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Abstract We present, for the SUPG formulation of inviscid
compressible flows, stabilization parameters defined based
on the degree-of-freedom submatrices of the element-level
matrices. With 2D steady-state test problems involving super-
sonic flows and shocks, we compare these stabilization param-
eters with the ones defined based on the full element-level
matrices. We also compare them to the stabilization parame-
ters introduced in the earlier development stages of the SUPG
formulation of compressible flows. In all cases the formu-
lation includes a shock-capturing term involving a shock-
capturing parameter. We investigate the difference between
updating the stabilization and shock-capturing parameters at
the end of every time step and at the end of every nonlinear
iteration within a time step. The formulation includes, as an
option, an algorithmic feature that is based on freezing the
shock-capturing parameter at its current value when a con-
vergence stagnation is detected.
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1 Introduction

The streamline-upwind/Petrov-Galerkin (SUPG) formulation
of compressible flows [11, 19, 20] is widely used in finite
element flow computations. In a more general framework,
stabilized formulations such as the SUPG formulation of
compressible flows, SUPG formulation of incompressible
flows [1, 10], and the pressure-stabilizing/Petrov-Galerkin
(PSPG) formulation [15] have become very popular because
of their well-known desirable features. These formulations
prevent numerical instabilities in solving problems with high
Reynolds or Mach numbers and shocks or thin boundary lay-
ers, as well as when using equal-order interpolation functions
for velocity and pressure. The SUPG and PSPG formula-
tions achieve these objectives without introducing excessive
numerical dissipation. Furthermore, as it was pointed out in
[23], these stabilized formulations also substantially improve
the convergence rate in iterative solution of the large matrix
systems that need to be solved at every Newton–Raphson
step.

The SUPG formulation for incompressible flows was first
introduced in an ASME paper [10]. Additional studies and
examples were presented in a journal paper [1]. The SUPG
formulation for compressible flows was first introduced, in
the context of conservation variables, in a NASA techni-
cal report [19]. A concise version of that was published
as an AIAA paper [20], and a more comprehensive ver-
sion as a journal paper [11]. Several SUPG-like methods
for compressible flows were developed after that. For exam-
ple, Taylor–Galerkin method [9] is very similar, and under
certain conditions is identical, to one of the SUPG methods
introduced in [11, 19, 20]. Another example of the subse-
quent SUPG-like methods for compressible flows in conser-
vation variables is the streamline-diffusion method described
in [13]. Later, following [19, 20, 11], the SUPG formulation
for compressible flows was recast in entropy variables and
supplemented with a shock-capturing term [12]. It was shown
in [14] that the SUPG formulation introduced in [11, 19, 20],
when supplemented with a similar shock-capturing term, is
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very comparable in accuracy to the one that was recast in
entropy variables.

A stabilization parameter that is mostly known as “τ”
is embedded in the SUPG and PSPG formulations. It in-
volves a measure of the local length scale (also known as
“element length”) and other parameters such as the element
Reynolds and Courant numbers. Various element lengths and
τ s were proposed starting with those in [1, 10, 11, 19, 20],
followed by the one introduced in [22], and those proposed
in the subsequently reported SUPG and PSPG methods. In
this paper we will call the SUPG formulation introduced in
[1, 19, 20] for compressible flows “(SU PG)82”, and the set
of τ s introduced in conjunction with that formulation “τ82”.
The stabilized formulation introduced in [22] for advection–
diffusion–reaction equations included a shock-capturing term
and a τ definition that takes into account the interaction be-
tween the shock-capturing and SUPG terms. That τ defi-
nition precludes “compounding” (i.e. augmentation of the
SUPG effect by the shock-capturing effect when the advec-
tion and shock directions coincide). The τ used in [14] with
(SU PG)82 is a slightly modified version of τ82. A shock-cap-
turing parameter, which we will call in this paper “δ91”, was
embedded in the shock-capturing term used in [14]. Subse-
quent minor modifications of τ82 took into account the interac-
tion between the shock-capturing and the (SU PG)82 terms
in a fashion similar to how it was done in [22] for advec-
tion–diffusion–reaction equations. All these slightly modi-
fied versions of τ82 have always been used with the same δ91,
and we will categorize them here all under the label “τ82-MOD”.
Calculating the τ s based on the element-level matrices and
vectors was introduced in [21] in the context of the advection–
diffusion equation and the Navier–Stokes equations of incom-
pressible flows. These definitions are expressed in terms of
the ratios of the norms of the matrices or vectors. They auto-
matically take into account the local length scales, advec-
tion field and the element Reynolds number. Based on these
definitions, a τ can be calculated for each element or for
each degree-of-freedom of each element, or, as it was pro-
posed in [17], for each integration point of each element. It
was proposed in [16, 18, 21] that the stabilization parame-
ters to be used in advancing the solution from time level n to
n + 1 (including the parameter embedded in a stabilization
terms that resembles a discontinuity-capturing term) should
be evaluated at time level n (i.e. based on the flow field al-
ready computed for time level n). This way we are spared
from another level of nonlinearity.

