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Abstract. This is an overview of the calculation techniques we developed for the
stabilization parameters used in the streamline-upwind/Petrov-Galerkin (SUPG)
and pressure-stabilizing/Petrov-Galerkin (PSPG) methods. The SUPG and PSPG
methods are used extensively in finite element formulations, including the interface-
tracking and interface-capturing techniques we developed for computation of flow
problems with moving boundaries and interfaces. The stabilization parameters de-
scribed here are designed for the semi-discrete and space—time formulations of the
advection—diffusion and Navier—Stokes equations. Some of these parameters are cal-
culated with the element-level matrices and vectors. Some others are calculated
with the local length scales for the advection- and diffusion-dominated limits.

Key words: Stabilization parameters, Element length scales, SUPG formulation,
PSPG formulation, Space—time formulation

1 Introduction

Stabilized formulations, such as the streamline-upwind /Petrov-Galerkin (SUPG) [1,
2] and pressure-stabilizing/Petrov-Galerkin (PSPG) [3] methods, are used exten-
sively in finite element computation of fluid mechanics problems. The stabilization
methods prevent numerical oscillations and other instabilities in solving problems
with advection-dominated flows and when using equal-order interpolation functions
for velocity and pressure. The SUPG and PSPG stabilizations are essential com-
ponents of the the interface-tracking and interface-capturing techniques we devel-
oped in recent years (see [3, 4, 5]) for computation of flow problems with moving
boundaries and interfaces. Interface-tracking techniques require meshes that move to
“rack” the interfaces as the flow evolves. The Deforming-Spatial-Domain/Stabilized
Space-Time (DSD/SST) formulation [3] is an example of the interface-tracking tech-
niques. In interface-capturing techniques, on the other hand, the computations are
based on meshes that are typically not moving or deforming. An interface function,
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marking the location of the interface and governed by a time-dependent advection
equation, is computed to “capture” the interface over the non-moving mesh. In this
technique, stabilized semi-discrete formulations are used for both the Navier—Stokes
equations and the time-dependent advection equation.

The SUPG and PSPG formulations include stabilization parameters that are
called by most researchers “7”s. These parameters play an important role in de-
termining the accuracy of the formulation. The parameters involve a measure of
the local length scale (or “element length”) and other parameters such as the local
Reynolds and Courant numbers. Early versions of 7s in the context of incompress-
ible and compressible flows were proposed in [1, 2], which were followed by those
introduced in [6] and subsequently reported SUPG and PSPG methods. A number
of 7s, dependent upon spatial and temporal discretizations, were introduced and
tested in [7]. Later, s which are applicable to higher-order elements were proposed
in [8].

Calculating the 7s from the element-level matrices and vectors was first reported
in [9]. These definitions are expressed in terms of the ratios of the norms of the
relevant matrices or vectors and take into account the local length scales, advec-
tion field and the element-level Reynolds number. With this approach, a 7 can be
calculated for each element, or even for each element node or degree of freedom or el-
ement equation. Certain variations and complements of these new 7s were described
in [10, 11, 12, 13].

In later sections, we will describe, for the semi-discrete and space-time formula-
tions and for the advection—diffusion and Navier—Stokes equations, these new ways
of calculating the stabilization parameters.

2 Governing Equations

Let ©; C IR™? be the spatial fluid mechanics domain with boundary I'; at time
t € (0,7), where the subscript ¢ indicates the time-dependence of the spatial domain.
The Navier—Stokes equations of incompressible flows can be written on 2, and Vt €
(0,7) as

p(a—u+u-Vu—f)—V-a =0, (1)

ot
Vou =0 2)

where p, u and f are the density, velocity and the external force, and o is the stress
tensor:

o(p.w) = —pI+ 2pe(u), e(w) = ((Vu) + (Vu)"). 3

Here p is pressure, I is the identity tensor, p = pv is viscosity, v is the kinematic
viscosity, and €(u) is the strain-rate tensor. The essential and natural boundary
conditions for Eq. (1) are represented as

u=gon (I'Y),, mn-o=hon (I'\), (4)

where (I't), and (I';);, are complementary subsets of the boundary I';, n is the unit
normal vector, and g and h are given functions. A divergence-free velocity field
uy(x) is specified as the initial condition.
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If the problem does not involve any moving boundaries or interfaces, the spatial
domain does not need to change with respect to time, and the subscript ¢ can
be dropped from €); and I';. This might be the case even for flows with moving
boundaries and interfaces, if in the formulation used the spatial domain is not defined
to be the part of the space occupied by the fluid(s). For example, we can have a
fixed spatial domain, and model the fluid-fluid interfaces by assuming that the
domain is occupied by two immiscible fluids, A and B, with densities p4 and ppg
and viscosities ps and pp. In modeling a free-surface problem where Fluid B is
irrelevant, we assign a sufficiently low density to Fluid B. An interface function ¢
serves as a marker identifying Fluid A and B with the definition ¢ = {1 for Fluid A
and 0 for Fluid B}. The interface between the two fluids is approximated to be at
¢ = 0.5. In this context, p and p are defined as

p=3¢pa+(1—9¢)pp, p=0¢pa+(l1-¢)up. (5)

