

hSHOC = hJGN , (45)

hJGN = 2

(

nen
∑

a=1

|j · ∇∇∇Na|

)

−1

. (46)

Here ρref is a reference density (such as ρh at the inflow, or the difference between the
estimated maximum and minimum values of ρh), ucha is a characteristic velocity (such as
uref or ‖uh‖ or acoustic speed c), and uint is an intrinsic velocity (such as ucha or ‖uh‖ or
acoustic speed c). We propose to set uint = ucha = uref. The parameter β influences the
smoothness of the shock-front. We set β = 1 for smoother shocks and β = 2 for sharper
shocks (in return for tolerating possible overshoots and undershoots). As a compromise
between the β = 1 and β = 2 selections, we propose the following averaged expression for
τSHOC :

τSHOC =
1

2

(

(τSHOC)β=1 + (τSHOC)β=2

)

. (47)

As an alternate way, we also propose to calculate νSHOC by using the following expres-
sion:

νSHOC =
∥

∥Y−1Z
∥

∥

(

nsd
∑

i=1

∥

∥

∥

∥

Y−1∂Uh

∂xi

∥

∥

∥

∥

2
)β/2−1

(

hSHOC

2

)β

, (48)

where Y is a diagonal scaling matrix constructed from the reference values of the compo-
nents of U :

Y =













(U1)ref 0 0 0 0
0 (U2)ref 0 0 0
0 0 (U3)ref 0 0
0 0 0 (U4)ref 0
0 0 0 0 (U5)ref













, (49)
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Z =
∂Uh

∂t
+ Ah

i

∂Uh

∂xi
(50)

OR

Z = Ah
i

∂Uh

∂xi
, (51)

and we set β = 1 or β = 2. As a variation of the expression given by Eq. 48, we propose
for νSHOC the following expression:

νSHOC =
∥

∥Y−1Z
∥

∥

(

nsd
∑

i=1

∥

∥

∥

∥

Y−1∂Uh

∂xi

∥

∥

∥

∥

2
)β/2−1

∥

∥Y−1Uh
∥

∥

1−β
(

hSHOC

2

)β

. (52)

As a compromise between the β = 1 and β = 2 selections, we propose the following
averaged expression for νSHOC :

νSHOC =
1

2

(

(νSHOC)β=1 + (νSHOC)β=2

)

. (53)

We can also calculate, based on Eq. 48, a separate νSHOC for each component of the test
vector-function W :

(νSHOC)I =
∣

∣

(

Y−1Z
)

I

∣

∣

(

nsd
∑

i=1

∣

∣

∣

∣

(

Y−1∂Uh

∂xi

)

I

∣

∣

∣

∣

2
)β/2−1

(

hSHOC

2

)β

, I = 1, 2, . . . nsd + 2 . (54)

Similarly, a separate νSHOC for each component of W can be calculated based on Eq. 52 :

(νSHOC)I =
∣

∣

(

Y−1Z
)

I

∣

∣

(

nsd
∑

i=1

∣

∣

∣

∣

(

Y−1∂Uh

∂xi

)

I

∣

∣

∣

∣

2
)β/2−1

∣

∣

(

Y−1Uh
)

I

∣

∣

1−β
(

hSHOC

2

)β

,

I = 1, 2, . . . nsd + 2 . (55)

Given νSHOC, the shock-capturing term is defined as

SSHOC =

nel
∑

e=1

∫

Ωe

∇∇∇Wh :
(

κκκSHOC · ∇∇∇Uh
)

dΩ , (56)

where κκκSHOC is defined as

κκκSHOC = νSHOC I . (57)

As a possible alternative, we propose

κκκSHOC = νSHOC jj . (58)
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If the option given by Eq. 54 or Eq. 55 is exercised, then νSHOC becomes an (nsd + 2) ×
(nsd + 2) diagonal matrix, and the matrix κκκSHOC becomes augmented from an nsd × nsd

matrix to an (nsd × (nsd + 2))× ((nsd + 2)× nsd) matrix.
In an attempt to preclude compounding, we propose to modify νSHOC as follows:

νSHOC ← νSHOC − switch
(

τSUPG (j · u)2
, τSUPG (|j · u| − c)2

, νSHOC

)

, (59)

where the “switch” function is defined as the “min” function or as the “r-switch” given
in Section 4. For viscous flows, the above modification would be made separately with
each of τ

ρ
SUPG, τu

SUPG
and τ e

SUPG
, and this would result in νSHOC becoming a diagonal matrix

even if the option given by Eq. 54 or Eq. 55 is not exercised.

7 CONCLUDING REMARKS

We described, for the Streamline-Upwind/Petrov-Galerkin (SUPG) formulation of com-
pressible flows based on conservation variables, new ways for determining the stabiliza-
tion and shock-capturing parameters. The stabilization parameter, which is typically
known as “τ”, plays an important role in determining the accuracy of the solutions.
The shock-capturing term provides additional stabilization near the shocks, and how the
shock-capturing parameter it involves is defined influences the quality of the solution
near the shocks. These new ways of calculating the τs and shock-capturing parameters
are partly based on the ideas underlying the τs and and DCDD stabilization developed
for incompressible flows. Compared to the earlier shock-capturing parameter that was
derived based on the entropy variables, the new one is much simpler and computationally
less costly.
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