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I. Introduction

Finite element computation of incompressible flows involves two main
sources of potential numerical instabilities associated with the Galerkin
formulation of a problem. One source is due to the presence of advection
terms in the governing equations, and can result in spurious node-to-node
oscillations primarily in the velocity field. Such oscillations become more
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apparent for advection-dominated (i.e., high Reynolds number) flows and
flows with sharp layers in the solution. The other source of instability is due
to using inappropriate combinations of interpolation functions to represent
the velocity and pressure fields. These instabilities usually appear as
oscillations primarily in the pressure field. In fact, there is not much about
either of these numerical instabilities that could be considered to be inherent
to the finite element formulation. Such instabilities appear also in the
standard versions of other discretization techniques such as finite difference
and finite volume methods.

This chapter consists of a review of the stabilized finite element
formulations designed to prevent the potential numerical instabilities just
described. The stabilization techniques that are reviewed more extensively
than others are the Galerkin/least-squares (GLS), streamline-upwind/
Petrov-Galerkin (SUPG), and pressure-stabilizing/Petrov-Galerkin
(PSPG) formulations. All these formulations are consistent in the sense
that, for reasons to be explained soon, an exact solution still satisfies the
stabilized formulation. The descriptions of the stabilized formulations
emphasized in this chapter, and the numerical examples presented, have all
been extracted from recent papers by Tezduyar et al. (1990c,d,¢) and Liou
and Tezduyar (1990).

The SUPG stabilization for incompressible flows is achieved by adding to
the Galerkin formulation a series of terms, each in the form of an integral
over a different element. These integrals involve the product of the residual
of the momentum equation and the advective operator acting on the test
function. This formulation was introduced by Hughes and Brooks (1979).
A comprehensive description of the formulation, together with various
numerical examples, can be found in Brooks and Hughes (1982). The
implementation of the SUPG formulation in Brooks and Hughes (1982) was
based on Q1PO (bilinear velocity/constant pressure) elements and one-step
time-integration of the semi-discrete equations obtained by using such
elements. The SUPG stabilization for the vorticity-stream function
formulation of incompressible flow problems, including those with
multiply-connected domains, was introduced by Tezduyar ef al. (1988).

It is relevant to mention that the SUPG stabilization has been successfully
applied to not only incompressible flows, but also compressible flows. In
fact, there has been always some exchange of technology between these two
application areas. The SUPG stabilization for hyperbolic systems in genera:
and compressible Euler equations in particular was first introduced in a
NASA report by Tezduyar and Hughes (1982). This report includes a
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detailed stability and accuracy analysis and several one- and two-
dimensional examples. The method was also presented in an AIAA paper
by Tezduyar and Hughes (1983). The journal version of the NASA report
was published with some additional numerical examples (Hughes and
Tezduyar, 1984). The stabilization techniques introduced in Tezduyar and
Hughes (1982) constituted a pilot work for compressible flows. For
example, the Taylor-Galerkin stabilization method, which appeared in an
article by Donea (1984) is very similar (under certain conditions identical) to
one of the stabilization methods introduced in Tezduyar and Hughes
(1982). Another example is the SUPG stabilization for compressible flows
in the entropy variables formulation (Hughes ef al., 1987). Among others
with interest in SUPG stabilization, Johnson and his group (see, e.g.,
Johnson and Saranen, 1986) has been perhaps one of the most involved
ones.

Because in the SUPG stabilization the stabilizing terms added involve the
residual of the momentum equation as a factor, when an exact solution is
substituted into the stabilized formulation, these added terms vanish, and as
a result the stabilized formulation is satisfied by the exact solution in the
same way as the Galerkin formulation is satisfied. It is because of this
property of the SUPG stabilization (and the other stabilization approaches
emphasized in this chapter) that numerical oscillations are prevented
without introducing excessive numerical diffusion (i.e., without ‘‘over-
stabilizing’’), and therefore without compromising the accuracy of the
solution.

Two other stabilization techniques that became quite known in the past
several years should be mentioned here. One is the selective mass lumping
method of Kawahara ef al. (1982). This method has been successfully used
particularly in solving flow problems governed by the shallow water
equations. It can be shown that there is a close relationship between this
method and adding isotropic numerical diffusion to the governing
equations. In fact, although currently the selective lumping parameter used
in this method is determined empirically, some theoretical guidelines in
determining this parameter can be provided based on this relationship. The
other stabilization technique is the balanced tensor diffusivity (BTD)
method of Gresho et al. (1984). In this method, a streamline diffusion term
is added to the differential equations to compensate for the time truncation
error corresponding to the forward Euler time-integration. It was shown by
Gresho (1990) and Gresho and Chan (1990) that the BTD method exhibits
the symptoms of excessive diffusion for certain test problems, particularly
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for the problem involving an inviscid vortex for which the initial condition
is also an exact solution that a reliable algorithm is expected to maintain as
accurately as possible. Gresho predicted that the SUPG stabilization would
exhibit similar symptoms. It was essentially this prediction that motivated
the work leading to the article by Tezduyar et a/. (1990a).

Based on numerical experiments with the inviscid vortex and the unsteady
flow past a cylinder at Reynolds number 100, it was shown in Tezduyar et
al. (1990a) that:

(a) the SUPG stabilization for the vorticity-stream function formulation
exhibits no symptoms of excessive diffusion;

(b) the SUPG stabilization, as implemented in Brooks and Hughes (1982)
with the QI1PO element and the one-step time-integration, does
exhibit symptoms of excessive diffusion;

(c) this situation can be improved significantly if the one-step time-
integration scheme is replaced by the multi-step T6 scheme proposed
in Tezduyar et al. (1990a), and in which the SUPG stabilization is
applied only to the advection step; this scheme shows virtually no
symptoms of excessive diffusion.