The evolution of the interface function ¢, and therefore the motion of the interface,
is governed by a time-dependent advection equation, written on Q and V¢t € (0,7)
as
d¢
— 4+u-V¢=0. 6
0 Vo (6
As a generalization of Eq. (6), let us consider over a domain 2 with boundary T’
the following time-dependent advection—diffusion equation, written on ) and Vt €

(0,7) as
99

o T Vo- V- (V) =0, (7)

where ¢ represents the quantity being transported (e.g. temperature), and v is the
diffusivity. The essential and natural boundary conditions associated with Eq. (7)
are represented as

¢ =gon Iy, n-vV¢=hon I. (8)
A function ¢g(x) is specified as the initial condition.

3 Stabilized Formulation for Advection—Diffusion Equation

Let us assume that we have constructed some suitably-defined finite-dimensional
trial solution and test function spaces S(;‘ and V(;‘. The stabilized finite element
formulation of Eq. (7) can then be written as follows: find ¢" € S} such that
Yuh e V(;’ :

n (09" h h h h hy.h
/w +u"-Vo dQ—l—/Vw vV dQ) — [ w'h'dl
0 ot Q Ty

Nel h
+ Z/ TSUPGuh - V" (8i +u”- V(bh -V (VV¢h)> dQ2 = 0. (9)
e=17% ot

Here n,; is the number of elements, €2¢ is the element domain, and Tgype is the SUPG
stabilization parameter.



APPLICATIONS OF COMPUTATIONAL MECHANICS IN STRUCTURES AND FLUIDS

4 Element-Matrix-Based Stabilization Parameters for
Advection—Diffusion Equation

Let us use the notation b : [4.(...)d2 : by to denote the element-level matrix
b and element-level vector b, corresponding to the element-level integration term
Jae (. )dQ2. We define the following element-level matrices and vectors:

o h
m: /e whé%dQ tmy, (10)
c: w'u" - Vo' dQ ! Cy, (11)
Qe
k: V" - vV ¢"dQ s ky, (12)
Qe
k- / u" - Vol ut - VehdQ ke, (13)
h
¢ / ot vet?00 e (14)
e ot
We define the element-level Reynolds and Courant numbers as follows:
2
) -
v k]l
At |ic|
Cr, = — , (16)
2 [jm]|
where ||b|| is the norm of matrix b.
The components of element-matrix-based 7sype are defined as follows:
]l
Ts1 = 17 (17)
K|
At |ic|
S — 1
7—S2 2 ||6|| ) ( 8)
||C||>
Ty = TaRe= <f Re. (19)
K|
We construct 7gype from its components by using the expression
1 1 1\
Tsupc = | =~ + 7__7, + 7'_’" ) (20)
S1 S2 S3

which is based on the inverse of 7yype being defined as the r-norm of the vector with
components TS%, é and % We note that the higher the integer r is, the sharper
the switching between 7y, 7¢, and 7g; becomes. This “r-switch” was introduced
in [9]. Typically, we set r = 2.

The components of the element-vector-based 7yype are defined as follows:

levll

SV1 ~ ) (21)
o]
Jev]

= 22

T e )

Tevs = Tey e = (H(EVH) Re. (23)
kv
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With these three components,

11 1\
(Tsupa)v = < —t —— + = ) . (24)
7—SVl TSV2 TSV3

Remark 1 The definition of Tsypa given by Eqs. (21)-(24) can be seen as a nonlinear
definition because it depends on the solution. However, in marching from time level
n ton+1 the element vectors can be evaluated at level n. This might be preferable in
some cases, as it spares us from ending up with a nonlinear semi-discrete equation
system.

