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Abstract Numerical experiments with inviscid supersonic
flows around cylinders and spheres are carried out to eval-
uate the stabilization and shock-capturing parameters intro-
duced recently for the Streamline–Upwind/Petrov–Galerkin
(SUPG) formulation of compressible flows based on conser-
vation variables. The tests with the cylinders are carried out
for both structured and unstructured meshes. The new shock-
capturing parameters, which we call “Y Zβ Shock-Captur-
ing”, are compared to earlier SUPG parameters derived based
on the entropy variables. In addition to being much simpler,
the new shock-capturing parameters yield better shock
quality in the test computations, with more substantial
improvements seen for unstructured meshes with triangular
and tetrahedral elements. Furthermore, the results obtained
with Y Zβ Shock-Capturing compare very favorably to those
obtained with the well established OVERFLOW code.

Keywords Supersonic flows ·Cylinders and spheres · SUPG
stabilization · Stabilization parameter · Shock-capturing
parameter

1 Introduction

The Streamline–Upwind/Petrov–Galerkin (SUPG) formula-
tion of compressible flows is now used widely in compu-
tational fluid mechanics. Soon after the introduction of the
SUPG formulation of incompressible flows [1, 2], the SUPG
formulation of compressible flows was first introduced, in
the context of conservation variables, in a NASA technical
report [3]. A concise version of that was published as an
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AIAA paper [4], and a more thorough version with addi-
tional examples as a journal paper [5]. Following [3–5], the
SUPG formulation for compressible flows was recast in en-
tropy variables [6]. In doing that, the formulation was also
supplemented with a shock-capturing (discontinuity-captur-
ing) term. With numerous test problems, it was shown in [7,
8] that the SUPG formulation introduced in [3–5], when sup-
plemented with a similar shock-capturing term, is very com-
parable in accuracy to the one that was recast in entropy
variables. The stabilized formulation introduced in [9] for
advection–diffusion–reaction equations also included a dis-
continuity-capturing term, and precluded augmentation of
the SUPG effect by the discontinuity-capturing effect when
the advection and discontinuity directions coincide.

The SUPG formulations involve a stabilization parame-
ter that most researchers call “τ”. This parameter includes
a measure of the local length scale (also known as “ele-
ment length”). Various τ definitions were proposed starting
with those in [1, 2] and [3–5], followed by the one intro-
duced in [9], and those proposed in the subsequently reported
SUPG-based methods (see for example [10, 11]. In many
cases, the “element length” was seen as an advection length
scale. We call the SUPG formulation introduced in [3–5] for
compressible flows “(SUPG)82”, and the set of τ definitions
introduced in conjunction with that “τ82”. In the computations
reported in [7], (SUPG)82 was used with a slightly modified
version of τ82. The shock-capturing term used in those com-
putations involved a shock-capturing parameter that we call
“δ91”. Calculation of δ91 requires evaluation of the Jacobian
matrix of the transformation from the entropy variables to
the conservation variables. The computational cost associ-
ated with that is not trivial. Subsequent minor modifications
of τ82 accounted for the interaction between the shock-captur-
ing and the (SUPG)82 terms in a fashion similar to how it was
done in [9] for advection–diffusion–reaction equations. All
these slightly modified versions of τ82, which we categorize as
“τ82-MOD”, have always been used with the same δ91. A second
element length scale, which is based on the solution gradient,
was introduced in [12, 13]. This second element length was
recognized as a diffusion length scale. Based on that, new
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Table 1 Non-default parameters for the OVERFLOW computations

IDISS 4 Matrix dissipation
VEPSL 0.3 Matrix dissipation limit on linear eigenvalue
VEPSN 0.3 Matrix dissipation limit on nonlinear eigenvalue
SMOO 0.0 Spectral radius term

Fig. 1 Two-dimensional flow around a cylinder. Structured mesh with
4,096 quadrilateral elements and 4,225 nodes

stabilization parameters for the diffusive limit were intro-
duced for incompressible flows in [13, 14].