In [4, 8], the τ definitions based on the element matrices
were used in conjunction with the (SU PG)82 formulation
supplemented with the shock-capturing term involving δ91.
These concepts were extended in [6, 7] to the edge-based
implementation that was introduced in [2]. In this paper, τ s
defined for each degree-of-freedom of each element (based
on the degree-of-freedom submatrices of the element-level
matrices) are used with the (SU PG)82 formulation supple-
mented with the shock-capturing term involving δ91. We
reported this effort first in a conference paper [5]. We investi-
gate the performance differences between these τ definitions,

the τ definitions based on the full element-level matrices,
and τ82-MOD. We also investigate the performance differences
between calculating the stabilization and shock-capturing
parameters at time level n and at (every nonlinear iteration
of) time level n +1. The performance comparisons are based
on 2D steady-state test problems involving supersonic flows
and shocks. The formulation includes, as an option, an algo-
rithmic feature, which was introduced earlier and is based on
freezing the shock-capturing parameter at its current value
when a convergence stagnation is detected.

2 Euler equations

The system of conservation laws governing inviscid, com-
pressible flows are the Euler equations. In two dimensions
these equations can be written in terms of the conservation
variables, U = (ρ, ρu, ρv, ρe), as

∂U
∂t

+ ∂Fx

∂x
+ ∂Fy

∂y
= 0 on � × [0, T ]. (1)

Here ρ is the fluid density, u = (u, v) is the velocity vector,
e is the total energy per unit mass, Fx and Fy are the Euler
fluxes, � is a domain in IR2, and T is a positive real number.
We denote the spatial and temporal coordinates respectively
by x = (x, y) ∈ � and t ∈ [0, T ], where the superimposed
bar indicates set closure, and � is the boundary of domain �.
We consider ideal gases. Equation (1) can also be written as

∂U
∂t

+ Ax
∂U
∂x

+ Ay
∂U
∂y

= 0 on � × [0, T ], (2)

where Ax = ∂Fx
∂U and Ay = ∂Fy

∂U . We assume that we have an
appropriate set of boundary and initial conditions associated
with Eq. (2).

3 Stabilized formulation and stabilization parameters

Considering a standard discretization of � into finite ele-
ments, the (SU PG)82 formulation for the Euler equations
in conservation variables introduced in [11, 19, 20], supple-
mented with a shock-capturing term [14], is written as∫

�

Wh ·
(

∂Uh

∂t
+ Ah

x
∂Uh

∂x
+ Ah

y
∂Uh

∂y

)
d�

+
nel∑

e=1

∫

�e

((
τ

∂Wh

∂x

)
Ah

x +
(

τ
∂Wh

∂y

)
Ah

y

)

·
(

∂Uh

∂t
+ Ah

x
∂Uh

∂x
+ Ah

y
∂Uh

∂y

)
d�

+
nel∑

e=1

∫

�e

δ91

(
∂Wh

∂x
· ∂Uh

∂x
+ ∂Wh

∂y
· ∂Uh

∂y

)
d� = 0.