5 Stabilized Formulation for Navier—Stokes Equations

Let us assume that we have some suitably-defined finite-dimensional trial solution
and test function spaces for velocity and pressure: S", V!, SI}} and V;} = S[}. The
stabilized finite element formulation of Eqgs. (1)-(2) can then be written as follows:
find u" € 8% and p" € S! such that Yw" € V]! and ¢" € V)':

/ wh . <8_ +u" - Vu" - fh> dQ) + / e(w") :a(p", u")dQ — [ w"-h"dD
Q ot Ty

Nel

+ /th th—I—Z/ TSUPGpu -Vwh —|-TPSPGV(]] { (ph,uh)—pfh} dQQ

Nel

+ Z/ VsV - wpV - uldQ = 0, (25)
where
L(¢",w") =p (% +u" - Vw ) —V-o(g",wh). (26)

Here Tpgpe and vpge are the PSPG and LSIC (least-squares on incompressibility
constraint) stabilization parameters.

6 Element-Matrix-Based Stabilization Parameters for
Navier—Stokes Equations

We define the following element-level matrices and vectors:

, ou"

m: [ whopSede imy, (27)
e w' . p(u" - Vu")dQ :c,, (28)
k / e(wh) : 2ue(u")dQ ke, (29)
g [ (Vowhplae g, (30)
g : / q"( o -8 (31)

k- / (0" VW) - p(ut - Vut)d k. (32)
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ou”
~ h Ry YY L~
c: /e(u Vw") - p pm dQ : Cy, (33)
5 /Q (0" - Vwh) -Vt A, (34)
ou”

. p ou” .
8: [ Vg Sag : By, (35)
o /Q V¢" - (u" - Vu")dQ Vv (36)

. h . xgph .
0 /Q V" Vptd .6, (37)
e: / (V-whp(V-uh)d ey (38)

Remark 2 In the definition of the element-level matrices listed above, we assume
that u” appearing in the advective operator (i.e. in u"-Vu” and u"-Vw") is evaluated
at time level n rather than n+1. The definition would essentially be the same if we,
alternatively, assumed that it is evaluated at time level n+ 1 but nonlinear iteration
level © rather than i+ 1. Fxcept, in the first option, in the advective operator we use
(u"),,, whereas in the second option we use (u") ;. The second option can be seen
as a nonlinear definition. The first option might be preferable in some cases, as it
spares us from another level of nonlinearity coming from the way T is defined. In
the definition of the element-level-vectors, we face the same choices in terms of the
evaluation of u” in the advective operator.

The element-level Reynolds and Courant numbers are defined the same way as
they were defined before, as given by Egs. (15)-(16). The components of the element-
matrix-based Tgupe are defined the same way as they were defined before, as given
by Egs. (17)-(19). 7gupe is constructed from its components the same way as it
was constructed before, as given by Eq. (20). The components of the element-
vector-based Tgypg are defined the same way as they were defined before, as given
by Egs. (21)-(23). The construction of (Tgype)v is also the same as it was before,
given by Eq. (24).

The components of the element-matrix-based 7p¢pe are defined as follows:

&l

Tp1 = y 39
I (39)
At g7

7’ 2 _= _— 5 40

= = 3 (40)

Tps = TpRe= <|||i||||> Re. (41)

Tpspe 18 constructed from its components as follows:

1 1 1\7"
Tpspg — <T + — + _,,> . (42>
TPl TPQ TPB

The components of the element-vector-based Tpsp are defined as follows:

Tevi =  Tpi, (43)
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Tpve — Tpvi ”g\/H, (44)
v

Tevs = Teville. (45)
With these components,

(Tpsp(;)v:< ! + ! + ! )7. (46)

T T T
TPVl TPV2 7—1:’\/3

The element-matrix-based v, 4 is defined as follows:
Visic = 777 (47>

We define the element-vector-based v, g as:

(VLSIC)V = Visic- (48)

Remark 3 We can also calculate a separate T for each element node, or degree of
freedom, or element equation. In that case, each component of T would be calculated
separately for each element node, or degree of freedom, or element equation. For this,

we first represent an element matriz b in terms of its row matrices: by, by, ... b,
and an element vector by, in terms of its subvectors: (by)1, (by)a2,..., (by)n.,. If we
want a separate T for each element node, then by, by, ... b, . and (by)1, (by)s2, ..., (by)n.,

would be the row matrices and subvectors corresponding to each element node, with
Nex = MNen, Where N, is the number of element nodes. If we want a separate T
for each degree of freedom, then by, by, ... b, and (by)1, (by)s, ..., (by),., would
be the row matrices and subvectors corresponding to each degree of freedom, with
Nex = Ndof, Where Ngor 15 the number of degrees of freedom. If we want a separate T
for each element equation, then by, bs, ... . b, and (by)i, (by)a, ..., (by),, would
be the row matrices and subvectors corresponding to each element equation, with
Nex = Nee, Where nee is the number of element equations. Based on this, the compo-
nents of T would be calculated using the norms of these row matrices or subvectors,
instead of the element matrices or vectors. For example, a separate Tg, or Tgy, for
each element node would be calculated by using the expression

<all
Tes) = —=—, a=1,2,..., Ney 49
( S )a ||kaH ( )
or
(TSVJ)a H(CV)GH a = 172a...,nen- (50)

IRl

In flow computations, the Ts calculated for the element nodes or element equations
would be used in interpolating the values of Ts at the integration points.