It is the belief of this author that the symptoms of excessive diffusion is
not due to the SUPG stabilization in general, but the combination of the
SUPG stabilization, the Q1PO element, and the one-step time-integration.
The pressure function space is too poor for the discrete formulation to
benefit from the consistency property of the SUPG stabilization. The
situation improves significantly in the T6 formulation because the SUPG
stabilization is applied only to the advection step, and that step does not
involve any pressure terms. In fact, there is more evidence to support this
belief. For higher-order elements such as Q2P1 (biquadratic velocity/linear
pressure) and pQ2P1 (pseudo-quadratic version of Q2P1), for which the
pressure function space is richer, it was shown by Tezduyar et al. (1990b)
that, for the same set of test problems used in Tezduyar et al. (1990a), the
excess diffusion exhibited by the one-step and T6 schemes are quite
comparable and very small. Furthermore, it was shown in Tezduyar et al.
(1990c) that for the stabilized Q1Q1 (bilinear velocity and pressure)
element, which has just a richer pressure function space than the Q1P0
element, the excess diffusion exhibited by the one-step and T6 schemes are,
again, quite comparable and very small.

It is quite well-known that, without any kind of stabilization, for reliable
computations, appropriate combinations of interpolation functions must be
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used to represent the velocity and pressure. Elements that do not satisfy the
Brezzi condition (Brezzi, 1973), yet look attractive for some reason, should
be handled with care. For example, the Q1P0 element is one that does not
satisfy this condition, yet it has always been a very popular element.
Nevertheless it is an element that can potentially yield unstable computa-
tions. The Q2P1 and pQ2P1 elements, on the other hand, are known to be
among the quadrilateral elements satisfying the Brezzi condition, and have
been successfully implemented with the SUPG stabilization (Tezduyar et
al., 1990b) to be used for high Reynolds number flows. Recently, Pironneau
and Rappaz (1989) and Bristeau et al/. (1990) showed that inappropriate
combinations of interpolation functions can lead to numerical oscillations
also in some compressible flow problems. Furthermore, they showed that
combinations similar to those known to be stable for incompressible flows
can be successfully used for compressible flows.

It was shown that (see Brezzi and Pitkaranta, 1984, and Hughes et al.,
1986), with proper stabilization, elements that do not satisfy the Brezzi
condition can be used for Stokes flow problems. The Petrov-Galerkin
stabilization proposed in Hughes et al. (1986) is achieved, just like in the
SUPG stabilization, by adding to the Galerkin formulation a series of
integrals over element domains. Again, these terms involve the residual of
the momentum equation as a factor, and therefore the stabilized
formulation is consistent. Several researchers have been actively involved
with stabilization techniques for Stokes flows, and many articles on this
subject appeared in the recent literature (or about to appear soon); to give
a few examples: Hughes and Franca (1987); Franca and Hughes (1988);
Franca and Dutra do Carmo (1989); Douglas and Wang (1989); Franca and
Stenberg (1990); and Silvester and Kechkar (1990).

The PSPG stabilization term proposed in Tezduyar ef al. (1990c) is a
generalization, to finite Reynolds number flows, of the Petrov-Galerkin
stabilization term proposed in Hughes ez a/. (1986) for Stokes flows. The
coefficients in the PSPG stabilization terms vary with the Reynolds number
(based on a global scaling velocity) very much as the coefficients in the
SUPG stabilization terms do. In the zero Reynolds number limit, the PSPG
stabilization term reduces to the one proposed in Hughes et al. (1986). In
Tezduyar et al. (1990c), the SUPG and PSPG stabilizations are used
together with both one-step (T1) and multi-step (T6) time-integration
schemes. With the T1 scheme, the SUPG and PSPG stabilizations are
applied simultaneously. As will be explained soon, another way to arrive at
this combined SUPG/PSPG stabilization is by considering the GLS
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stabilization for the steady-state equations of incompressible flows. With
the T6 scheme, on the other hand, the SUPG stabilization is applied only to
the steps involving the pressure terms. Both schemes were implemented in
Tezduyar et al. (1990c) based on the Q1Q1 and P1P1 (linear velocity and
pressure) elements, and were successfully applied to a set of nearly standard
test problems. Also, recently, Lundgren and Mansour (1990) applied this
type of stabilization techniques to Lagrangian finite element computation
of viscous free-surface flows.

The GLS stabilization is a more general stabilization approach that
includes the essence of the SUPG and PSPG type stabilizations. This
approach has been successfully applied to Stokes flows (Hughes and
Franca, 1987), compressible flows (Hughes et al. 1989, and Shakib, 1988),
and incompressible flows at finite Reynolds numbers (Hansbo and
Szepessy, 1990, Tezduyar et al., 1990d, e, and Liou and Tezduyar, 1990). In
the GLS stabilization of incompressible flows, the stabilizing terms added
are obtained by minimizing the sum of the squared residual of the
momentum equation integrated over each element domain. Consequently,
just like in the SUPG and PSPG stabilizations, because the stabilizing terms
involve the residual of the momentum equation as a factor, the stabilized
formulation is consistent.