(3)
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Here Wh and Uh are the finite-dimensional test and trial func-
tions that are defined on standard finite element spaces. In
Eq. (3), the first integral corresponds to the Galerkin for-
mulation, the first series of element-level integrals are the
SUPG stabilization terms, and the second series of element-
level integrals are the shock-capturing terms added to the var-
iational formulation to prevent spurious oscillations around
shocks. The shock-capturing parameter, δ91, is calculated here
using the approach proposed in [14]. We define the following
element-level matrices:

m :
∫

�e

Wh · ∂Uh

∂t
d� (4)

k̃ :
∫

�e

(
∂Wh

∂x
· Ah

x Ah
x
∂Uh

∂x
+ ∂Wh

∂x
· Ah

x Ah
y
∂Uh

∂y

+∂Wh

∂y
· Ah

yAh
x
∂Uh

∂x
+ ∂Wh

∂y
· Ah

yAh
y
∂Uh

∂y

)
d� (5)

c̃ :
∫

�e

(
∂Wh

∂x
· Ah

x
∂Uh

∂t
+ ∂Wh

∂y
· Ah

y
∂Uh

∂t

)
d� (6)

c :
∫

�e

(
Wh · Ah

x
∂Uh

∂x
+ Wh · Ah

y
∂Uh

∂y

)
d�. (7)

Considering the standard finite element approximation we
have:

Uh = Nv, Wh = Nc,
∂Uh

∂t
= Na, (8)

where v is the vector of nodal values of U (function of time
only), c is a vector of arbitrary constants, a is the time deri-
vate of v (a = dv/dt), and N is a matrix containing the shape
functions. For linear triangles, the element shape functions
can be represented in matrix form as

Ne = [
N1I N2I N3I

]
, (9)

where N1, N2 and N3 are the element shape functions and
I is the identity matrix of order 4. It is useful to define the
discrete local (element) gradient operator as

B =
[

Bx
By

]
=

[
∂N
∂x

∂N
∂y

]
= 1

2Ae

[
y23I y31I y12I
x32I x13I x21I

]
, (10)

where Ae is the area of the element, xab = xa − xb, and
yab = ya − yb for a, b = 1, 2, 3. With the expressions given
by Eqs. (8)–(10), we calculate the element-level matrices as
follows:

m =
∫

�e

NTNd�e = Ae

12


 2I I I

I 2I I
I I 2I


 , (11)

k̃ =
∫

�e

BT
[

Ah
x Ah

x Ah
x Ah

y
Ah

yAh
x Ah

yAh
y

]
Bd�e

= 1

4Ae


 B11 B12 B13

B21 B22 B23
B31 B32 B33


 . (12)

The submatrices in Eq. (12) are:

B12 = y23(y31Axx + x13Axy) + x32(y31Ayx + x13Ayy)

B13 = y23(y12Axx + x21Axy) + x32(y12Ayx + x21Ayy)

B21 = y31(y23Axx + x32Axy) + x13(y23Ayx + x32Ayy)

B23 = y31(y12Axx + x21Axy) + x13(y12Ayx + x21Ayy)

B31 = y12(y23Axx + x32Axy) + x21(y23Ayx + x32Ayy)

B32 = y12(y31Axx + x13Axy) + x21(y31Ayx + x13Ayy)

B11 = −(B12 + B13)

B22 = −(B21 + B23)

B33 = −(B31 + B32), (13)

where Ai j = Ah
i Ah

j for i, j = x, y.

c̃ =
∫

�e

(BT
x Ah

x N + BT
y Ah

yN)d�e = 1

6


m1 m1 m1

m2 m2 m2

m3 m3 m3


 , (14)

where m1, m2 and m3 are given by

m1 = y23Ah
x + x32Ah

y (15)

m2 = y31Ah
x + x13Ah

y (16)

m3 = y12Ah
x + x21Ah

y (17)

c =
∫

�e

(NTAh
x Bx + NTAh

yBy)d�e = 1

6


c1 c2 c3

c1 c2 c3

c1 c2 c3


 , (18)

and the submatrices c1, c2 and c3 are

c1 = y23Ah
x + x32Ah

y (19)

c2 = y31Ah
x + x13Ah

y (20)

c3 = y12Ah
x + x21Ah

y . (21)

We define the SUPG stabilization parameters from the ele-
ment matrices, as proposed in [21]:

τg =
(

1

τ r
S1

+ 1

τ r
S2

)−1/r

, (22)

where

τS1 = ‖c‖
‖k̃‖ τS2 = �t

2

‖c‖
‖c̃‖ . (23)

Here �t is the time step, ‖b‖ = max1≤ j≤nee{|b1 j | + |b2 j |
+· · ·+|bnee, j |}, nee is the number of element equations (num-
ber of element nodes × the number of degrees-of-freedom
per node), and r is an integer parameter.