Remark 4 The concept of calculating a separate T for each element node or equa-
tion can be extended to calculating a separate T for each global node or equation.
This can be accomplished by first representing a global matriz or vector in terms
of its row matrices or subvectors associated with the global nodes or equations, and
then by calculating the components of T using the norms of these global row matrices
or subvectors. With this approach, applying the stabilization techniques described in
this paper to element-free methods would become more direct.
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Remark 5 We can also calculate a separate T for each integration point by using
for that integration point the ratios of the norms of the element matrices or vectors
contributed by that integration point. For example, a separate Tg, or Tsy, for each
element integration point | would be calculated by using the expression

[eil]
T = —, l:172a"'?nin ol
( Sl)l Hle ' ( )

or

1=1,2,.. . Nint. (52)

Here n;,, is the number of integration points, c¢; and f{l are the element matrices
contributed by the integration point I, and (cy), and (ky), are the element vectors
contributed by the integration point [.

Remark 6 [t was hinted in Remarks 1 and 2 that in marching from time level n to

n + 1, there are advantages in calculating the Ts from the flow field at time level n.
That s

T — T, (53)

where T 1is the stabilization parameter to be used in marching from time level n to
n+1, and 7, is the stabilization parameter calculated from the flow field at time level
n. One of the main advantages in doing that, as it was pointed out in Remarks 1
and 2, is avoiding another level of nonlinearity coming from the way 7s are defined.
In general, we suggest making s less dependent on short-term variations in the flow
field. For this purpose, we propose a recursive time-averaging in determining the Ts
to be used in marching from time level n ton + 1:

T «— 21Th + 20Tno1 + (=20 —20) 7, (54)

where T, and T,_1 are the stabilization parameters calculated from the flow field at
time levels n and n—1, and the T on the right-hand-side is the stabilization parameter
that was used in marching from time level n — 1 to n. The magnitudes and the
number of the “averaging parameters” zi, zo, ... can be adjusted to create the
desired outcome in terms of giving more weight to recently calculated Ts or making
the averaging closer to being a trailing average.

7 UGN-Based Parameters for Navier—Stokes Equations

For the purpose of comparison, we define here also the stabilization parameters
that are based on an earlier definition of the length scale h [6]:

Nen -1
huan = 2 0] (Z lu” - VNa|> , (55)

a=1
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where N, is the interpolation function associated with node a. The stabilization
parameters are defined as follows:

huen
. = , 56
7—SUGN 2 | | uh H ( )
At
TsugNz — 77 (57>
h2
TsugNs — i—iNa (58>
1 1 1o\
(Tsura)uen = ( - + = + = ) ) (59)
Tsuent Tsuan2 Tsuans
(TPSPG)UGN = (TSUPG)UGNa (60)
h
(VLSIC>UGN = %HU—}LH z. (61>

Here z is given as follows:

3

(m) Reyan < 3,

(62)

h
h
where Reyany = ”“”2%

Comparisons between the performances of these earlier stabilization parameters
and the ones proposed here can be found in [9]. These comparisons show that,
especially for special element geometries, the performances are similar.

It was pointed out in [12] that the expression for Tsyen, can be written more
directly as

Nen -1
Tsuant = <Z |uh : VNa|> ) (63)
a=1

and based on that, the expression for hygy can be written as
hyan = 2||uh|| TsuGN1- (64)
A rationale for Tyyan: given by Eq. (63) was provided in [12].

8 Discontinuity-Capturing Directional Dissipation (DCDD)

As a potential alternative or complement to the LSIC stabilization, we proposed
in [10, 11, 12] the Discontinuity-Capturing Directional Dissipation (DCDD) stabi-
lization. In describing the DCDD stabilization, we first define the unit vectors s and
r:

u” V(u|

= , I'=-——r—, (65)
[[u”] IV [u | ]

S

and the element-level matrices and vectors c;, k;, (cr),, and (k). :

C: w’ - p(r - Vu")d (S (66)

Qe

K : / (VW) p(r- Va0 (k) - (67)
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Next, we define the “DCDD viscosity” vpepp and the DCDD stabilization param-
eter Tpepp. The element-matrix-based and element-vector-based DCDD viscosities
are:

e |

h
Vbcop = |I‘ -u | = (68)
[
[(e2) |l
(Vbepp)y = |r-u| oV (69)
v (ke )l
An approximate version of the expression given by Eq. (68) can be written as
h
Vpcpp = |I‘ : uh‘ﬂ’ (70>