For time-dependent problems, a strict implementation of the GLS
stabilization technique necessitates finite element discretization in both space
and time, and therefore leads to a space-time finite element formulation of
the problem. The space-time finite element formulation has recently been
successfully used, in conjunction with the GLS stabilization, for various
problems with fixed spatial domains. This author is most familiar with
references Hughes er al. (1987), Hughes and Hulbert (1988), Shakib (1988),
and Hansbo and Szepessy (1989). The basics of the space-time formulation,
its implementation, and the associated stability and accuracy analysis can be
found in these references. It is important to realize that the finite element
interpolation functions are discontinuous in time, so that the fully discrete
equations are solved one space-time slab at a time, and this makes the com-
putations feasible. Still, the computational cost associated with the space-
time finite element formulations using piecewise linear functions in time is
quite heavy. For large-scale problems, it becomes imperative to employ
efficient iteration methods to reduce the cost involved. This was achieved in
Liou and Tezduyar (1990) by using the generalized minimal residual
(GMRES) iteration algorithm (Saad and Schultz, 1983) with the clustered
element-by-element (CEBE) preconditioners (Liou and Tezduyar, 1990).
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With a slightly more liberal implementation of the GLS stabilization,
computation of time-dependent incompressible flow problems can be
achieved by using the finite element discretization in space only, rather than
in both space and time. To do this, we first consider the GLS stabilization
for the steady-state equations of incompressible flows. Then, in the
definition of the stabilizing terms, we replace the residual of the steady-state
equations with the time-dependent one. These stabilizing terms are added to
the Galerkin formulation of the time-dependent equations. The stabilized
formulation obtained this way is, of course, still consistent. Furthermore,
this stabilization is very close to the combined SUPG/PSPG stabilization
mentioned previously.

Perhaps one of the most striking applications of the stabilized space-time
finite element formulation is, as it was first pointed out by Tezduyar
et al. (1990d, ¢), in computing moving boundaries and interfaces. The DSD/
ST (Deforming-Spatial-Domain/Space-Time) procedure introduced by
Tezduyar et al. (1990d, ¢) serves this purpose, and was successfully applied to
several unsteady incompressible flow problems involving moving boundaries
and interfaces, such as free-surface flows, liquid drops, two-liquid flows, and
flows with drifting cylinders. In the DSD/ST procedure, the finite element
formulation of a problem is written over its space-time domain, and therefore
thedeformation of the spatial domain with respect totimeis taken intoaccount
automatically. Furthermore, in the DSD/ST procedure the frequency of
remeshing is minimized. Here, we define remeshing as the process of
generating a new mesh, and projecting the solution from the old mesh to the
new one. Since remeshing, in general, involves projection errors, minimizing
the frequency of remeshing results in minimizing the projection errors.

The outline of the rest of this chapter is as follows. In Section 1II, the
governing equations of the unsteady incompressible flows are reviewed.
The review of the space-time and GLS formulations is presented in Section
III. The SUPG and PSPG stabilizations are reviewed in Section IV. In
Section V, as an application to moving boundaries and interfaces, the
DSD/ST procedure is reviewed. Sections 111, IV, and V include numerical
examples for the methods reviewed in those sections. Concluding remarks
are given in Section VI.

II. The Governing Equations

Let Q, C R™d be the spatial domain at time ¢ € (0, T), where ny is the
number of space dimensions. Let T, denote the boundary of Q,. We
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consider the following velocity-pressure formulation of the Navier-Stokes
equations governing unsteady incompressible flows:

d
p<a—ltl+u-Vu>—V-0':0 on Q,vte (0,7), 2.

V-u=0 on Q,vte 0, 7), 2.2)
where p and u are the density and velocity, and o is the stress tensor given as

o(p, u) = —pl + 2 ug(u), 2.3)
with
gu) = L[Vu + (Vu)"] (2.4)

Here, p and u are the pressure and the dynamic viscosity, and I is the
identity tensor. The part of the boundary at which the velocity is assumed
to be specified is denoted by (I}),:

u=g on(T),Vvie©,T). 2.5)

The “‘natural’’ boundary conditions associated with (2.1) are the conditions
on the stress components, and these are the conditions assumed to be
imposed at the remaining part of the boundary:

n-c=~h on (I,), vt € (0, 7). (2.6)

The homogeneous version of (2.6), which corresponds to the ‘‘traction-
free’ (i.e., zero normal and shear stress) conditions, is often imposed at the
out flow boundaries. As initial condition, a divergence-free velocity field
uy(x) is specified over the domain Q, at ¢ = 0:

u(x, 0) = uy(x) on €. 2.7)

Let us now consider two immiscible fluids, A and B, occupying the
domain Q,. Let (Q,), denote the subdomain occupied by fluid A, and T4
denote the boundary of this subdomain. Similarly, let (Q,)5 and (I,)g be the
subdomain and boundary associated with fluid B. Furthermore, let (I}),p
be the intersection of (I},), and (I})g, i.e., the interface between fluids A
and B.

The kinematical conditions at the interface (I,),5 are based on the
continuity of the velocity field. The dynamical conditions at the interface,
for two-dimensional problems, can be expressed by the following equation:

Ny -6, + Ng* O = Ny /R, on (I})ap VI € (0, T), (2.8)
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where n, and ng are the unit outward normal vectors at the interface, 6,
and o} are the stress tensors, y is the surface tension coefficient, and R, is
the radius of curvature defined to be positive when n, points towards the
center of curvature. The condition (2.8) is formally applicable also for free-
surface flows (i.e., when the second fluid does not exist), provided that
subdomain (Q,), is the one assigned to be occupied by the fluid.

