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Abstract. The Streamline- Upwind/Petrov-Galerkin (SUPG) formulation is one of the
most widely used stabilized methods in finite element computation of compressible flows.
The formulation includes a stabilization parameter, which is mostly known as “r” and
plays a significant part in determining the accuracy of the solution. Typically the SUPG
formulation is used in combination with a shock-capturing term that provides additional
stability near the shock fronts. The definition of the shock-capturing term includes a
shock-capturing parameter that plays an important role in determining the quality of the
solution near the shocks. In this paper, we describe, for the finite element formulation of
compressible flows based on conservation variables, new ways for determining the T and
the shock-capturing parameter. The new definitions for the shock-capturing parameter are
far simpler than the one based on the entropy variables and involve less operations in
calculating the shock-capturing term.
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1 INTRODUCTION

Most of the computational fluid mechanics techniques reported in the literature in
the past two decades are based on stabilized formulations. In finite element computa-
tion of flow problems, the Streamline-Upwind/Petrov-Galerkin (SUPG) formulation for
incompressible flows [1, 2|, the SUPG formulation for compressible flows [3, 4, 5], and the
Pressure-Stabilizing /Petrov-Galerkin (PSPG) formulation for incompressible flows [6] are
some of the most prevalent stabilized methods. Stabilized formulations such as the SUPG
and PSPG formulations have a number of well-known advantages. They prevent numer-
ical instabilities in solving problems with high Reynolds or Mach numbers and shocks
or thin boundary layers, as well as when using equal-order interpolation functions for
velocity and pressure. They also substantially improve the convergence rate in iterative
solution of the large, coupled nonlinear equation system that needs to be solved at every
time step of a flow computation. The SUPG and PSPG formulations are among the
stabilized methods that achieve these objectives without introducing excessive numerical
dissipation.

The SUPG formulation for incompressible flows was first introduced in an ASME pa-
per [1], with further studies and examples in [2]. The SUPG formulation for compressible
flows was first introduced, in the context of conservation variables, in a NASA technical
report [3]. A concise version of the technical report was published as an ATAA paper [4],
and a more thorough version with additional examples as a journal paper [5]. After
that, several SUPG-like methods for compressible flows were developed. Taylor—Galerkin
method [7], for example, is very similar, and under certain conditions is identical, to one of
the SUPG methods introduced in [3, 4, 5]. Another example of the subsequent SUPG-like
methods for compressible flows in conservation variables is the streamline-diffusion method
described in [8]. Later, following [3, 4, 5], the SUPG formulation for compressible flows
was recast in entropy variables and supplemented with a shock-capturing term [9]. It was
shown in [10] that the SUPG formulation introduced in [3, 4, 5], when supplemented with a
similar shock-capturing term, is very comparable in accuracy to the one that was recast in
entropy variables. The stabilized formulation introduced in [11] for advection—diffusion—
reaction equations also included a shock-capturing (discontinuity-capturing) term, and
accounted for the interaction between the discontinuity-capturing and SUPG terms. The
formulation precluded augmentation of the SUPG effect by the discontinuity-capturing
effect when the advection and discontinuity directions coincide. The PSPG formulation
for the Navier—Stokes equations of incompressible flows, introduced in [6], assures numer-
ical stability while allowing us to use equal-order interpolation functions for velocity and
pressure. An earlier version of this stabilized formulation for Stokes flow was introduced
in [12].

A stabilization parameter, which is almost always known as “7”, is embedded in the
SUPG and PSPG formulations. It involves a measure of the local length scale (also
known as “element length”) and other parameters such as the element Reynolds and
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Courant numbers. Judicious selection of the stabilization parameter plays an important
role in determining the accuracy of the formulation. Various element lengths and 7s were
proposed starting with those in [1, 2] and [3, 4, 5], followed by the one introduced in [11],
and those proposed in the subsequently reported SUPG and PSPG methods. Here we will
call the SUPG formulation introduced in [3, 4, 5] for compressible flows “(SUPG)ss”, and
the set of 7s introduced in conjunction with that formulation “7,”. The 7 used in [10]
with (SUPG)ss is a slightly modified version of 74,. A shock-capturing parameter, which
we will call here “dy,”, was embedded in the shock-capturing term used in [10]. Subsequent
minor modifications of 7y, took into account the interaction between the shock-capturing
and the (SUPG)gy terms in a fashion similar to how it was done in [11] for advection—
diffusion—reaction equations. All these slightly modified versions of 75, have always been
used with the same d,,, and we will categorize them here all under the label “74, \ion” -