New ways of calculating the SUPG τ values and shock-
capturing parameters for compressible flows were introduced
in [14, 15]. The new shock-capturing parameters, which we
categorize as “Y Zβ Shock-Capturing”, are simpler and less
costly to compute with than δ91. They are based on scaled
residuals and are defined with options for smoother or sharper
shocks. A preliminary set of test computations with invis-
cid supersonic flows were reported in [16] for these new
shock-capturing parameters. Those computations were lim-
ited to very simple 2D geometries and quadrilateral elements.
A more comprehensive set of 2D test computations with
inviscid supersonic flows were reported in [17]. Those tests
with Y Zβ Shock-Capturing involved different element types
and mesh orientations. In this paper, we carry out numerical
experiments with inviscid supersonic flows around cylinders
and spheres to evaluate the performance of Y Zβ Shock-Cap-
turing in, what we find to be, more challenging test problems.
Furthermore, we test a new version of Y Zβ Shock-Captur-
ing, which was originally introduced in [17] and which takes
into account the Mach number and shock intensity across a
shock. The 2D tests with the cylinders are carried out for both
structured and unstructured meshes. In addition to compar-
ing the Y Zβ results to those obtained with τ82 and δ91, for 2D

Fig. 2 Two-dimensional flow around a cylinder. Unstructured mesh
with 17,520 triangular elements and 8,935 nodes

0

0.5

1

1.5

2

2.5

3

3.5

4

-1.5 -1 -0.5 0 0.5 1 1.5

M
ac

h

X

Y=0.01
Y=0.5
Y=1.0
Y=2.0
Y=2.5

Fig. 3 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 2, bR = 0
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Fig. 4 Two-Dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 1, bR = 0

structured meshes, we compare them to the results obtained
with the OVERFLOW code [18].

2 Navier–Stokes equations of compressible flows

Let � ⊂ IRnsd be the spatial domain with boundary �, and
(0, T ) be the time domain. The symbols ρ, u, p and e will
represent the density, velocity, pressure and the total energy,
respectively.

The Navier–Stokes equations of compressible flows can
be written on � and ∀t ∈ (0, T ) as

∂U
∂t
+ ∂Fi

∂xi
− ∂Ei

∂xi
− R = 0 , (1)

where U = (ρ, ρu1, ρu2, ρu3, ρe) is the vector of conserva-
tion variables, and Fi and Ei are, respectively, the Euler and
viscous flux vectors:

Fi =




uiρ
uiρu1 + δi1 p
uiρu2 + δi2 p
uiρu3 + δi3 p
ui (ρe + p)


 , Ei =




0
Ti1
Ti2
Ti3

−qi + Tikuk


 . (2)
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Fig. 5 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 1, bR = 1, ρsca = ρ2

Here δi j are the components of the identity tensor I, qi are
the components of the heat flux vector, and Ti j are the com-
ponents of the Newtonian viscous stress tensor:

T = λ(∇∇∇ · u)I+ 2µε(u), (3)

where λ and µ (= ρν) are the viscosity coefficients, ν is the
kinematic viscosity, and ε(u) is the strain-rate tensor:

ε(u) = 1

2

(
(∇∇∇u)+ (∇∇∇u)T

)
. (4)

It is assumed that λ = −2µ/3. The equation of state used
here corresponds to the ideal gas assumption. The term R rep-
resents all other components that might enter the equations,
including the external forces.
Equation (1) can further be written in the following form:

∂U
∂t
+ Ai

∂U
∂xi
− ∂

∂xi

(
Ki j

∂U
∂x j

)
− R = 0 , (5)

where

Ai = ∂Fi

∂U
, Ki j

∂U
∂x j
= Ei . (6)

Appropriate sets of boundary and initial conditions are as-
sumed to accompany Eq. (5).
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Fig. 6 Two-dimensional flow around a cylinder at M = 3. Mach eleva-
tion and line plots. Computed with the structured mesh and τ82-MOD and
δ91

3 Semi-discrete and space–time SUPG formulations

In describing the semi-discrete SUPG formulation of Eq. (5),
we assume that we have constructed some suitably-defined
finite-dimensional trial solution and test function spaces Sh

U

and Vh
U . Based on that, the SUPG formulation [4, 5, 7] can

be written as follows: find Uh ∈ Sh
U such that ∀Wh ∈ Vh

U :
∫

�

Wh ·
(

∂Uh

∂t
+ Ah

i
∂Uh

∂xi

)
d�

+
∫

�

(
∂Wh

∂xi

)
·
(

Kh
i j

∂Uh

∂x j

)
d�

−
∫

�H

Wh ·Hhd� −
∫

�

Wh · Rhd�

+
nel∑

e=1

∫

�e

τττ SUPG

(
∂Wh

∂xk

)
· Ah

k

[
∂Uh

∂t
+ Ah

i
∂Uh

∂xi
− ∂

∂xi

(
Kh

i j
∂Uh

∂x j

)
− Rh

]
d�

+
nel∑

e=1

∫

�e

νSHOC

(
∂Wh

∂xi

)
·
(

∂Uh

∂xi

)
d� = 0 . (7)
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Fig. 7 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the structured mesh and OVER-
FLOW