It was also proposed in [21] to calculate a separate τ for
each element degree-of-freedom. The resulting stabilization
parameter matrix is written as

τ dof =



τρ

τu
τv

τe


 , (24)
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where the subscripts (ρ, u, v, e) refer to the primitive vari-
ables associated with each degree-of-freedom. Each τI can
be calculated by using the expression

τI =
(

1

((τS1)I )
r + 1

((τS2)I )
r

)−1/r

, (25)

where

(τS1)I = ‖cI ‖
‖k̃I ‖

(τS2)I = �t

2

‖cI ‖
‖c̃I ‖ . (26)

Here cI , k̃I and c̃I are the submatrices of the element matri-
ces, associated with each degree-of-freedom I = ρ, u, v, e.
The element submatrix bI corresponding to the degree-of-
freedom I can be written as

bI =

bp1,1 bp1,2 bp1,3 . . . bp1,10 bp1,11 bp1,12

bp2,1 bp2,2 bp1,3 . . . bp2,10 bp2,11 bp2,12
bp3,1 bp3,2 bp3,3 . . . bp3,10 bp3,11 bp3,12


 , (27)

where

for I = ρ (p1, p2, p3) ≡ (1, 5, 9)

for I = u (p1, p2, p3) ≡ (2, 6, 10)

for I = v (p1, p2, p3) ≡ (3, 7, 11)

for I = e (p1, p2, p3) ≡ (4, 8, 12). (28)

The norms of these submatrices, used in Eq. (26), are com-
puted by ‖bI ‖ = max1≤ j≤nee{|bp1, j | + |bp2, j | + |bp3, j |}.

The solution is advanced in time by the implicit predictor-
multicorrector algorithm given in [11]. The resulting linear
systems of equations are solved by a nodal-block-diagonal
preconditioned GMRES method. All solutions in this work
are obtained using a fixed time-step size with C F L = 1.

4 Numerical results

In this section we describe the 2D test computations carried
out for two steady-state problems. The tolerance of the pre-
conditioned GMRES algorithm is 0.1, the dimension of the
Krylov subspace is 5, and the number of multicorrections is
3. All computations are initialized with the inflow values. The
symbol τg represents τ calculated based on the element matri-
ces, and the symbol τdof represents τ calculated based on the
degree-of-freedom submatrices of the element matrices.

4.1 Oblique shock

The first problem is a Mach 2 uniform flow over a wedge, at
an angle of −10◦ with respect to a horizontal wall. The solu-
tion involves an oblique shock at an angle of 29.3◦ emanating
from the leading edge of the wedge, as shown in Fig. 1.

The computational domain is a square with 0 ≤ x ≤ 1
and 0 ≤ y ≤ 1. Prescribing the following inflow data on the
left and top boundaries results in a solution with the following
outflow data:

x = 0.9

29.3°
x

y

M = 2.0

M = 1.64052

Fig. 1 Oblique shock – problem description

Inflow




M = 2.0
ρ = 1.0
u = cos 100

v = − sin 100

p = 0.17857

Outflow




M = 1.64052
ρ = 1.45843
u = 0.88731
v = 0.0
p = 0.30475

.

(29)

Here M is the Mach number and p is the pressure. Four
Dirichlet boundary conditions are imposed at the left and top
boundaries, the slip condition with v = 0 is set at the bot-
tom boundary, and no boundary condition is imposed at the
outflow (right) boundary. A 20 × 20 mesh with 800 linear
triangles and 441 nodes is employed.

Figure 2a,c show, respectively, the density along line
x = 0.9 and the evolution of the density residual for 300
steps, computed with τ82-MOD, τg and τdof , with r = 2. Here
we update τg , τdof and δ91 at every nonlinear iteration of a time
level (i.e. iteration update). We also tested the case where we
update τg , τdof and δ91 only at the beginning of every time step
(i.e. time-step update). The results are shown in Fig. 2b,d. The
evolution of the density residual is faster for time-step update
than it is for iteration update. Figure 3 shows the influence
of an algorithmic feature [3], which is based on freezing the
shock-capturing parameter δ91 at its current value when a con-
vergence stagnation is detected. Table 1 shows the number
of GMRES iterations (NGMRES) and number of steps (Nsteps)
corresponding to Fig. 3. The computations with τdof need less
steps than the other alternatives, but more GMRES iterations
than it is needed with τg . However, the τ dof computations are
less costly than the τg computations. That is, the calculations
required by Eqs. (24), (25) and (26), which involve norms of
element submatrices, are less costly than the calculations re-
quired by Eqs. (22) and (23), which involve norms of element
matrices. We also note that τ82-MOD needs more steps than all
others. The relative performances with the time-step update
are similar, but less steps are required.
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(a) Density profile at x = 0.9 – iteration update (b) Density profile at x = 0.9 – time-step update
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(d) Evolution of density residual – time-step update