To be used in conjunction with the SUPG/PSPG formulation of incompressible flows,
the Discontinuity-Capturing Directional Dissipation (DCDD) stabilization was introduced
in [13, 14, 15] for computation of flow fields with sharp gradients. This involved a second
element length scale, which was also also introduced in [13, 14, 15] and is based on the
solution gradient. This new element length scale is used together with the element length
scales already defined in [11]. Recognizing this second element length as a diffusion
length scale, new stabilization parameters for the diffusive limit were introduced in [14,
15, 16, 17, 18, 19]. The DCDD stabilization was originally conceived in [13, 14, 15] as an
alternative to the LSIC (least-squares on incompressibility constraint) stabilization. The
DCDD stabilization takes effect where there is a sharp gradient in the velocity field and
introduces dissipation in the direction of that gradient. The way the DCDD stabilization
is added to the finite element formulation precludes augmentation of the SUPG effect by
the DCDD effect when the advection and discontinuity directions coincide.

Partly based on the ideas underlying the new 7s for incompressible flows and the DCDD
stabilization, new ways of calculating the 7s and shock-capturing parameters for compress-
ible flows were proposed in [18, 19, 20, 21, 22]. In this paper, we describe how the new
parameters are defined. Like the 7s and shock-capturing parameters developed earlier,
these new parameters are intended for use with the SUPG formulation of compressible
flows based on conservation variables. Compared to the earlier one that was derived
based on the entropy variables, the new shock-capturing parameter is much simpler and
computationally less costly.

The Navier—-Stokes equations are given in Section 2. We summarize the stabilized
formulations in Section 3, and describe the calculation of the stabilization parameters
for incompressible flows in Section 4. The DCDD stabilization is described in Section 5.
In Section 6, we describe the calculation of the stabilization parameters for compressible
flows and the shock-capturing term. The concluding remarks are given in Section 7.
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2 NAVIER-STOKES EQUATIONS

Let Q C IR" be the spatial domain with boundary I'; and (0,7") be the time domain.
The symbols p, u, p and e will represent the density, velocity, pressure and the total
energy, respectively. The external forces (e.g., the gravity) are represented by f.

2.1 Compressible flows
The Navier—Stokes equations of compressible flows can be written on 2 and Vt € (0,7)
as
ou n oF; OE;

where U = (p, puy, pug, pus, pe) is the vector of conservation variables, and F; and E; are,
respectively, the Euler and viscous flux vectors, defined as

~R=0, (1)

u;p
uipuy + 0 p
F,’ = Ui PU2 -+ 52'2]) s (2)
uipu3 + 03P
ui(pe + p)

0
T;
B-| 1. | 3)
T;
—q; + Tipuy

Here 9;; are the components of the identity tensor, g; are the components of the heat flux
vector, and 7;; are the components of the Newtonian viscous stress tensor:

T = 2ue(u), (4)

where p = pr is the viscosity, v is the kinematic viscosity, and €(u) is the strain-rate
tensor:

e(u) = % ((Vu) + (Vu)T). (5)

The equation of state used here corresponds to the ideal gas assumption. The term R
represents all other components that might enter the equations, including the external
forces.

Eq. (1) can further be written in the following form:

ou ou o ou
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where 9F
ou
K, — =E,.
ige =B ®)

Appropriate sets of boundary and initial conditions are assumed to accompany Eq. (6).

2.2 Incompressible flows

The Navier—Stokes equations of incompressible flows can be written on  and V¢ €
(0,7) as

p(%—ltleu-Vu—f)—V-a =0, 9)

V.ou =0, (10)
where p is assumed to be constant, and
o(p,u) = —pl + 2pe(u). (11)

Here 1 is the identity tensor. An appropriate set of boundary conditions are assumed to
accompany Eq. (9), and a divergence-free velocity field ug(x) is specified as the initial
condition.