II1. The Space-Time Formulation and the Galerkin/
Least-Squares Stabilization

A. THE METHOD

Let us first assume that the spatial domain is fixed in time. Under this
assumption, the subscript ¢ is dropped from the symbols Q, and T,. In the
space-time finite element formulation, the time interval (0, T') is partitioned
into subintervals I, = (¢,,¢,,,), where ¢, and ¢, ., belong to an ordered
series of time levels 0 = #, < t; < --- < ty = T. The space-time slab Q, is
defined as the space-time domain Q X /,. The lateral surface of Q, is
denoted by P,; this is the surface described by the boundary I, as 7 traverses
I,. Similar to the way it was represented by Egs. (2.5) and (2.6), P, is
decomposed into (P,), and (P,), with respect to the type of boundary
condition being imposed.

Finite element discretization of a space-time slab Q, is achieved by
dividing it into elements Q5, e = 1,2, ..., (11¢),, Where (1), is the number
of elements in the space-time slab Q,. Associated with this discretization,
for each space-time slab we define the following finite element interpola-
tion function spaces for the velocity and pressure:

(S)n = (u" [u" € [H™(Q]"™, u" = g" on (P}, 3.1
(Ve = W W € [H™Q]™, w" = 0 on (B,),}, (3.2)
(Sphn = (Vp)n = Ig" | ¢" € H™(Q))]. (3.3

Here H'™(Q,) represents the finite-dimensional function space over the
space-time slab Q,. This space is formed by using, over the parent
(element) domains, first-order polynomials in space and time. It is also
possible to use zeroth-order polynomials in time. In either case, globally,
the interpolation functions are continuous in space but discontinuous in
time.
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The space-time formulation of (2.1)-(2.7) can be written as follows: Start
with
(Uh)o_ = (uo)h§ (3.4)

sequentially for Q,,Q,,...,Qn_;, given (u"),;, find u’e (8, and
p" € (SD),, such that vw" € (V"), and vg" € V),
g(w") : a(p", u") dQ — j w' - hdP

[ dut
§ wh-p<—+uh~Vuh>dQ+
Jo, at P

JQy

n

+ j q" v -udo +
Qﬂ

n

W7 () = (")) dQ
JQ

(nel)n a h
+ Y j T[p(l + - th> - V-o(g", wh)}
o

e=1 at

du’ h h h o h
. pW-Fu-Vu - V-o(p’,u)|dQ = 0. 3.5)

In the variational formulation given by (3.5), the following notation is being
used:

" = lim v, + 9), (3.6)

§ (--)dQ = g g (---)dQudt, G.7)
VO 1, JQ

(ydp = \ S(---)dl“a’t. (3.8)
JP, JIp JT

Remarks

1. If we were in a standard finite element formulation, rather than a
space-time one, the Galerkin formulation of (2.1)-(2.7) would have
consisted of the first four integrals (their spatial versions of course)
appearing in Eq. (3.5). In the space-time formulation, because the
interpolation functions are discontinuous in time, the fifth integral in Eq.
(3.5) enforces, weakly, the continuity of the velocity in time. The remaining
series of integrals in Eq. (3.5) are the least-squares terms added to the
Galerkin variational formulation to assure the numerical stability of the
computations. The coefficient v determines the weight of such added terms.
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2. This kind of stabilization of the Galerkin formulation is referred to
as the Galerkin/least-squares (GLS) procedure, and can be considered as a
generalization of the stabilization based on the streamline-upwind/Petrov-
Galerkin (SUPG) procedure employed for incompressible flows. It is with
such stabilization procedures that it is possible to use elements that have
equal-order interpolation functions for velocity and pressure, and that are
otherwise unstable.

3. It is important to realize that the stabilizing terms added involve the
momentum equation as a factor. Therefore, despite these additional terms,
an exact solution is still admissible to the variational formulation given by
Eq. (3.5)

The coefficient 7 used in this formulation is obtained by a simple multi-
dimensional generalization of the optimal 7 given in Shakib (1988) for one-
dimensional space-time formulation. The expression for the 7 used in this

formulation is
2 2 2 uh 2 4v 271-1/2
=[G O @) ¢

where v is the kinematic viscosity, and Af and A are the temporal and spatial
“‘element lengths.”” For steady-state computations, a different definition

for 7 is used:
2 h 2 4 21-172
7= [< Hl'l’ ”> + <h—z> } . (3.10)

For derivation of 7 for higher-order elements, see Franca et al. (1990).

Remark

4. Becausethe finite element interpolation functions are discontinuous in
time, the fully discrete equations can be solved one space-time slab at a time.
Still, the memory needed for the global matrices involved in this method is
quite substantial. For example, in two dimensions, the memory needed for
space-time formulation (with interpolation functions that are piecewise
linear in time) of a problem is approximately four times greater compared
with using the finite element method only for spatial discretization.
However, iteration methods can be employed to substantially reduce the cost
involved in solving the linear equation systems arising from the space-time
finite element discretization. It was shown in Liou and Tezduyar (1990) that
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the clustered element-by-element (CEBE) preconditioners (Liou and
Tezduyar, 1990), together with the generalized minimal residual (GMRES)
method (Saad and Schultz, 1983) can be effectively used for this purpose.

B. NumEeRIicAL EXAMPLES

In this section, numerical examples are presented from the space-time
finite element computations based on the CEBE/GMRES iteration method.
The interpolation functions used for velocity and pressure are piecewise
bilinear in space and piecewise linear in time. These computations involve
no global coefficient matrices, and therefore need substantially less com-
puter memory and time compared to non-iterative solution of the fully
discrete equations (see Remark 4). By using very large time step sizes (e.g.,
100,000) the steady-state solutions are obtained in a few time steps. For the
description of the iteration method, its performance characteristics, and the
details of the numerical examples, see Liou and Tezduyar (1990).