Fig. 2 Oblique shock – solutions and residuals obtained with τ82-MOD, τg and τdof , and the iteration update and time-step update. a Density profile
at x = 0.9 – iteration update. b Density profile at x = 0.9 – time-step update. c Evolution of density residual – iteration update. d Evolution of
density residual – time-step update

Table 1 Oblique shock–computational costs (in number of GMRES
iterations and time steps) for τ82-MOD, τg and τdof , with iteration update
and time-step update (both with freezing the shock-capturing param-
eter)

τ82-MOD τg τdof
Update

NGMRES Nsteps NGMRES Nsteps NGMRES Nsteps

Iteration 5,226 869 4,287 846 4,902 833
Time-step 5,289 861 4,246 838 4,857 819

4.2 Reflected shock

This problem consists of three regions (R1, R2, R3) separated
by an oblique shock and its reflection from a wall, as shown
in Fig. 4. Prescribing the following Mach 2.9 inflow data in
the first region on the left (R1), and requiring the incident
shock to be at an angle of 29◦, leads to the following exact
solution at the other two regions (R2, R3):



Compressible flow SUPG stabilization parameters 339

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

0 0.2 0.4 0.6 0.8 1

τ82-MOD
τg

τdof
exact

(a) Density profile at x = 0.9 – iteration update (b) Density profile at x = 0.9 – time-step update
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(d) Evolution of density residual – time-step update

Fig. 3 Oblique shock – solutions and residuals obtained with τ82-MOD, τg and τdof , and the iteration update and time-step update (both with freezing
the shock-capturing parameter). a Density profile at x = 0.9 – iteration update. b Density profile at x = 0.9 – time-step update. c Evolution of
density residual – iteration update. d Evolution of density residual – time-step update

x

y

y=0.25
1

2
3

M=2.9

M=2.3781

M=1.94235
29°

23.28°

Fig. 4 Reflected shock – problem description
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(a) Density profile at y = 0.25 – iteration update. (b) Density profile at y = 0.25 – time-step update.
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(c) Evolution of density residual – iteration update. (d) Evolution of density residual – time-step update.
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Fig. 5 Reflected shock (with uniform mesh) – solutions and residuals obtained with τ82-MOD, τg and τdof , and the iteration update and time-step
update. a Density profile at y = 0.25 – iteration update. b Density profile at y = 0.25 – time-step update. c Evolution of density residual –
iteration update d Evolution of density residual – time-step update.

R1




M = 2.9
ρ = 1.0
u = 2.9
v = 0.0
p = 0.714286

R2




M = 2.3781
ρ = 1.7
u = 2.61934
v = −0.50632
p = 1.52819

R3




M = 1.94235
ρ = 2.68728
u = 2.40140
v = 0.0
p = 2.93407

(30)

The computational domain is a rectangle with 0 ≤ x ≤
4.1 and 0 ≤ y ≤ 1. We prescribe the density, velocities and
pressure at the left and top boundaries, the slip condition with
v = 0 is imposed at the bottom boundary, and no boundary
condition is imposed at the outflow (right) boundary. We use
a uniform mesh with 60×20 cells, where each cell is divided
into two triangles (1,281 nodes and 2,400 elements), and an
unstructured mesh with 1,837 nodes and 3,429 elements.

