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Abstract

In computation of fluid-structure interactions involving large displacements, we use a mesh update method com-
posed of mesh moving and remeshing-as-needed. For problems with complex geometries, we need automatic mesh
moving techniques that reduce the need for remeshing. We also would like that these mesh moving techniques allow us
to control mesh resolution near the fluid-structure interfaces so that we can represent the boundary layers more
accurately. In the mesh moving techniques we designed, the motion of the nodes is governed by the equations of
elasticity, and mesh deformation is handled selectively based on element sizes and deformation modes. This is helping
us reduce the frequency of remeshing. With the solid-extension mesh moving technique presented in this paper, we are
also able to limit mesh distortion in thin layers of elements placed near fluid—structure interfaces.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Interface-tracking methods are well-suited for problems where precise representation of moving inter-
faces is needed in the fluid mesh. In these methods, the mesh is updated and the spatial domain of the fluid
deforms to track the motion of the interface in time. In the computation of fluid—structure interactions, we
use our mesh update techniques with the deforming-spatial-domain/stabilized space-time (DSD/SST)
formulation [1-3], which is an interface-tracking technique. The DSD/SST formulation was developed for
computation of flows with moving boundaries and interfaces, including fluid—structure interactions. While
the DSD/SST formulation is our method of choice, it should be noted that our mesh update techniques
could also be used with the arbitrary Lagrangian—Eulerian method, another interface-tracking method.
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Remeshing is computationally burdensome for 3D computations with complex geometries. This process
typically involves calling an automatic (unstructured) mesh generator and projecting the solution from the
old mesh to the new one. In addition to the computational burden, the remeshing step introduces projection
errors into the numerical solution. Both of these issues motivate us to develop a mesh update method
consisting of moving the mesh as long as possible, and full or partial remeshing when element distortion
becomes excessive. In mesh moving, the normal velocity for the mesh and fluid must match at the interface.
Upon satisfying this condition, our goal in designing the mesh update technique becomes reducing the
frequency of remeshing. This can be achieved by controlling mesh distortion for the overall mesh, but also
specifically for the layers of elements next to the interface, where the consequences of mesh distortion are
most severe.

In most real-world applications, such as parachute fluid—structure interactions, problem geometries are
complex and require automatic methods for mesh generation and mesh update. We use an automatic mesh
moving technique, introduced in [4], where motion of mesh nodes is governed by the equations of elasticity,
and the mesh deformation is handled seclectively based on the element sizes and deformation modes.
Deformation modes are described in terms of shape and volume changes. As boundary condition, motion
of the interface nodes is required to match the normal velocities of the fluid. With the boundary condition
satisfied, motion of the internal nodes is determined by solving the equations of elasticity. Mesh moving
techniques with comparable features were introduced in [5].

Various approaches for selective treatment of the mesh deformation have been taken to improve mesh
moving behavior. In [4], selective treatment based on shape and volume changes is attained by adjusting the
relative values of the Lamé constants of the elasticity equations. Here, the interest is to stiffen the mesh
against shape changes more than against volume changes. Selective treatment based on element sizes, on
the other hand, is attained by altering the way the Jacobian of the transformation from the element domain
to the physical domain is accounted for. In this case, the objective is to increase stiffening of the smaller
elements, which are typically located near solid surfaces and, without selective treatment, can absorb
excessive amounts of the mesh deformation. A more extensive type of this Jacobian-based stiffening was
presented in [6] by introducing a stiffening power that determines the degree by which the smaller elements
are rendered stiffer than the larger ones. In this context, by varying the stiffening power, a family of mesh
moving techniques is generated.

In some problems, structured layers of elements are needed to fully control mesh resolution around solid
objects and boundaries and to more accurately represent boundary layers. For non-deforming solid objects
(i.e. rigid bodies), the user has full control of the mesh resolution in the layers and the structured layers can
move “glued” to the solid body as it undergoes rigid-body motion as demonstrated in [4].