Here Hh represents the natural boundary conditions associ-
ated with Eq. (5), and �H is the part of the boundary where
such boundary conditions are specified. The SUPG stabil-
ization and shock-capturing parameters are denoted by τττ SUPG

and νSHOC. They were discussed in Sect. 1 and will further be
discussed in Sect. 4.

The space–time version of Eq. (7) can be written based
on the Deforming-Spatial-Domain/Stabilized Space–Time
(DSD/SST) formulation introduced in [19–21]. The finite
element formulation of the governing equations is written
over a sequence of N space–time slabs Qn , where Qn is the
slice of the space–time domain between the time levels tn
and tn+1. At each time step, the integrations involved in the
finite element formulation are performed over Qn . The finite
element interpolation functions are discontinuous across the
space–time slabs. We use the notation (·)−n and (·)+n to de-
note the values as tn is approached from below and above
respectively. Each Qn is decomposed into space–time ele-
ments Qe

n , where e = 1, 2, . . . , (nel)n . The subscript n used
with nel is to account for the general case in which the num-
ber of space–time elements may change from one space–time
slab to another. For each slab Qn , we construct some suit-
ably-defined finite-dimensional trial solution and test func-
tion spaces (Sh

U )n and (Vh
U )n . In the computations reported

here, we use first-order polynomials as interpolation func-
tions. The subscript n implies that corresponding to different
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Fig. 8 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 2, bR = 0

space–time slabs we might have different discretizations.
The DSD/SST formulation of Eq. (5) can then be written
as follows: given (Uh)−n , find Uh ∈ (Sh

U )n such that ∀Wh ∈
(Vh

U )n:
∫

Qn

Wh ·
(

∂Uh

∂t
+ Ah

i
∂Uh

∂xi

)
dQ

+
∫

Qn

(
∂Wh

∂xi

)
·
(

Kh
i j

∂Uh

∂x j

)
dQ

−
∫

Pn

Wh ·HhdP −
∫

Qn

Wh · RhdQ

+
∫

�

(Wh)
+
n ·

(
(Uh)+n − (Uh)−n

)
d�

+
(nel)n∑
e=1

∫

Qe
n

τττ SUPG

(
∂Wh

∂xk

)
· Ah

k

[
∂Uh

∂t
+ Ah

i
∂Uh

∂xi
− ∂

∂xi

(
Kh

i j
∂Uh

∂x j

)
− Rh

]
dQ

+
(nel)n∑
e=1

∫

Qe
n

νSHOC

(
∂Wh

∂xi

)
·
(

∂Uh

∂xi

)
dQ = 0 . (8)
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Fig. 9 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 1, bR = 0

Here Pn is the lateral boundary of the space–time slab. The
solution to Eq. (8) is obtained sequentially for all space–time
slabs Q0, Q1, Q2, ..., QN−1, and the computations start with
(Uh)−0 = Uh

0 , where U0 is the specified initial value of the
vector U.

4 Stabilization parameters and shock-capturing

Various options for calculating the stabilization parameters
and defining the shock-capturing terms in the context of the
(SUPG)82 formulation were introduced in [14, 15]. In this
section we describe those options. For this purpose, we first
define the acoustic speed as c, and define the unit vector j as

j = ∇∇∇ρh

‖ ∇∇∇ρh ‖ . (9)

As the first option in computing τSUGN1 for each component
of the test vector-function W, the stabilization parameters
τρ

SUGN1, τ u
SUGN1 and τ e

SUGN1 (associated with ρ, ρu and
ρe, respectively) are defined by the following
expression:

τρ
SUGN1 = τ u

SUGN1 = τ e
SUGN1 =

(
nen∑
a=1

|uh · ∇∇∇Na |
)−1

. (10)
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Fig. 10 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 1, bR = 1, ρsca = ρ2

As the second option, they are defined as

τρ
SUGN1 = τ u

SUGN1 = τ e
SUGN1

=
(

nen∑
a=1

(
c |j · ∇∇∇Na | + |uh · ∇∇∇Na |

))−1

. (11)