The lid-driven cavity flow at Reynolds number 1000

In this problem, the cavity has a square shape, and the Reynolds number
is based on the size of the cavity and the velocity of the lid. A uniform mesh
with 64 X 64 elements and 4225 nodes is employed. Every time step,
approximately 25,000 equations are solved simultaneously. Figure 1 shows,
for the steady-state solution, velocity components along the vertical and
horizontal centerlines, pressure, vorticity, and stream function.

“Steady-state’’ solution for flow past a cylinder at Reynolds number 100

In this test problem, the dimensions of the computational domain,
normalized by the cylinder diameter, are 30.5 and 16.0 in the flow and
cross-flow directions, respectively. The free-stream velocity is 0.125.
Reynolds number is based on the free-stream velocity and the diameter of
the cylinder. Symmetry conditions are imposed at the upper and lower
computational boundaries, and the traction-free condition is imposed at the
outflow boundary. A mesh with 5400 elements and 5510 nodes is employed.
Every time step approximately 33,000 equations are solved simultaneously.
Figure 2 shows, for the ‘‘steady-state’’ solution, pressure, vorticity, stream
function and stationary stream function.
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velocity components along the vertical and horizontal center lines, pressure, vorticity, and
stream function (Liou and Tezduyar, 1990).
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‘‘Steady-state’’ solution for flow past a cylinder at Reynolds number 100: pressure,

vorticity, stream function, and stationary stream function (Liou and Tezduyar, 1990).
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IV. The Formulations with the SUPG and PSPG Stabilizations

A. THE METHOD

In this section, the variational formulations with the SUPG and PSPG
stabilization terms are described. These formulations are based on finite
element discretization in space only, rather than in both space and time.

Let us discretize the domain Q by subdividing it into elements QF,
e=1,2,..., n,, where n, is the number of elements. Associated with this
discretization, we define the following finite element interpolation function
spaces for the velocity and pressure:

Sy = fu"|u" e [H™(Q)]", u" = g" on T}, 4.1
Vo= {wh [ wh e [H™(Q)]™, w" = 0 on T}, 4.2)
Sy =V, =1{¢"q" e H"(Q)}, (4.3)

where H'™(Q) represents the finite-dimensional function space over the
spatial domain Q. This space is formed by using, over the element domains,
first-order polynomials in space. The stabilized Galerkin formulation of
(2.1)-(2.7) can be written as follows: Find u® € S! and p" € S},‘ such that,
vw" € V" and vg" € V),

at

. suh
wh 'p<l +ul- Vuh> dQ + S g(wWh) 1 6(p", u") dQ
Jo Q

( el
wh-hdl"+! "V - dQ + ES 8" + €M
Q Q¢

e=1

JTp

a h
: [p(% +u- Vuh> - V-o(ph, uh)} dQ = 0. (4.4)
As it can be seen from Eq. (4.4), two stabilizing terms have been added to
the standard Galerkin formulation of (2.1)-(2.7); the one with 8" is the
SUPG term, and the one with €" is the PSPG (pressure-stabilizing/Petrov-
Galerkin) term. The Petrov-Galerkin functions 8" and €" are defined as

6h

TSUPG llh * VWh. (4.5)

1
h— TPSPG;th’ (46)

m
|
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where
h
Tsupg = e zZ(Rew), 4.7
h#
TpspG = 201 z(Rey). 4.8)

Here, Re, and Re! are the element Reynolds numbers, which are based,
respectively, on the local velocity u" and a global scaling velocity U. That is,

h
h
Re, = lul b (4.9)
2v
U| n*
Ref = Il , (4.10)
2v
The “‘element length” 4 is computed by using the expression
Hep -1
h = 2< Yos- VNa|> , 4.11)
a=1

where 7., is the number of nodes in the element, N, is the basis function
associated with node a, and s is the unit vector in the direction of the local
velocity. The “‘element length”’ A*, on the other hand, is defined to be equal
to the diameter of the circle which is area-equivalent to the element. The
function z(Re) used in Egs. (4.7) and (4.8) is defined as

Re/3, 0 < Re =3,

4.12
1, 3 < Re. ( )

zZ(Re) = {
The spatial discretization of Eq. (4.4) leads to the following set of non-
linear ordinary differential equations.

M + My a + Nv) + Ny(v) + (K + Kz)v — (G + Gg)p = F + Fp), (4.13)
G'v+ M+ N.(v) + K.v + G.p =E+E, (414

where v is the vector of unknown nodal values of u®, a is the time derivative
of v, and p is the vector of nodal values of p". The matrices M, N, K and
G are derived, respectively, from the time-dependent, advective, viscous,
and pressure terms. The vector F is due to the boundary conditions (2.5)
and (2.6) (i.e., the g and h terms), whereas the vector E is due to the
boundary condition (2.5). The subscripts 8 and e identify the SUPG and
PSPG contributions, respectively.
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First, consider the time-integration of Egs. (4.13) and (4.14) by a one-step
generalized trapezoidal rule; i.e., given (u"),, find (u"),, , and ( M, ., (this
will be referred to as T1 formulation). When written in an incremental
form, the T1 formulation leads to

M* Aa — G* Ap = R, (4.15)

(GH*Aa + G, Ap = Q, (4.16)
where
R=F + F; — [M + Mj)a + N(v) + Ns(v)
+ (K + Kp)v — (G + Gy)pl, 4.17)

Q=E+E - [G'V+Ma+N(v) +Kyv+G,pl, (4.18)

. ON 9N,
M:M+M§+aAtW+a—v+K+K5, (4.19)
G* = G + G;, (4.20)

N
(GH* =M, + aAt< aV‘ + K, + GT>. 4.21)

The parameter « controls the stability and accuracy of the time integration
algorithm.