2

where

Nen -1
B = 2 (Z |r-VNa|> . (71)

a=1

A different way of determining vpcpp can be expressed as

2
Vpcop = TDCDDHuhH ) (72>
where
h V||u" h
P DCDD || ||u || || bepD (7?))
2ucha Uref

Here wu, is a reference velocity (such as ||u”|| at the inflow, or the difference between
the estimated maximum and minimum values of ||u"||), and ug, is a characteristic
velocity (such as u or [|[u”||). We propose to set tena = Urer. For hpepp, We can use
the expression

& |

hDCDD =2 ~ ) (74>
k. |
or the approximation
h’DCDD = h’RGN . (75>
The DCDD stabilization is defined as
Nel
SDCDD - Z e pVWh . ([VDCDDI'I' - IQCORR] . Vuh) dQ y (76)
e=1
where Kcorr Was defined in [10, 11, 12, 13] as
Kcorr = Vbopp (I‘ : 5)255 . (77>

As a possible alternative, we propose

nCORR — VSUPG(I' . S)2I'I' . (78)
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As two other possible alternatives, we propose
NCORR == Swltch (VSUPG 5 VDCDD(r . S)z) SS y (79)
Kcorr = switch (VDCDD ) VSUPG(r : 5)2) rr, (80)
where the “switch” function is defined as the “min” function:
switch (a, B) = min («, ) (81)
or as the “r-switch” given in Section 4 :
_1
toh (0, 8) = [~ +—) (82)
switch (o, 3) = | — + — .
) a’ 67"
Remark 7 Remark 6 applies also to the calculation of vpepp.

9 UGN/RGN-Based Parameters for Navier—Stokes Equations

In [11, 12], we proposed to re-define Tpgp and provided the reason for doing
that. We described how we re-define 7p5p¢ by modifying the definitions of 74, and
Tevs given by Egs. (41) and (45). We proposed to accomplish that by using the
expressions

el el
Tps = Tp1 ~ Tpvs = Tpvi ST (83)
v |kl v |kl
or the approximations
2 2
h h
Tpg — TPl R6 ( RGN) 5 Tp\/g — TPVl Re < RGN) . (84)
huen huen

In [11], we further stated that these modifications can also be applied to 7g; and
Tevs given by Egs. (19) and (23). In [12], we wrote those expressions explicitly as
follows:

el lcll

Tss = Ts1 = Tsvs = Tsvi = (85)
v |kl v |kl
Bran | ran )
7-53 — 7-51 Re ( RGN) 5 TSVS — TSVl Re < RGN) . (86)
huen huen

We noted in [12] that if we are dealing with just an advection—diffusion equation,
rather than the Navier—Stokes equations of incompressible flows, then the definition
of the unit vector r changes as follows:

Vig"|

TV (87)

We also proposed in [12] to re-define 7gyens given by Eq. (58) as follows:
h2

RGN

TsugN3 = Ay (88)
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Furthermore, we proposed in [12] to replace (Visic)ven given by Eq. (61) as follows:

(VLSIC)UGN = (TSUPG)UGN ||U-hH2 . (89>

We further commented in [12] that the “element length”s hygy (given by Eq. (55))
and hgen (Eq. (71)) can be viewed as the local length scales corresponding to the
advection- and diffusion-dominated limits, respectively.

10 Deforming-Spatial-Domain/Stabilized Space—Time
(DSD/SST) Formulation

In the DSD/SST method [3], the finite element formulation of the governing equa-
tions is written over a sequence of N space—time slabs (),,, where @), is the slice of
the space-time domain between the time levels ¢, and ¢, ;. At each time step, the
integrations involved in the finite element formulation are performed over ),. The
space—time finite element interpolation functions are continuous within a space-time
slab, but discontinuous from one space-time slab to another. The notation (), and
()} denotes the function values at ¢, as approached from below and above. Each
Q. is decomposed into elements Q¢, where e = 1,2,...,(n¢),. The subscript n
used with n,; is for the general case in which the number of space—time elements
may change from one space—time slab to another. The Dirichlet- and Neumann-type
boundary conditions are enforced over (F,), and (P,), the complementary subsets
of the lateral boundary of the space—time slab. The finite element trial function
spaces (Sh), for velocity and (S)'), for pressure, and the test function spaces (V)
and (V))n = (S}), are defined by using, over Q,, first-order polynomials in both
space and time. The DSD/SST formulation [3, 12] is written as follows: given (u®),
find u" € (8}), and p" € (S!), such that Vw" € (VI),, and ¢" € (V!),:

h

wh.p <8i +u" . vu — fh> dQ +/ e(w") : a(p", u")dQ
Qn ot Qn

= [, whwtar s [V eutaQ - [ p () - (uf)y) a0

(nel)n 1 awh

/ - [Tsupcp <— +u- VWh> + Tpspcvqh] . [L(ph, u") — pfh} dQ
e=1 Q% p at
Tel

+ Z/ VsV - wpV - u"dQ = 0. (90)
e=1 Q%

This formulation is applied to all space-time slabs Qg, Q1,Q2, ..., Qn_1, starting
with (u")g = ug. For an earlier, detailed reference on the DSD/SST formulation
see [3].

11 Element-Matrix-Based Parameters for the DSD/SST Formulation

For extensions of the 7 calculations based on matrix norms to the DSD/SST
formulation, in [12] we defined the space-time augmented versions of the element-
level matrices and vectors given by Eqs. (28), (32), and (36) as follows:

ouh
_ h h  xTuh ,
Cy: /ng p< 5 +u"-Vu ) dQ (ca)v, (91)
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5 ow" ou” 5
kA . /62% (W + llh . th> . p (W _'_ uh M Vuh> dQ . (kA>V7 (92)
p (Ou" h h
Va - Vg | - +u"-Vu' | dQ (v (93)
Qs ot
The components of element-matrix-based 74;pe Were defined in [12] as follows:
[eall
T — (94)
o [kl
[eall
TS - TS ~ 3 (95)
' U k|

where k, is the space-time version (i.e. integrated over the space-time element
domain Q%) of the element-level matrix given by Eq. (67). To construct 7sypq from
its components we proposed in [12] the form

1 1\77
Teupa = ( + —) ) (96)

T T
Ts12  Tss

The components of the element-vector-based 7gype Were defined in [12] as

[(ca)vll
Tsv = = ) (97)
N [ (ka)vl
[eall
Tsva = Tsv ~ . (98)
’ v Ik

From these two components,

(TSUPG)V:< ! + ! >_ . (99)

S =

T T
7-S\/12 7-S\/S

The components of element-matrix-based Tpgpe were defined in [12] as follows:

Ig" |l
[yl
S 1Y (101)

P12 ~
v k|

Tp12

(100)

where g" is the space-time version of the element-level matrix given by Eq. (31).
To construct Tpspe from its components, we proposed in [12] the form

1 1\°F
Tpspg — < + _> . (102)

T T
7—P12 TPB

The components of the element-vector-based Tpgpq Were defined in [12] as follows:

Pl
7 = ,
RS AN
lesll
A

(103)

Tpvs Tpviz (104)
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From these components,

(TPSPc;)v:( ! + ! >_%. (105)

T T
7—1:’\/12 TPVS

The element-matrix-based v;4c was defined in [12] as

C
Visic = HH(:HH’ (106)

where e is the space-time version of the element-level matrix given by Eq. (38).
The element-vector-based v g was defined in [12] as

(VLSIC)V = Visic- (107)

12 UGN/RGN-Based Parameters for the DSD/SST Formulation

The space-time versions of Tsyani, Tsuanz, Tsuans: (Tsurc)uens (Tespa)uen, and
(Visic)uan, given respectively by Egs. (56), (57), (88), (59), (60), and (89), were
defined in [12] as follows:

2 |ON, -
TsuaNiz — <Z +uh'VNa> ) (108)
a=1 ot
h2
TsugNs — Z—;Na (109)
1
1 1 G
(Tsurc)uan = ( + ) : (110)
SN Tsuanis Tsuans
(TPSPG)UGN = (TSUPG)UGNa (111)
2
(VLSIC)UGN = (TSUPG)UGN ||uh|| . (112)

Here, n., is the number of nodes for the space-time element, and N, is the space—
time interpolation function associated with node a.

13 Calculation of the Stabilization Parameters for Compressible Flows
and Shock-Capturing

The SUPG formulation for compressible flows was first introduced, in the con-
text of conservation variables, in a 1982 NASA Technical Report [14] and a 1983
ATAA paper [2]. Here we will call that formulation “(SUPG)gy”. After that, sev-
eral SUPG-like methods for compressible flows were developed. Taylor—Galerkin
method [15], for example, is very similar, and under certain conditions is identical,
to one of the versions of (SUPG)ss. Another example of the subsequent SUPG-like
methods for compressible flows in conservation variables is the streamline-diffusion
method described in [16]. Later, following the work in [14, 2], the SUPG formula-
tion for compressible flows was recast in entropy variables and supplemented with a
shock-capturing term [17]. It was shown in a 1991 ASME paper [18] that, (SUPG)sa,
when supplemented with a similar shock-capturing term, is very comparable in ac-
curacy to the SUPG formulation that was recast in entropy variables. Later, 2D test
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computations for inviscid flows reported in [19] showed that the SUPG formulation
in conservation and entropy variables yielded indistinguishable results.