In computing τSUGN2, the parameters τρ
SUGN2, τ u

SUGN2 and τ e
SUGN2

are defined as follows:

τρ
SUGN2 = τ u

SUGN2 = τ e
SUGN2 = 
t

2
, (12)

where 
t is the time step. In computing τSUGN3, the parameter
τ u

SUGN3 is defined by using the expression

τ u
SUGN3 = h2

RGN

4ν
, (13)

where

hRGN = 2

(
nen∑
a=1

|r · ∇∇∇Na |
)−1

, r = ∇∇∇‖uh‖
‖ ∇∇∇‖uh‖ ‖ . (14)

The parameter τ e
SUGN3 is defined as

τ e
SUGN3 = (he

RGN)
2

4νe
, (15)

where νe is the “kinematic viscosity” for the energy equation,
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Fig. 11 Two-dimensional flow around a cylinder at M = 3. Mach
elevation and line plots. Computed with the unstructured mesh and
τ82-MOD and δ91

he
RGN = 2

(
nen∑
a=1

|re · ∇∇∇Na |
)−1

, re = ∇∇∇θh

‖ ∇∇∇θh ‖ , (16)

and θ is the temperature.The parameters (τ
ρ
SUPG)UGN, (τ u

SUPG)UGN

and (τ e
SUPG)UGN are calculated from their components by using

the “r -swi tch”:

(τρ
SUPG)UGN =

(
1

(τρ
SUGN1)r

+ 1

(τρ
SUGN2)r

)− 1
r

, (17)

(τ u
SUPG)UGN=

(
1

(τ u
SUGN1)r

+ 1

(τ u
SUGN2)r

+ 1

(τ u
SUGN3)r

)− 1
r

, (18)

(τ e
SUPG)UGN=

(
1

(τ e
SUGN1)r

+ 1

(τ e
SUGN2)r

+ 1

(τ e
SUGN3)r

)− 1
r

. (19)

Typically, r = 2.
In defining the shock-capturing term, first the “shock-

capturing viscosity” νSHOC is defined:

νSHOC =
∥∥Y−1Z

∥∥
( nsd∑

i=1

∥∥∥∥Y−1 ∂Uh

∂xi

∥∥∥∥
2
)(β/2)−1(

hSHOC

2

)β

, (20)
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Fig. 12 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 2, bR = 0

where Y is a diagonal scaling matrix constructed from the
reference values of the components of U :

Y =




(U1)ref 0 0 0 0
0 (U2)ref 0 0 0
0 0 (U3)ref 0 0
0 0 0 (U4)ref 0
0 0 0 0 (U5)ref


 , (21)

Z = ∂Uh

∂t
+ Ah

i
∂Uh

∂xi
(22)

or

Z = Ah
i
∂Uh

∂xi
(23)

and

hSHOC = hJGN , (24)

hJGN = 2

(
nen∑
a=1

|j · ∇∇∇Na |
)−1

. (25)

The parameter β is set as β = 1 for smoother shocks and β = 2
for sharper shocks. In a variation of the expression given by
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Fig. 13 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 1, bR = 0

Eq. (20), νSHOC is defined by the following expression:

νSHOC =
∥∥Y−1Z

∥∥
(

nsd∑
i=1

∥∥∥∥Y−1 ∂Uh

∂xi

∥∥∥∥
2
)(β/2)−1∥∥∥Y−1Uh

∥∥∥1−β

×
(

hSHOC

2

)β

. (26)

The compromise between the β = 1 and β = 2 selections is
defined as the following averaged expression for νSHOC :

νSHOC = 1

2

(
(νSHOC)β=1 + (νSHOC)β=2

)
. (27)

We also propose versions of νSHOC that take into account the
Mach number and shock intensity across a shock. In doing
that, we modify νSHOC given by Eqs. (20) and (26) as follows:

νSHOC ← νSHOC(
1+

(‖ ∇∇∇ρh ‖ hSHOC

ρref

)
〈M1/bM−1〉

)2/bF

, (28)

where M is the Mach number and “〈· · · 〉” is the Macaulay
bracket:

〈x − y〉 =
{

0, x ≤ y
x − y, x > y (29)
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Fig. 14 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the structured mesh and Y Zβ
Shock-Capturing with bM = 1, bR = 1, ρsca = ρ2