3 STABILIZED FORMULATIONS
3.1 SUPG stabilization for compressible flows

Given Eq. (6), we form some suitably-defined finite-dimensional trial solution and test
function spaces S and V!. The SUPG formulation of Eq. (6) can then be written as
follows: find U" € 8" such that YW" € V!

ouh ouh OW? ou”"
h h . h
/QW <(9t A 0xi)d9+/9<&fi) <K“a%'>d9

— AV VAL = (7] g / W' . R"dQ
Q

Iy

L OW? , fout  Lout 9 , ouh N
+ ;/rsm (—axk).Ak[ A T A (K ’)—R}dQ

- VA ouh
; e 83:2 83:2

Here H" represents the natural boundary conditions associated with Eq. (6), and T'g
is the part of the boundary where such boundary conditions are specified. The SUPG
stabilization and shock capturing parameters are denoted by Tsype and Vsyoc. They were
discussed in Section 1 and will further be discussed in Section 6.
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3.2 SUPG/PSPG stabilization for incompressible flows

Given Egs. (9)—(10), we form some suitably-defined finite-dimensional trial solution and
test function spaces for velocity and pressure: 8", V7, S[j , and V;f = S[j . The stabilized
finite element formulation of Eqs. (9)-(10) can then be written as follows: find u* € S"
and p" € SI}} such that Yw" € V" and Vq" € V;}:

h

/ w - p Ou” +u" Vu" — ") dQ + / e(w") :a(p", u")dQ — [ w"-h"dl
Q ot Q Iy

Nel 1
+ / ¢"V - udQ + Z/ ; [TSUPGpuh - Vwh 4+ TPSPGth} . [L(ph, uh) — pfh} ds)
Q e=1 ¢

Nel

+ Z/ VLSICV'WhPV'U-th = 0, (13)
e=1 €
where
h o h ow'" h h h  h
L(¢", w")=p o U -Vw" | =V.a(q", w"). (14)

Here h” represents the natural boundary conditions associated with Eq. (9), and T, is
the part of the boundary where such boundary conditions are specified. The SUPG,
PSPG and LSIC (least-squares on incompressibility constraint) stabilization parameters
are denoted by Tyupc, Tespe and vpgc, respectively. They were discussed in Section 1 and
will further be discussed in Section 4.

4 CALCULATION OF THE UGN/RGN-BASED STABILIZATION PARAM-
ETERS

Various ways of calculating the stabilization parameters for incompressible flows were
covered earlier in detail in [23, 13, 14, 15, 16, 17, 24, 18, 19]. In this section we focus
on the versions of the stabilization parameters (7s) denoted by the subscript ven, namely
the UGN /RGN-based stabilization parameters. For this purpose, we first define the unit
vectors s and r:

h
u

s = % 15
T (15)
V|

r = ——— . 16
T (16)

The components of (Tgypg )uan corresponding to the advection-, transient- and diffusion-
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dominated limits were defined in [15, 16, 17, 24, 18, 19] as follows:

Nen -1
TsuaN1 = (Z ‘U-h : VNa|> ) (17>
a=1

At

TsvgN2z — 7, (18)
h2

Tsuagnz — %, (19)

where n,, is the number of element nodes and N, is the interpolation function associated
with node a, and the “element length” hgcy is defined as

Nen -1
By = 2 (Z |r-VNa|> : (20)

a=1

Based on Eq. (17), the “element length” hygy is defined as
huan = 2Huh|| TsuanN1 - (21>

Although writing a direct expression for 7gyen: as given by Eq. (17) was pointed out
in [15, 16, 17, 24, 18, 19], the element length definition one obtains by combining Eq. (17)
and Eq. (21) was first introduced (as a direct expression for hygy) in [11]. The expression
for hgpex as given by Eq. (20) was first introduced in [13, 14, 15]. It was noted in [15, 16,
17, 24, 18, 19] that hyey and hpey can be viewed as the local length scales corresponding
to the advection- and diffusion-dominated limits, respectively.