Figure 5a,b show the density along line y = 0.25 for the
uniform mesh, computed with τ82-MOD, τg and τdof , with r = 2,
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(a) Density profile at y = 0.25 – iteration update (b) Density profile at y = 0.25 – time-step update

(c) Evolution of density residual – iteration update (d) Evolution of density residual – time-step update

Fig. 6 Reflected shock (with uniform mesh) – solutions and residuals obtained with τ82-MOD, τg and τdof , and the iteration update and time-step
update (both with freezing the shock-capturing parameter). a Density profile at y = 0.25 – iteration update. b Density profile at y = 0.25 –
time-step update. c Evolution of density residual – iteration update. d Evolution of density residual – time-step update

for iteration update and time-step update. The density profile
with τdof and time-step update shows some oscillations. The
evolutions of the density residual for 300 steps are shown
in Figure 5c,d. We note that the residuals are smaller with
the time-step update. Figure 6 shows the influence of the
algorithmic feature based on freezing the shock-capturing
parameter. We note that in this case τ82-MOD leads to somewhat
smaller residuals. We also see in Table 2 that τ82-MOD requires
less steps for both iterations update and time-step update. The
performances with τg and τdof are more sensitive to which
update strategy is used, with better performance for the time-
step update.

Table 2 Reflected shock (with uniform mesh) – computational costs
(in number of GMRES iterations and time steps) for τ82-MOD, τg and
τdof , with iteration update and time-step update (both with freezing the
shock-capturing parameter).

τ82-MOD τg τdof
Update

NGMRES Nsteps NGMRES Nsteps NGMRES Nsteps

Iteration 3,226 531 3,368 582 3,743 625
Time-step 3,180 512 3,073 518 3,382 570

Figures 7 and 8 show the results for the unstructured
mesh, computed with the same set of τ s and update strategies.
The algorithmic feature based on freezing the shock-capturing
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(a) Iteration update – using τ82-MOD (b) Time-step update – using τ82-MOD

(d) Time-step update – using τg

(f) Time-step update – using τdof

(c) Iteration update – using τg

(e) Iteration update – using τdof

Fig. 7 Reflected shock – density computed with τ82-MOD, τg and τdof , and the iteration update and time-step update (both with freezing the shock-
capturing parameter). a Iteration update – using τ82-MOD. b Time-step update – using τ82-MOD. c Iteration update – using τg . d Time-step update –
using τg . e Iteration update – using τdof . f Time-step update – using τdof
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(a) Evolution of density residual – iteration update.
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(b) Evolution of density residual – time-step update.

Fig. 8 Reflected shock (with unstructured mesh) – residuals obtained with τ82-MOD, τg and τdof , and the iteration update and time-step update
(both with freezing the shock-capturing parameter). a Evolution of density residual – iteration update. b Evolution of density residual – time-step
update.

Table 3 Reflected shock (with unstructured mesh) – computational
costs (in number of GMRES iterations and time steps) for τ82-MOD, τg
and τdof , with iteration update and time-step update (both with freezing
the shock-capturing parameter).

τ82-MOD τg τdof
Update

NGMRES Nsteps NGMRES Nsteps NGMRES Nsteps

Iteration 9,573 836 9,127 844 9,138 845
Time-step 9,977 857 9,913 893 9,278 817

parameter is activated. The density distributions are in good
agreement. Looking at the number of GMRES iterations in
Table 3, we see that for iteration update τg and τdof are quite

comparable and both better than τ82-MOD. For time-step update
τdof is the best.

5 Concluding remarks

For the SUPG formulation of inviscid compressible flows,
we described stabilization parameters that are defined for
each degree-of-freedom of each element. These definitions
are expressed based on the norms of the degree-of-freedom
submatrices of the element-level matrices. They take into
account the flow field, the local length scales, and the time
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step size. We carried out a number of 2D test computations for
steady-state problems involving supersonic flows and shocks.
By inspecting the solution quality and convergence history,
we investigated the performance differences between the τ
definitions described here, the τ definitions based on the full
element-level matrices, and τ82-MOD. In all cases the formu-
lation includes a shock-capturing term involving the shock-
capturing parameter δ91. Also by inspecting the solution qual-
ity and convergence history, we investigated the performance
difference between updating the stabilization and shock-cap-
turing parameters at time level n and at (every nonlinear iter-
ation of) time level n + 1. The formulation includes, as an
option, an algorithmic feature that is based on freezing the
shock-capturing parameter at its current value when a con-
vergence stagnation is detected. We observe that in all cases
the solution qualities are very comparable. In terms of com-
putational efficiency, τ definitions based on the degree-of-
freedom submatrices and full element-level matrices show
comparable performances.
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