The reference density ρref is defined as

ρref = ρinf

(
ρsca

ρinf

)bR/2

, (30)

where ρinf is the density at the inflow and ρsca is a scaling den-
sity. In defining ρsca, one of the options we consider is ρsca =
ρinf. For flows with shocks, we also consider the options
ρsca = ρ2 and ρsca = ρ2 − ρ1, where ρ1 and ρ2 are the den-
sity values before and after a normal shock corresponding
to the inflow Mach number. The parameters bM, bF and bR

can each be set to 1 for smoother shocks and 2 for sharper
shocks. Equation (28), without the exponent 2/bF, was origi-
nally introduced in [17]. With this expression, the definition
of the shock-capturing viscosity takes into account the Mach
number and shock intensity across a shock. The shock inten-

sity is represented by the term
( ‖ ∇∇∇ρh ‖ hSHOC

ρref

)
, which is a

scaled measure of the jump in density. The Mach number
is represented by the term 〈M1/bM − 1〉, which becomes ac-
tive for M > 1. Based on Eq. (20), a separate νSHOC can be
calculated for each component of the test vector-function W:
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Fig. 15 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the structured mesh and τ82-MOD

and δ91

(νSHOC)I =
∣∣(Y−1Z

)
I

∣∣
(

nsd∑
i=1

∣∣∣∣
(

Y−1 ∂Uh

∂xi

)

I

∣∣∣∣
2
)(β/2)−1

(
hSHOC

2

)β

, I = 1, 2, . . . nsd + 2 . (31)

Similarly, a separate νSHOC for each component of W can be
calculated based on Eq. (26):

(νSHOC)I =
∣∣(Y−1Z

)
I

∣∣
(

nsd∑
i=1

∣∣∣∣
(

Y−1 ∂Uh

∂xi

)

I

∣∣∣∣
2
)(β/2−1)

×
∣∣∣
(

Y−1Uh
)

I

∣∣∣1−β
(

hSHOC

2

)β

,

I = 1, 2, . . . nsd + 2 . (32)

Given νSHOC, the shock-capturing term is defined as

SSHOC =
nel∑

e=1

∫

�e

∇∇∇Wh :
(
κκκ SHOC · ∇∇∇Uh

)
d� , (33)

where κκκ SHOC is defined as κκκ SHOC = νSHOC I. As a possible alter-
native, it is defined as κκκ SHOC = νSHOC jj. If the option given
by Eq. (31) or Eq. (32) is exercised, then νSHOC becomes an
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Fig. 16 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the structured mesh and
OVERFLOW

(nsd + 2)× (nsd + 2) diagonal matrix, and the matrix κκκ SHOC

becomes augmented from an nsd × nsd matrix to an (nsd ×
(nsd + 2))× ((nsd + 2)× nsd) matrix.
To preclude compounding, νSHOC can be modified as follows:

νSHOC ← νSHOC

−switch
(
τSUPG (j · u)2, τSUPG(|j · u|−c)2, νSHOC

)
,

(34)

where the “swi tch” function is defined as the “min” func-
tion or as the “r -swi tch” used earlier in this section. For
viscous flows, the above modification would be made sepa-
rately with each of τ

ρ
SUPG, τ u

SUPG and τ e
SUPG, and this would result

in νSHOC becoming a diagonal matrix even if the option given
by Eq. (31) or (32) is not exercised.

5 Test computations

The test computations were carried out by using the space–
time SUPG formulation described in Sect. 3. In all compu-
tations, as stabilization parameters, we use Eq. (11), and in
Eqs. (17)–(19) we do not include τSUGN2. Also in all compu-
tations, we use Eq. (20) with β = 1, which is equivalent to
using Eq. (26) with β = 1, use for Z the expression given by
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Fig. 17 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 2, bR = 0

Eq. (23), and set κκκ SHOC = νSHOC I. In Eq. (21), we set (U1)ref
to the inflow value of ρ, set (U2)ref, (U3)ref and (U4)ref to the
inflow value of ρu1, and set (U5)ref to the inflow value of ρe.
In Eq. (28), unless stated otherwise, we set bF = 2.