Here, no equations are solved for the motion of the nodes in these layers, because these nodal motions
are not governed by the equations of elasticity. This results in some cost reduction. For early examples of
automatic mesh moving combined with structured layers of elements undergoing rigid-body motion with
solid objects, see [7]. Earlier examples of element layers undergoing rigid-body motion, in combination with
deforming structured meshes, can be found in [1].

In computation of flows with fluid—solid interfaces where the solid is deforming, limiting mesh distortion
in the very thin fluid elements near the solid surface becomes a necessary and challenging objective for
automatic mesh moving techniques. In these cases, the motion of the fluid mesh near the interface cannot be
represented by a rigid-body motion. The solid-extension mesh moving technique (SEMMT), introduced in
[8,9], treats the very thin fluid elements much like an extension of the solid elements. In the SEMMT,
motion of the fluid nodes is governed by the equations of elasticity, but special treatment of the elements in
thin layers results in reduced distortion of those elements. Two ways of accomplishing this were proposed in
[8,9]; solving the elasticity equations for the nodes connected to the thin (inner) elements separate from the
elasticity equations for the other nodes, or together. If we solve them separately, for the inner elements, as
boundary conditions at the interface with the other elements, we would use traction-free conditions. In [10]
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the separate solution option was referred to as “SEMMT—multiple domain” (SEMMT-MD) and the
unified solution option as “SEMMT—single domain” (SEMMT-SD). Early reports from test computa-
tions for translation, rotation, and bending tests were also included in [10].

In the following sections we describe our mesh moving technique and demonstrate its performance for
several 2D test cases. In Section 2, we first present the governing equations of linear elasticity and the
corresponding finite element formulation. Then we describe how the SEMMT can be used to treat selec-
tively the thin layers of elements. In Section 3 we present results from a set of 2D mesh deformation test
cases. In Section 4 we show how the SEMMT works for a simple, 2D fluid-structure interaction model
problem. Concluding remarks are given in Section 5.

2. Solid-extension mesh moving technique

The SEMMT is based on treating the very thin fluid elements much like an extension of the solid ele-
ments. In the following subsections we describe the specific components of the SEMMT.

2.1. Equations of linear elasticity

Let Q C R™ be the spatial domain bounded by I', where ny is the number of space dimensions. Cor-
responding to the Dirichlet- and Neumann-type boundary conditions, the boundary I" is composed of I',
and I',. The equations governing the displacement of the internal nodes can then be written as

V.e+f=0 on Q, (1)
where ¢ is the Cauchy stress tensor and f is the external force. For linear elasticity, o is defined as

o = Atr(e(y))I + 2ue(y). (2)

where y is the displacement, tr( ) is the trace operator, A and u are the Lamé constants, I is the identity
tensor, and ¢(y) is the strain tensor:

e(y) = 3(Vy + (V)"). 3)
The Dirichlet- and Neumann-type boundary conditions are represented as

y=g on [, n-e=h onl}. 4)

2.2. Finite element formulation

In writing the finite element formulation for Eq. (1), we first define the finite element trial and test
function spaces " and 7™

S =y |y € [H"(Q)"™,y" =g" on I';}, ()

7= {wh | wh e [H"(Q)]™,w'=0 on T,}. (6)

Here, H'"(Q) is the finite-dimensional function space over . This space is formed over the element domain
using continuous first-order polynomials in space. The finite element formulation for Eq. (1) is then written
as follows: find y" € 9" such that Yw" € v

/Qs(w”):o-(yh)dQ—/Qwh-fdQ:/rhwh-hdl". (7)
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In our examples, no external forcing function is defined to selectively handle mesh motion, so the force
vector f is set to zero.

2.3. Jacohian-based stiffening

Mesh deformation is selectively treated by altering the way we account for the Jacobian of the trans-
formation from the element domain to the physical domain. This method was first introduced in [4], where
the Jacobian is dropped from the finite element formulation, resulting in the smaller elements being stiff-
ened more than the larger ones. The method described in [4] was augmented in [6] to a more extensive kind
by introducing a stiffening power that determines the degree by which the smaller elements are rendered
stiffer than the larger ones. To describe the method, we first write the global integrals generated by the terms
in Eq. (7) as

/Q[...}dgzz;/z[...]ejeda (8)

where [- - -] symbolically represents what is being integrated, = is the finite element (parent) domain, and the
Jacobian for element e is defined as J¢ = det(0x/0¢€)°, with x and & representing the physical and element
(local) coordinates.