We now define (Tgupe)ven, (Trspe)ven, and (Visie)vex as follows:

1
1 1 1 T
(Tsura)uen = (T + = + = ) ) (22)
Tsuant Tsuanz Tsuans
(TPSPG>UGN = (TSUPG)UGNa (23>
2
(VLSIC)UGN = (TSUPG)UGN HuhH . (24>

Eq. (22) is based on the inverse of (Tgupg)uen being defined as the r-norm of the vector

with components ——, —L— and —L—. We note that the higher the integer r is, the
. TSUGNI TSUGN2 TSUGN3 . .

sharper the switching between Tgygni, Tsuane and Tguans becomes. This “r-switch” was

introduced in [23]. Typically, » = 2. The expressions for Tgyens and (Vigic)uven, given

respectively by Egs. (19) and (24), were proposed in [15, 16, 17, 24, 18, 19]. The “SUPG

viscosity” vgupe is defined as

2
Vsypa = TSUPGHuhH . (25>

The space-time versions of Tsyani, Tsuanes Tsuans, (TSUPG)UGNa (TPSPG)UGNa and (VLSIC)UGN>
given respectively by Eqgs. (17), (18), (19), (22), (23), and (24), were defined in [15, 16,
17, 24, 18, 19].
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5 DISCONTINUITY-CAPTURING DIRECTIONAL DISSIPATION (DCDD)

As an alternative to the LSIC stabilization, the Discontinuity-Capturing Directional
Dissipation (DCDD) stabilization was proposed in [13, 14, 15]. In describing the DCDD
stabilization, we first define the “DCDD viscosity” vpepp and the DCDD stabilization
parameter Tpepp:

2
Vpcop = TDCDDHuhH ) (26>

_ hDCDD || VHuhH || h’DCDD

Tbcpp =

: (27)

2uref Uref

where

h’DCDD = h’RGN . (28)

Here u, is a reference velocity (such as |[u”|| at the inflow, or the difference between the
estimated maximum and minimum values of [|u”|). Combining Eqs. (26) and (27), we
obtain

Uref

Vpcpp = 5(”“ H) ( DCDD) || VHuhH || (29)

Then the DCDD stabilization is defined as

Nel

Sbepp = Z/ PVW VDCDDIT - NCORR] : vuh) sy, (3())

where Koorg 1S defined as

Kcorr = VDCDD(I' : S)2SS . (31)

6 CALCULATION OF THE STABILIZATION PARAMETERS FOR COM-
PRESSIBLE FLOWS AND SHOCK-CAPTURING

The SUPG formulation for compressible flows was first introduced, in the context of
conservation variables, in [3, 4, 5]. Here we will call that formulation “(SUPG)sy”. In
this section, in the context of the (SUPG)gy formulation and based on the ideas we
discussed in Sections 4 and 5, we propose alternative ways of calculating the stabilization
parameters and defining the shock-capturing terms. For this purpose, we first define the
acoustic speed as ¢, and define the unit vector j as

j= o
RZak

(32)

8
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As the first alternative in computing 75yen: for each component of the test vector-function
W, we propose to define 7 gyani, T svani and T¢uen: (associated with p, pu and pe,
respectively) by using the expression given by Eq. (17):

Nen -1
T svent = T'sven = T suent = (Z |U-h : VNa|> . (33>
a=1
As the second alternative, we propose to use the following definition:
Nen -1
T’ svent = T'svant = T svent = (Z (C ‘J : VNa| + |uh ) VNaD) : (34>
a=1
In computing Tsyans, We propose to use the expression given by Eq. (18):
At
T svene = Tsvane = T svane = 7 . (35>

In computing Tgyens, We propose to define 7% yqns; by using the expression given by
Eq. (19):

h2
U — RGN . 36
T suaNs Ay ( )
We propose to define 7¢gyan; as
P o)
Tsuans = % ) (37>

where v¢ is the “kinematic viscosity” for the energy equation,

Nen -1
A pen = 2 (Z re - VNa\> , (38)

a=1

Vo
r'= o (39)
I Vo |
and 6 is the temperature. We define (7{ypc)ven, (T8 pe)van and (78,pe)uan by using the
“r-switch” given in Section 4 :

1
T

(Thp)uen :( L, 1 ) (40)

(Tpsuc;m)r (TpSUGNZ)T

1
1 1 1 T
7_u — _|_ + s 4]_
( SUPG)UGN ( (TuSUGNl)T (TUSUGN2)T (TuSUGN.‘i)T ) ( )
1 1 1 o
7_6 — ‘l‘ _|_ . 42
( SUPG)UGN ( (TESUGNl)T (TeSUGNQ)T (TGSUGNS)T ) ( )
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In defining the shock-capturing term, we first define the “shock-capturing viscosity”

Vsnoc:
Vsgoc = TSHOC(uint)2> (43)
where
h Vo | h 7
Tenon = SHOC (H 1Y || SHOC) ’ (44)
2ucha Pref
h’SHOC = hJGN ) (45>

a=1

Nen -1
hJGN =2 <Z |.] ' VNa|) : (46)