The results are compared to those obtained with the τ82-MOD

and δ91 combination. The version of τ82-MOD used in this paper
for comparison is similar to the one given in [22]:

τ82-MOD = max (0, τa − τδ) , (35)

where

τa = hBGN

2ucc
, τδ = δ91

(ucc)
2 ,

ucc = c +
∣∣∣∣uh · ∇∇∇‖U

h‖
‖ ∇∇∇‖Uh‖ ‖

∣∣∣∣ , (36)

hBGN = 2

(
nen∑
a=1

∣∣∣∣
∇∇∇‖Uh‖
‖ ∇∇∇‖Uh‖ ‖ · ∇∇∇Na

∣∣∣∣
)−1

. (37)

For completeness, we also provide here the expression for
δ91 [7]:

δ91 =
∥∥∥∥Ah

k
∂Uh

∂xk

∥∥∥∥
Ã−1

0

/




nsd∑
j=1

∥∥∥∥
∂ξ j

∂xk

∂Uh

∂xk

∥∥∥∥
2

Ã−1
0




1
2

, (38)
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Fig. 18 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 1, bR = 0

where ξ j values are the element coordinates, and Ã0 is the
Jacobian of the transformation from the entropy variables to
the conservation variables.

The results are also compared to those obtained with the
OVERFLOW code [18]. The OVERFLOW cases were run
with central differencing and matrix dissipation, which mim-
ics the Roe–upwinding scheme but is computationally more
economical and generally more robust. The matrix dissipa-
tion minimum limit on the linear and nonlinear eigenvalues
were each set to 0.3, and the spectral radius term was set to
0.0. All other parameters were left at their defaults values.
Table 1 lists the parameters that were changed from their
default values.

As test problems, we consider steady-state cases. The
solutions are obtained with time-marching to the steady-
state. At each time step, the coupled nonlinear equations
involved are solved with the Newton–Raphson method. An
iterative technique with nodal-block-diagonal precondition-
er and GMRES update method [23] is employed for solving
the linear equation system involved at each Newton–Raphson
iteration.

5.1 Two-dimensional flow around a cylinder

We compute this case at M = 3 and M = 8, with struc-
tured and unstructured meshes. Figures 1 and 2 show those
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Fig. 19 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the unstructured mesh and
Y Zβ Shock-Capturing with bM = 1, bR = 1, ρsca = ρ2

meshes. The structured mesh has 4,096 quadrilateral ele-
ments and 4,225 nodes, while the unstructured mesh has
17,520 triangular elements and 8,935 nodes. In computa-
tional units, the inflow density and velocity are 1.0 and (M,
0). The inflow value of the total energy is 6.286 at M = 3
and 33.786 at M = 8. At the inflow boundary, we specify all
conservation variables to be equal to their inflow values. On
the cylinder surface and horizontal boundary, we specify the
normal component of the velocity to be zero. No boundary
conditions are specified at the outflow boundary. The num-
ber of Newton–Raphson iterations and the outer and inner
GMRES iterations are 3, 1, and 5, respectively.

Figures 3–7 show the results obtained for M = 3 with the
structured mesh. The results shown in Figures 3, 4, 5 were
obtained with Y Zβ Shock-Capturing. Figure 6 shows the
results obtained with τ82-MOD and δ91. Figure 7 shows the results
obtained with OVERFLOW. The Y Zβ results obtained with
bM = 2, bR = 0 are very close to those obtained with bM = 1,
bR = 1, ρsca = ρ2. They are also very close to the OVER-
FLOW results, but have slightly crisper shocks. Furthermore,
they are also very close to the results obtained with τ82-MOD

and δ91, but again have very slightly crisper shocks. The Y Zβ
results obtained with bM = 1, bR = 0 show slightly more
dissipation than the other two Y Zβ results and are closer to
the OVERFLOW results.
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Fig. 20 Two-dimensional flow around a cylinder at M = 8. Mach
elevation and line plots. Computed with the unstructured mesh and
τ82-MOD and δ91

XY

Z

Fig. 21 Three-dimensional flow around a sphere. Unstructured mesh
with 461,913 tetrahedral elements and 86,176 nodes

Figures 8–11 show the results obtained for M = 3 with
the unstructured mesh. The results shown in Figs. 8–10 were
obtained with the same three types of Y Zβ Shock-Capturing
we had for the structured mesh. Figure 11 shows the re-
sults obtained with τ82-MOD and δ91. All three Y Zβ results are
very close. They are also very close to the OVERFLOW
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Fig. 22 Three-dimensional flow around a sphere at M = 3. Mach
elevation on y = 0 plane and line plots. Computed with Y Zβ Shock-
Capturing with bM = 1, bR = 0

results obtained with the structured mesh. The results ob-
tained with τ82-MOD and δ91 exhibit significant dissipation. This
is consistent with the observations we had in [17] regard-
ing the performance of this method with unstructured
meshes.