We alter the way we account for the Jacobian as follows:

/E[...y’]e EH/E[...]eJe(j(:)XdE’ 9)

where ¥, a non-negative number, is the stiffening power, and J°, an arbitrary scaling parameter, is inserted
into the formulation to make the alteration dimensionally consistent. With y = 0.0, the method reduces
back to an elasticity model with no Jacobian-based stiffening. With y = 1.0, the method is identical to
the one first introduced in [4]. In the general case of y # 1.0, the method stiffens each element by a factor
of (J¢) ™%, and y determines the degree by which the smaller elements are rendered stiffer than the larger
ones.

2.4. Options for SEMMT: SEMMT-MD and SEMMT-SD

In the SEMMT-MD option, we solve the elasticity equations for the nodes connected to the thin (inner)
elements separately from the elasticity equations for the other nodes. As boundary conditions at the
interface with the other elements, we use traction-free conditions. In the SEMMT-SD option, we solve the
elasticity equations for all the nodes together, but stiffen the inner elements to a greater extent. This is
accomplished in the following examples by setting y = 2.0 for those elements while leaving it at the stan-
dard value of y = 1.0 for the outer elements.

3. Mesh deformation test cases

We present mesh deformation test cases for a 2D unstructured mesh consisting of triangular elements
and an embedded structure with zero thickness. The mesh spans a region of |x| <1.0 and |y| < 1.0. The
structure spans y = 0.0 and |x| <0.5. Three layers of elements (with ¢, = 0.01) are placed along each side of
the structure, with 50 element edges along the structure (i.e. £, = 0.02). Fig. 1 shows the mesh and its close-
up view near the structure.
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Fig. 1. 2D test mesh for SEMMT.

3.1. General test conditions and mesh quality measures

The test cases involve three different types of prescribed motion or deformation for the structure
identical to the motions prescribed in [6]: rigid-body translation in the y-direction, rigid-body rotation
about the origin, and prescribed bending. In the case of prescribed bending, the structure deforms from a
line to a circular arc, with no stretch in the structure and no net vertical or horizontal displacement. For
each test case the maximum displacement or deformation is reached over 50 increments. Those maximum
values are Ay = 0.5 for the translation test, a rotation of A0 = /4 for the rotation test, and bending to a
half-circle (6 = 7) for the bending test.

The mesh over which the elasticity equations are solved is updated at each increment. This update is
based on the displacements calculated over the current mesh that has been selectively stiffened. That way,
the element Jacobians used in stiffening are updated every time the mesh deforms. As a result, the most
current size of an element is used in determining how much it is stiffened. Also as a result, as an element
approaches a tangled state, its Jacobian approaches zero, and its stiffening becomes very large.

To evaluate the effectiveness of different mesh moving techniques, two measures of mesh quality are
defined, similar to those in [11]. They are element-area change (f}) and element shape change (f3y):

A° AR’
log (A_;> log <—AR§) ‘ (10)
Here subscript “o” refers to the undeformed mesh (i.e. the mesh obtained after the last remesh) and AR’ is
the element aspect ratio, defined as

()’
AR® =~ max2 11
Ae ) ( )

where ¢¢ is the maximum edge length for element e.

max

We define array norms for the set of element mesh quality measures as

1/p

1/p
HfAHf{z(fz)p} , HfARHf{z«zRV} , (12

where fA and fAR are the arrays of mesh quality values f5 and far for all elements of interest, and p is the
norm of interest. In the following examples, we will consider the norm where p = oo, and

(N e —
fA_ ’ fAR_
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Ifall= max (f3), [farll= max (fig)- (13)

Thus, for a given set of mesh elements, global area and shape changes are defined to be the maximum values
of the element-areca and shape changes, respectively.