Here pef is a reference density (such as p" at the inflow, or the difference between the
estimated maximum and minimum values of ph), Ueha 18 @ characteristic velocity (such as
Uyer OF ||u”|| or acoustic speed ¢), and wuiy is an intrinsic velocity (such as ua,, or ||u®|| or
acoustic speed c¢). We propose to set Uing = Ucha = Urer- The parameter [ influences the
smoothness of the shock-front. We set 3 = 1 for smoother shocks and 3 = 2 for sharper
shocks (in return for tolerating possible overshoots and undershoots). As a compromise
between the g = 1 and 3 = 2 selections, we propose the following averaged expression for

TsHoc -
1
Tsgoc = 5 ((TSHOC)ﬁzl + (TSHOC)5:2> . (47)
As an alternate way, we also propose to calculate vgyoc by using the following expres-
sion:
n B/2—1
& aun||? hsioc \”
1 1 SHOC
vonoe = |72 (Z o) () )

where Y is a diagonal scaling matrix constructed from the reference values of the compo-
nents of U :

(U),y O 0 0 0
0 (U, O 0 0
Y=| 0 0  (Us),, O 0 , (49)
0 0 0 (U O
0 0 0 0 (Vb
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ou’ ou’
Z = — + Al 5 (50)
OR
Uh
z = a7 51

and we set 3 =1 or § = 2. As a variation of the expression given by Eq. 48, we propose
for vepoc the following expression:

s oun P\ 5 (hesoc\*
VSHOCZHY—le<Z v o ) Iyt (T) | (52)
i=1 v

As a compromise between the 8 = 1 and § = 2 selections, we propose the following
averaged expression for vgyoc :

1
Vsnoc = 5 ((VSHOC)ﬁzl + (VSHOC)5:2> . (53)

We can also calculate, based on Eq. 48, a separate vguyoc for each component of the test

vector-function W :
h 2\ A/2-1 J&i
<Y—188£) ) <@) , I=1,2,...nq+2. (54)
Z; I

2
Similarly, a separate vgyoc for each component of W can be calculated based on Eq. 52 :

Nsd

(VSHOC)I = ‘(Y_lz)l‘ (Z

i=1

(o) = (¥2), (Z (97 2)M21<Y1Uh>1>” (fee”

[=1,2,...nq+2. (55

Given Vg, the shock-capturing term is defined as

Nel

Ssioc = _ [ VW": (Kguoc - VU") dQ2 | (56)

e=1 Qe
where Kgyoc is defined as

Kstoc = Vsioc 1. (57)
As a possible alternative, we propose

Ksioo = Vsnoc JJ - (58)

11
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If the option given by Eq. 54 or Eq. 55 is exercised, then vgyoc becomes an (ngg + 2) X
(nsq + 2) diagonal matrix, and the matrix Kgyoc becomes augmented from an ngy X ngg
matrix to an (nsg X (nsqg + 2)) X ((Nsg + 2) X ngq) matrix.

In an attempt to preclude compounding, we propose to modify veyoc as follows:

Vsnoc < Vsmoc — Switch (TSUPG G- U—)za Tsura ([j -0l — 0)27 VSHoc) ) (59)

where the “switch” function is defined as the “min” function or as the “r-switch” given
in Section 4. For viscous flows, the above modification would be made separately with
each of T{pa, 78 o and 75,4, and this would result in vgyoc becoming a diagonal matrix

even if the option given by Eq. 54 or Eq. 55 is not exercised.

7 CONCLUDING REMARKS

We described, for the Streamline-Upwind/Petrov-Galerkin (SUPG) formulation of com-
pressible flows based on conservation variables, new ways for determining the stabiliza-
tion and shock-capturing parameters. The stabilization parameter, which is typically
known as “7”7, plays an important role in determining the accuracy of the solutions.
The shock-capturing term provides additional stabilization near the shocks, and how the
shock-capturing parameter it involves is defined influences the quality of the solution
near the shocks. These new ways of calculating the 7s and shock-capturing parameters
are partly based on the ideas underlying the 7s and and DCDD stabilization developed
for incompressible flows. Compared to the earlier shock-capturing parameter that was
derived based on the entropy variables, the new one is much simpler and computationally
less costly.
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