Figures 12–16 show the results obtained for M = 8 with
the structured mesh. The results shown in Figs. 12–14 were
obtained with the same three types of Y Zβ Shock-Capturing
we had for M = 8. Figure 15 shows the results obtained
with τ82-MOD and δ91. Figure 16 shows the results obtained with
OVERFLOW. All three Y Zβ results are very close. They
are also very close to the OVERFLOW results. The results
obtained with τ82-MOD and δ91 exhibit significant overshoots
near the shock.

Figures 17–20 show the results obtained for M = 8 with
the unstructured mesh. The results shown in Figs. 17–19 were
obtained with the same three types of Y Zβ Shock-Capturing
we had for the structured mesh. Figure 20 shows the results
obtained with τ82-MOD and δ91. All three Y Zβ results are very
close. They are also very close to the OVERFLOW results
obtained with the structured mesh. The results obtained with
τ82-MOD and δ91 exhibit significant dissipation. This is consistent
with the observations we had for M = 3 case.
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Fig. 23 Three-dimensional flow around a sphere at M = 3. Mach
elevation on y = 0 plane and line plots. Computed with Y Zβ Shock-
Capturing with bM = 1, bR = 0 and bF = 1

5.2 Three-dimensional flow around a sphere

We compute this case at M = 3, with an unstructured mesh.
Figure 21 shows the mesh, which has 461,913 tetrahedral
elements and 86,176 nodes.In computational units, the in-
flow density and velocity are 1.0 and (3, 0, 0). The inflow
value of the total energy is 6.286. At the inflow boundary,
we specify all conservation variables to be equal to their in-
flow values. On the sphere surface and horizontal bound-
ary, we specify the normal component of the velocity to
be zero. No boundary conditions are specified at the out-
flow boundary. The number of Newton–Raphson iterations
and the outer and inner GMRES iterations are 3, 1, and 10,
respectively.

Figure 22 shows the results obtained with the second one
of the three types Y Zβ Shock-Capturing we tested in the 2D
cases. The Y Zβ parameters are set as bM = 1 and bR = 0.
We have some mild overshoots near the shock. We think
this is because the mesh is too coarse. In the 3D test cases, to
have a mesh resolution comparable to the mesh resolution we
had for the unstructured mesh used in the 2D test cases, we
would need roughly 10 times more nodes than we have now.
To decrease the overshoots, we activate the parameter bF by
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Fig. 24 Three-dimensional flow around a sphere at M = 3. Mach
elevation on y = 0 plane and line plots. Computed with τ82-MOD and δ91

setting it as bF = 1. Figure 23 shows the results obtained with
Y Zβ Shock-Capturing with bM = 1, bR = 0, and bF = 1. Fig-
ure 24 shows the results obtained with τ82-MOD and δ91. These
results exhibit significant dissipation compared to the two
Y Zβ results, especially compared to the first one.

6 Concluding remarks

We carried out a comprehensive set of numerical experi-
ments with inviscid supersonic flows around cylinders and
spheres to evaluate the performance of Y Zβ Shock-Captur-
ing, which was introduced recently for the SUPG formulation
of compressible flows based on conservation variables. As
test cases, we computed 2D flow around a cylinder at Mach
number 3 and 8, using a structured mesh with quadrilateral
elements and an unstructured mesh with triangular elements.
Also as test cases, we computed 3D flow around a sphere at
Mach number 3, using an unstructured mesh with tetrahedral
elements. Our comprehensive set of computations included
testing a version of Y Zβ Shock-Capturing that takes into
account the Mach number and shock intensity across a shock.
In all test cases, we compared our results to those obtained
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with τ82 and δ91. In addition to being much simpler, Y Zβ
Shock-Capturing yields better shock quality, and even more
substantial improvements for unstructured meshes with trian-
gular and tetrahedral elements. In 2D cases, we compared the
Y Zβ Shock-Capturing results also to those obtained with the
OVERFLOW code. These comparisons show that the quality
of the shocks obtained with Y Zβ Shock-Capturing are very
close to what one obtains with the OVERFLOW code.
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