3.2. Test results

The tests are carried out with the standard technique (where y = 1.0 for all the elements and all the nodes
are moved together), SEMMT-SD (with y = 2.0 for the inner elements and y = 1.0 for the outer elements),
and SEMMT-MD (with y = 1.0 for all elements in both domains).

Fig. 2 shows, for SEMMT-MD, the deformed mesh for the translation, rotation, and bending tests. Fig.
3 shows, in close-up views, comparison of these meshes with the deformed meshes obtained with the
standard technique and the SEMMT-SD approach. In this figure, inner elements are colored to indicate the
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Fig. 2. Mesh deformation tests with SEMMT-MD.
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Fig. 3. Mesh deformation tests with the standard mesh moving technique, SEMMT-SD, and SEMMT-MD.

level of element-area distortion, with blue and red corresponding to low and high distortion, respectively. It
is evident from the figure that the standard technique allows for significant distortion of the inner elements,
particularly for the bending motion. It is also clear that the SEMMT approach reduces distortion in the
inner elements.

Fig. 4 shows, for the bending test, the two mesh quality measures (defined based on all the elements) for
the standard technique, SEMMT-SD, and SEMMT-MD. The curves show the mesh quality as a function
of the bending magnitude, and indicate an improvement in overall mesh quality for the SEMMT over the
standard technique. Improvements of 30-50% are seen for elemental area distortion, while smaller
improvements are seen for elemental aspect ratio distortion. Performance for the two SEMMT approaches
are very comparable.

As stated earlier, the strength of the SEMMT method lies in the handling of mesh motion in thin layers
of elements. When we compare performance of the SEMMT with the standard technique for the inner
elements (i.e. layers) we see a more dramatic improvement than we do for the overall mesh motion. Fig. 5
shows, for the translation test, the two mesh quality measures (defined based on the inner elements) plotted
as functions of the translation magnitude for the standard technique, SEMMT-SD, and SEMMT-MD. The
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moving technique, SEMMT-SD, and SEMMT-MD.

SEMMT approach yields significant reductions over the mesh distortion encountered with the standard
technique. Reductions in distortion over the standard technique of approximately 92% are experienced for
the SEMMT-SD approach. For rigid-body translation, zero distortion is introduced to the inner mesh for
the SEMMT-MD approach. For the mesh quality measures defined based on all the elements, there is little
difference between the three mesh moving techniques.

Fig. 6 shows, for the rotation test, the two mesh quality measures (defined based on the inner elements)
plotted as functions of the rotation magnitude for the standard technique, SEMMT-SD, and SEMMT-
MD. Reductions in distortion over the standard technique of approximately 91-92% are experienced for
the SEMMT-SD approach. The reductions are approximately 95-98% for the SEMMT-MD approach. For
the mesh quality measures defined based on all the elements, there is little difference between the three mesh
moving techniques.
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Fig. 7. Bending test mesh quality (defined based on the inner elements) as
moving technique, SEMMT-SD, and SEMMT-MD.

function of bending magnitude, for the standard mesh

Fig. 7 shows, for the bending test, the two mesh quality measures (defined based on the inner elements)
plotted as functions of the bending magnitude for the standard technique, SEMMT-SD, and SEMMT-
MD. Reductions in distortion over the standard technique of approximately 84-91% are experienced for
the SEMMT-SD approach. The reductions are approximately 88-93% for the SEMMT-MD approach.

4. 2D fluid-structure interaction model problem

Test computations were carried out for a simple, 2D fluid—structure interaction (FSI) model problem to
assess the effectiveness of the SEMMT for problems involving arbitrary deformations. The 2D model