Together with (SUPG)ss, the 1982 NASA Technical Report [14] and 1983 AIAA
paper [2] introduced a set of stabilization parameters (7s) to be used in conjunc-
tion with that formulation. That set of 7s will be called here “rg,”. The stabilized
formulation introduced in [6] for advection-diffusion-reaction equations included
a shock-capturing term and a 7 definition that takes into account the interaction
between the shock-capturing term and the SUPG term. That 7 definition, for ex-
ample, precludes “compounding” (i.e. augmentation of the SUPG effect by the
shock-capturing effect when the advection and shock directions coincide). In the
1991 ASME paper [18], the 7 used with (SUPG)ss is a slightly modified version
of 74, and a shock-capturing parameter, which we will call here “d,,”, is embedded
in the shock-capturing term used. Subsequent minor modifications of 74, took into
account the interaction between the shock-capturing and the (SUPG)s, terms in a
fashion similar to how it was done in [6] for advection—diffusion-reaction equations.
All these slightly modified versions of 74, have always been used with the same J,,,
and we categorize them all under the label “74, yop”. The element-matrix-based 7
definitions introduced in [9] were recently applied in [20] to (SU PG)sa, supplemented
with the shock-capturing term (with dy,) used in [18].

In this section, in the context of the (SUPG)gs formulation and based on the
ideas discussed in earlier sections, we propose alternative ways of calculating the
stabilization parameters and defining the shock-capturing terms. For this we first
define the conservation variables vector as U = (p, puy, pus, pus, pe) (e is the total
energy per unit volume), associate to it a test vector-function W, define the acoustic
speed as ¢, and define the unit vector j as

j= o2
Vo |
As the first alternative in computing 7gycn: for each component of the test vector-

function W, we propose to define 7gycni, T sven: and T¢guen: (associated with p,
pu and pe, respectively) by using the expression given by Eq. (63):

(113)

Nen -1
Tsvan1 = T'svan1 = T suant = (Z |U-h : VNa|> . (114)
a=1

As the second alternative, we propose to use the following definition:

Nen

-1
T sven = Tsvant = T suant = <Z (C |.] ) VNa| + |uh ) VNa|)> . (115)

a=1
In computing Tgyena, We propose to use the expression given by Eq. (57):

At

_ _ e _
TPsvanz = T svanz = T suanz = 7 . (116)

In computing Tgyans, We propose to define 7%¢yoxn; by using the expression given by
Eq. (88):

T = U (117)
SUGN3 — 4]/ .
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We propose to define 7¢qyons as

R ran)?
T suans = % s (118)

where v¢ is the “kinematic viscosity” for the energy equation,

Nen -1
h/eRGN == 2 (Z |I'e M VNG‘> 9 (119)
a=1

Vo
Iveor |-

e

r (120)

and 6 is the temperature. We define (75,,¢)ven, (Tobpe)uan and (75,p¢ Juen Dy using

the “r-switch” given in Section 4 :

(T&ora)van = <(7_p1 + ! >_;, (121)

SUGNl)T (TPSUGNZ)T

1 1 1 T
L _ i + : 122
( SUPG)UGN < (TuSUGNl)T (TuSUGNQ)T (TuSUGNS)T ) ( )
1
1 1 1 g
Te — -+ -+ . 123
( SUPG)UGN < (TeSUGN1>T (TesUGN2)T (TGSUGN.%)T ) ( )

In defining the shock-capturing term, we first define the “shock-capturing viscos-
ity” Vspoc:

2

Vsgoc = TSHOC(uint) ) (124)
where
h Vo' || hswoc\”
Tenos = SHOC <|| P || SHOC) ’ (125)
2ucha Pref
h’SHOC = hJGN ) (126)

Nen -1
h’JGN == 2 (Z |j M VNa|> . (127)
a=1

Here ppt is a reference density (such as p* at the inflow, or the difference between
the estimated maximum and minimum values of p"), ug., is a characteristic velocity
(such as u, or |[u”|| or acoustic speed ¢), and ujy is an intrinsic velocity (such as ey,
or |[u”|| or acoustic speed c¢). We propose to set Uiy = Ucha = Urer- The parameter
[ influences the smoothness of the shock-front. We set 5 = 1.0 for smoother shocks
and = 2.0 for sharper shocks (in return for tolerating possible overshoots and
undershoots). Then the shock-capturing term is defined as