Remark

5. The systems (4.15) and (4.16) can be solved by treating the velocity
explicitly in the momentum equation. Since the SUPG and PSPG supple-
ments are applied to all terms in the momentum equation, in explicit
computations the coefficient matrix of the pressure equation is generally
not symmetric. All explicit T1 computations reported in this section are
based on the symmetrization of the coefficient matrix of the pressure
equation, and the results are obtained with two passes per time step. In such
computations, M*, G* and (G")* are replaced with

M* = M,, (4.22)
G* = G, (4.23)
(GN* = a At G, (4.24)

where M, is the lumped version of the mass matrix M.
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To write the T6 formulation (Tezduyar ef al., 1990a) of (2.1)-(2.7), we

need to slightly modify the definition of the solution space for velocity:

u"[u" e [H™@QI"™, v = (g",., on Tl (4.25)

(Suil)n-%'y =
the definitions of the other function spaces remain as they were given by

Eqgs. (4.2) and (4.3). We now summarize the T6 formulation.

1. Find (u");,s € (SM),.s such that, vw" e ¥V},
hy~ h
h (Y, — (), h h

. + -V daQ
“QW p< N, (u’), * V(u?),

ne hy~ _ h
+ ¥ g 5“-p<(“ Ineo = (W (uh),,-V(uh),,> dQ =0.  (4.26)
Vo 6 Al

e=1

Find (u"),,y € (S),.s and (p",.p € Sb such that, vw" € ;" and

2.
vg"e V),
h by~ §
h, ™), o — (), 6] 4o + 8(Wh) . (Gh)”+0dQ
J 9 0 At N Q
- wh : (hh)n+0 dr + { qh V- (uh)n+0 dQ
JTy JQ
W e (Al — @My ) b
+ Y| € 2 = V(6 )nso{ dQ = 0. (4.27)
2 Ve 0 At
3. Find "), 4 € (59),..1_p such that, vw" € V2,
h P[(“h)rﬁlw - (“h)n+0] h h
. Q :
1 (1 = 20) At dQ + ] eEW) : (07),,,dQ
(4.28)

- S wh - (B, ,dl = 0.
Ty

Find (u"),.;,_p € (SM),+1_p such that, vw" e V1,

4.
+ (uh)n+1—0 . V(uh)n+1—0> dQ

b, (W)ni1p — )71
XQW ”< (1 — 20) Ar
h ey~
(ll )n+1—0 (“ )n+l—0 + (uh)n+1—0 . V(“h)n+1—0> do

Ney b
+ L jges p< (1 — 20) At
(4.29)
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5. Find (U™}, € (SN, such that, vw" € V",

\ h <(uh);+1 - (uh)n+1~0
whp
Q

0 At

+ (uh)n+l—0 ' V(uh)n+l~0> dQ

0 At

[ o = (W),
8h'p< *1 oty (uh)n+1—0'v(uh)n+1—6 dQ
QE

= 0. (4.30)

6. Find (u"),,, € (S),,, and (p"),, € S} such that, ¥vw" € V" and
th € Vph,

I (GO G )

dQ +

JQ

e(wW") : (o), , dQ

W' (A", dT + } q" v - (W), dQ
Q

' Gh ) P[(“h)n+1 - (uh);+1]
o 6 At

-V (ch),,ﬂ} dQ =0. (4.31)

Remarks

6. The parameter 4 is the one used in the #-scheme (Bristeau et al.,
1987); for the numerical examples to be reported in this section, it is set to 4.

7. The matrix forms corresponding to Eqs. (4.26), (4.28), (4.29), and
(4.30) can be solved implicitly or explicitly as described in Tezduyar et al.
(1990a). The matrix form of the two “‘Stokes substeps,” i.e., Egs. (4.27)
and (4.31), are quite similar to the matrix form of the T1 formulation; they
can be solved implicitly or by treating the velocity explicitly. The results
reported in this section are based on the explicit treatment of all substeps.
The numbers of passes used in the substeps are 4-2-2-2-4-2,

B. NUuMERICAL EXAMPLES

To have a better basis of comparison among the solutions obtained by
using different elements, meshes generated with different elements are
required to have the same distribution of the velocity and pressure nodes.
The nodal values of the stream function and vorticity are obtained by the
least-squares interpolation. For the meshes generated with the P1PI
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elements, these quantities are computed from the velocity field by using the
meshes generated with the Q1Q1 element. For details of the computations
and the performance characteristics, see Tezduyar et al. (1990c).

Unsteady flow past a cylinder at Reynolds number 100

The problem set-up in this case is the same as it was for the “‘steady-state’’
case of Section III. However, this time we are interested in the unsteady
behavior. The mesh used for Q1Q1 consists of 5240 elements, while the num-
ber of elements for P1P1 is 10,480. Both meshes contain 5350 velocity nodes.
The periodic solution is computed by introducing a short-term perturbation
to the symmetric solution. We have observed, at least for small perturba-
tions, that the periodic solution is independent of the mode of perturbation.