2028 K. Stein et al. | Comput. Methods Appl. Mech. Engrg. 193 (2004) 2019-2032

represents a parachute-like structure. The “canopy” is modeled with 50 membrane elements and the
“suspension lines” with 22 cable elements. In the initial, unstressed configuration the canopy section is a
half-circle with a diameter (d) of 1.0 m and a depth of 0.04 m. The membrane has a thickness of 0.0002 m, a
Poisson’s ratio of 0.3, and a Young’s modulus of 2.5 x 10® N/m?. The total mass of the canopy is 0.0063 kg.
For the suspension lines, the initial length is 0.90 m, the cross-sectional areas is 0.0002 m?, and the Young’s
modulus is 5.0x 10% N/m?.
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Fig. 8. Mesh deformations of the FSI model problem for the standard mesh moving technique and SEMMT-SD. Colors of the inner
elements indicate element deformations as measured by the area change. The color range from light blue to light red corresponds to the
range 0 <}, <0.04.
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First the “parachute” is inflated by carrying out a stand-alone structural dynamics computation with a
prescribed canopy differential pressure of 0.5 N/m?. A mass-proportional damping is employed in this
computation to obtain a stable equilibrium for the inflated parachute. Then the fluid dynamics mesh is
generated with the inflated canopy as an interior surface. Two layers of elements extend outward from the
upper and lower surfaces of the canopy. The initial flow conditions for the FSI simulation are obtained by
carrying out a stand-alone fluid dynamics computation with the canopy held rigid. For this computation, as
well the subsequent FSI computation, a free-stream velocity of 0.35 m/s is prescribed at the inflow
boundary, the fluid density is 1.0 kg/m?, and the Reynolds number is 1000. The FSI computation is carried
out for 500 time steps, with no structural damping. In 500 time steps fluid particles at free-stream velocity
travel a distance of 1.75d.

The deformed meshes in the vicinity of the canopy are shown for the standard mesh moving technique
and SEMMT-SD in Figs. 8 and 9. In this test computation, the element distortions as measured by the
aspect ratio change are more severe than the element deformations as measured by the area change. We can
clearly see that the orthogonality of the mesh lines at the canopy surface is much better preserved with the
SEMMT-SD. Fig. 10 shows the time evolution of the two mesh quality measures (defined based on the
inner elements) during the FSI computations with the standard mesh moving technique and SEMMT-SD.
In addition to the two measures based on the p = oo norm, we show the two measures based on the p = 2
norm to depict the mesh distortion for the inner elements in an averaged sense. From all four measures we
can clearly see that, compared to the standard mesh moving technique, the SEMMT-SD yields significant
reductions in distortion of the inner elements.

5. Concluding remarks

We have presented the SEMMT, which was introduced for the purpose of limiting mesh distortion in the
layers of thin elements near fluid—structure interfaces. The SEMMT is built upon a class of mesh moving
techniques where the motion of the nodes is governed by the equations of elasticity. In this class of
techniques, deformation of the elements are treated selectively based on element sizes as well as defor-
mation modes in terms of shape and volume changes. Smaller elements, typically placed near solid surfaces,
are stiffened more than the larger ones. This is attained by altering the way we account for the Jacobian of
the transformation from the element domain to the physical domain. The degree by which the smaller
elements are stiffened more than the larger ones is determined by a stiffening power introduced into the
formulation. Selection of optimal stiffening power allows for significant improvement in mesh quality near
the solid surfaces, even when the displacements are large. In the SEMMT the layers of thin fluid elements
are treated much like an extension of the solid elements.

The 2D tests presented here demonstrate how the SEMMT functions as part of our mesh update
method. We employed two options of the SEMMT. In SEMMT-MD, the elasticity equations for the nodes
connected to the thin (inner) elements are solved separately from the elasticity equations for the outer
nodes. For the inner elements, as boundary conditions at the interface with the outer elements, we use
traction-free conditions. In SEMMT-SD, the elasticity equations for the inner and outer nodes are solved
together, but we assign higher rigidity to the inner elements. The test computations for translation, rota-
tion, and bending tests show that the SEMMT results in significant improvements in mesh quality for the
inner elements, with reductions in mesh distortion of 92-100% for prescribed translations, 91-98% for
prescribed rotations, and 84-93% for prescribed bending. Additionally, the SEMMT yields similar
improvements in computation of a simple, 2D fluid-structure interaction model problem with arbi-
trary deformations. These examples indicate that SEMMT can effectively handle mesh moving in thin
layers of elements and is well-suited for certain classes of problems involving fluid—structure interactions.
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Furthermore, we expect that the SEMMT will allow us explore new ways addressing contact problems that
might be encountered in fluid—structure interactions.
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