Nel

Ssoc =3 | VW" : (Kaoc - VU") d2 (128)
e=1
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where Kguoo is defined as
Ksioc = Vsuoc I - (129)

As a possible alternative, we propose

Ksuoc = Vsnoc JJ . (130)

To preclude compounding, we propose to modify veyoc as follows:

Vshoo “— Vsnoc — Switch (TSUPG (J : u)2’ Tsupc (|.] : u| - 6)2’ VSHOC) ) (131)

where the “switch” function is defined as the “man” function or as the “r-switch”

given in Section 4. For viscous flows, the above modification would be made sepa-
. o u . i . .

rately with each of 74, .4, 7% .o and 75, and this would result in vsuoc becoming

a diagonal matrix.

Remark 8 Remark 6 applies also to the calculation of 78, Tepe and T§ and

SUPG SUPG?
Vsuoc-

14 Examples of Test Computations

In this section, we present examples of test computations carried out to evaluate
the performances of the stabilization parameters. For additional examples see [9,
10, 21].

2D incompressible flow past a cylinder — comparison of stabilization pa-
rameters. In this test computation, we compare the performances of the element-
matrix-based and UGN-based stabilization parameters. The test problem we use,
2D incompressible flow past a cylinder at Re = 100, is a well-studied problem, with
an easily identifiable Karman vortex shedding. We are using a quadrilateral mesh
with increased refinement near the cylinder. In this computation U,At/R = 0.1,
where Uy, is the free-stream velocity and R is the cylinder radius. Figure 1 shows
the values of the stabilization parameters Tyype and Tpepg along the vertical line
passing through the cylinder center, starting from the upper cylinder surface. For
more details on this test computation, see [9, 10].

2D incompressible flow past a cylinder — elements with high aspect
ratios. In this test computation at Re = 100, for meshes containing elements with
high aspect ratios, we evaluate the performance of the SUPG/PSPG formulation
with UGN/RGN-based stabilization parameters. We are using a triangular mesh
with increased refinement near the cylinder. Figure 2 shows the velocity vectors
near the cylinder and in the boundary layer. Although the aspect ratio of the
elements adjacent to the cylinder surface is 100, the SUPG/PSPG formulation with
the UGN /RGN-based stabilization parameters performs very well. For more details
on this test computation, see [21].

15 Concluding Remarks

We reviewed the calculation ways we developed for the stabilization parameters
used in the streamline-upwind /Petrov-Galerkin (SUPG) and pressure-stabilizing/Petrov-
Galerkin (PSPG) methods. These parameters were designed for the semi-discrete
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Figure 1: 2D incompressible flow past a cylinder — comparison of stabilization parameters. Re =
100. Stabilization parameters: Tsypc (left) and Tpspe (right). Here (7)uen represents the group of
stabilization parameters (Tsupc)uan (given by Eq. (59)) and (7espc)uan (Eq. (60)); T represents
TSUPG (Eq (20)) and TPSPG (Eq (42)), and (T)V represents (TSUPG)V (Eq (24)) and (Tpsp(;)v
(Eq. (46)).

Figure 2: 2D incompressible flow past a cylinder — elements with high aspect ratios. Re = 100.
Computed with SUPG/PSPG formulation with UGN/RGN-based stabilization parameters. Ve-
locity vectors near the cylinder (left) and in the boundary layer (right).

and space-time formulations and for the advection—diffusion and Navier—Stokes
equations. Some of the parameters are calculated based on the element-level ma-
trices and vectors and are expressed in terms of the ratios of the norms of the
matrices or vectors involved in the definitions. The local length scales, advection
field, and the element-level Reynolds number are represented in these definitions,
because they are contained in the element-level matrices and vectors. Based on
these definitions, a 7 can be calculated for each element, or for each element node
or degree of freedom or element equation. Furthermore, based on these definitions,
a 7 can be calculated for each element integration point. Some other stabilization
parameters are calculated by directly taking into account the flow velocity, viscosity,
and the local length scales for the advection- and diffusion-dominated limits. With
examples of the test problems we solved for the Navier—Stokes equations, we showed
that the stabilization parameters described perform well, even for elements with
high aspect ratios. The SUPG and PSPG methods are used extensively in many
finite element formulations, including the interface-tracking and interface-capturing
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techniques we developed for computation of flow problems with moving boundaries
and interfaces. Therefore the stabilization parameters described here will strengthen
our computational techniques for a wide range of fluid mechanics applications.
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