Strouhal number and the time history of the lift and drag coefficients
are shown in Figs. 3 and 4. Compared to the T1 formulation, the T6

Q1Q1/T1 Q1Q1/T6
3 i 3 ——
g H,‘\)A;n“‘i;{f;;f‘g‘ “A/\I‘L'\‘f [“'/\x
sl ‘H“% JH;!HJ J | 1 | \‘ HHIH‘ nt
st L TR o AT T T
SR AT TRV INE FA AR O ARV RVRT AL DURRARRTRIRRY
s VLU AT VT AT
i TIVIVUTV Y| | TYVIVIVIVTY VLY
2 [soEs] | | 27@?9.179] ; i
P1P1/T1 P1P1/T6
d ] A i d ‘
o Ao A w 2
8 kﬁ—#\%\ ol \, Sl E i I —H \'J(
- ] A
A
BAVEVVAVRFRHRTATATATE IR vikv R R ATATAATINIIY
2V LT VT
i TV VT o R
5 ‘| St=0.166 E St=0.167

Fi6. 3. Periodic solution (obtained with various formulations) for flow past a cylinder at

Reynolds number 100: Strouhal number and the time history of the lift coefficient (Tezduyar
et al., 1990c¢).
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F1G. 4. Periodic solution (obtained with various formulations) for flow past a cylinder at
Reynolds number 100: time history of the drag coefficient (Tezduyar et al., 1990c).

formulation gives a slightly higher Strouhal number. Also, the QI1Q1
element gives a Strouhal number about 2% higher than what the P1P1
element gives. Although the lift and drag coefficients show no significant
difference among different formulations, the Q1Q1 element gives a slightly
higher drag coefficient than the P1P1 element, and the T6 formulation gives
a slightly higher drag coefficient than the T1 formulation.

The periodic solution flow patterns corresponding to the crest value of
the lift coefficient are shown in Figs. 5-8. The patterns corresponding to the
trough value of the lift coefficient are simply the mirror images, with
respect to the horizontal centerline, of the patterns shown in Figs. 5-8. The
solutions obtained with different formulations are very similar. However, it
can be seen, upon close comparison, that the T6 formulation is less
dissipative than the T1 formulation and that the Q1Q1 element is less
dissipative than the P1P1 element. On comparing these solutions with the
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Fic. 5. Periodic solution (obtained with Q1Q1/T1) for flow past a cylinder at Reynolds
number 100: flow patterns corresponding to the crest value of the lift coefficient (Tezduyar
et al., 1990c).
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Fic. 6. Periodic solution (obtained with Q1Q1/T6) for flow past a cylinder at Reynolds
number 100: flow patterns corresponding to the crest value of the lift coefficient (Tezduyar
et al., 1990c).
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Fic. 7. Periodic solution (obtained with P1P1/T1) for flow past a cylinder at Reynolds
number 100: flow patterns corresponding to the crest value of the lift coefficient (Tezduyar
et al., 1990c).



Stabilized Finite Element Formulations 25

vorticity vorticity

@@QQOQO

stream function stream function

pressure pressure

Fig. 8. Periodic solution (obtained with P1P1/T6) for flow past a cylinder at Reynolds
number 100: flow patterns corresponding to the crest value of the lift coefficient (Tezduyar
et al., 1990c).
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ones reported in Tezduyar et al. (1990b), it can be observed that the
solutions obtained with the Q1Q1 and P1P1 elements are very close to the
ones obtained with the pQ2P1 and Q1P0/T6 elements.

V. Application to Moving Boundaries and Interfaces:
The DSD/ST Procedure

A. THE METHOD

It was first shown in Tezduyar er al. (1990d,e) that the stabilized
space-time finite element formulation described in Section III can be
effectively applied to fluid dynamics computations involving moving
boundaries and interfaces. The variational formulation associated with the
DSD/ST (Deforming-Spatial-Domain/Space-Time) procedure is only
slightly different than the one given by Eq. (3.5) in Section III. Because the
spatial domains are now time-dependent, the subscript ¢ that was dropped
from the symbols such as Q, and I, needs to be reinstated. Furthermore, we
let Q, = Q, and T}, = I, , and define the space-time slab Q, as the domain
enclosed by the surfaces Q,,, Q,_,, and P, (see Fig. 9). The variational for-
mulation replacing the one given by Eq. (3.5) can then be written as follows:

h
S wh p<al + ub- Vuh> do + S g(w" : o(p", u") dQ
o at o8

- j w'-hdP — S w" - n,y/R, dP
B (P)as

n

+j th-uth+S WO - (@) — () d
Qn Q

n

(ePn awh
+ Y|t p<— +u' VW' ) — V- o(g", W
e=1J0¢ ot

du” h h h . h
. p?+u'Vu - V-.o(p',u)|dQ =0, .1

where (P,),p is the space-time surface described by the boundary (I}),y as
f traverses the time interval (¢, ¢, ,).
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F1G. 9. The space-time slab for the DSD/ST formulation (Tezduyar et al., 1990d).

Remarks

8. The kinematical conditions at the interface (I;),p are automatically
satisfied because the discretized subdomains (€2;), and (€, )g share the same
nodes at this interface.

9. The additional term (i.e., the fourth integral) in Eq. (5.1) enforces
the dynamical conditions associated with the interfaces and free-surfaces in
the presence of surface tension effects. If the interface is to be interpreted
as the free-surface of a single fluid, then the fluid is assumed to occupy sub-
domain (Q,),. This variational formulation can of course be easily
extended to more than two fluids.

10. For two-liquid flows, the solution and variational function spaces
for pressure should include the functions that are discontinuous across the
interface.

As a special case of drifting solid objects, let us now consider a drifting
cylinder. The cylinder moves with unknown linear velocity components V,
and ¥, and angular velocity ®. The temporal evolutions of these additional
unknowns depend on the flow field and can be described by writing the
Newton’s law for the cylinder:

av, DV, ¥, 0,U)

7 p (5.2)

v, _ L4, %, 0,0)

dt m ¢
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o _T(h, V5, 0,U)

, 5.4
dt J ©-4)

where D, L, and T are the drag, lift and torque on the cylinder, respectively,
while m and J are its mass and polar moment of inertia. The vector of nodal
values of velocity and pressure is denoted by U. Temporal discretization of
Egs. (5.2)-(5.4) leads to a set of equations which, in an abstract form, can

be written as
V-V =AtDV,V, ). (5.5)

Here, V (unknown) and V™ (known) are vectors representing the motion of
the cylinder, respectively, inside the current space-time slab and at the end
of the previous one. The current slab thickness ¢,,, — ¢, is Az. For linear-in-
time interpolation, Eq. (5.5) takes the form

[P N R R N B
(Vl)n+1 (Vl)n %(Dn + Dn+1)
_ _ | _
(VZ)n-H (Vz)n %(Ln + Ln+l)
. . 1 _ -
(®)n+1 (®)n Z(Tn + Tn+l)
_ = At . (5.6)
_ r _
Vo (Vx @(Dn - D)
Wi || owr (- Ly
2/n 2/n 6m n n+1
©; | | ©; La- T
L n J L n ] L 6.] n n+1 ]
Based on the general expression (5.5), we can write the incremental form of
(5.6) as
D aD
— At|— | AU I-Aft{—)| AV =R, (U, V). 5.7
(o)av-[r-au(@) av-nww e

Equation (5.7) is of course coupled with the incremental form of the
discrete equation system resulting from (5.1):

M) AU + M{y) AV = Ry (U, V). (5.8)

In computations reported in this section, the system (5.7)-(5.8) is solved by
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a block iteration scheme in which the term (0D/dV) is neglected. During
each iteration, Eq. (5.8) is solved for AU only, using the value of V from the
previous iteration; and then V is updated by (5.7) while U is held constant.
However, the full system can, in principle, be solved simultaneously to take
advantage of larger time steps afforded by a fully implicit method. Iterating
on the solution will still be needed not only because of the nonlinear nature
of (2.1) but also because of the dependence of the element domains Q5 on
the vector V.

Remark

11. In the DSD/ST procedure, to facilitate the motion of free-surfaces,
interfaces, and solid boundaries, we need to move the boundary nodes with
the normal component of the velocity at those nodes. Except for this restric-
tion, we have the freedom to move all the nodes any way we would like to.
With this freedom, we can move the mesh in such a way that we only need
to remesh when it becomes necessary to do so to prevent unacceptable
degrees of mesh distortion and potential entanglements. By minimizing the
frequency of remeshing, we minimize the projection errors expected to be
introduced by remeshing. In fact, for some computations, as a by-product
of moving the mesh, we may be able to get a limited degree of automatic
mesh refinement, again with minimal projection errors. For example, a
mesh moving scheme suitable for a single cylinder drifting in a bounded
flow domain is described in Tezduyar et al. (1990e).

B. NuMERICAL EXAMPLES

All solutions presented in this section were obtained with linear-in-time
interpolation functions. For the details of the computations, see Tezduyar
et al. (1990e).

Free-surface wave propagation

This is a problem that was considered in Hughes et a/. (1981). Initially,
the fluid is stationary, and occupies a long rectangular region with dimen-
sions L X D, where L = 949.095 and D = 10. The flow is assumed to be
inviscid, and both the density and the gravity are set to 1.0. The mesh con-
sists of 320 elements, with two elements through depth. The wave is
generated by prescribing the velocity along the left-hand boundary of the
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domain according to the expression u, = (Hc/D) sech®(cxt/D — 4), where
c = [gD+ H)]'? and x = BH/4D)"?, with g =1 and H = 0.86. The
time step size is 1.789. Figure 10 shows the solutions obtained at various
time steps. After 160 time steps, the wave retains 94.4% of its initial
amplitude. This solution compares well with those presented in Hughes et
al. (1981).

- n=160
0
Rk
_ n=140
OA
RES
B n=120
[¢]
—
£ 14
.
(]
= A
o 4
% =100
3 0
[ 3|
@
o A
c
9 |
é — n= 80
g0 — -
A 1
] n= 80
O_
Al
: n= 40
o]
Rl
: n= 20
O‘
L e A ) B S A
0.0 20.0 40.0 60.0 80.0 100.0

x/D

Fic. 10.  Free-surface wave propagation: time history of the surface wave (Tezduyar et al.,
1990¢).
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FiG. 11. Pulsating drop: time history of the axial dimensions of the drop (Tezduyar et al.,
1990e).

Pulsating drop

In this problem, the drop is initially of elliptical shape with axial dimen-
sions 1.25 (horizontal) and 0.80 (vertical). The density, viscosity, and the
surface tension coefficient are 1.0, 0.001 and 0.001, respectively. The effect
of gravity is neglected. The number of elements is 380, and the time step size
is 1.0. Figure 11 shows the time history of the axial dimensions of the drop.
Figures 12a, 12b, 12¢, and 12d show the flow field and finite element mesh
corresponding, approximately, two points a, b, ¢, and d in Fig. 11.

Large-amplitude sloshing

This problem is similar to the one that was considered in Huerta and Liu
(1988). Initially, the fluid is stationary and occupies a 2.667 x 1.0
rectangular region. The density and viscosity are 1.0 and 0.002,
respectively. The gravity is 1.0, and the surface tension is neglected. The
wave is created by applying a horizontal body force of A sin(wt), where
A = 0.01 and & = 0.978. The Reynolds number (based on the height of the
fluid and the gravity) is 514. Inviscid boundary conditions are assumed at
the walls of the ‘“‘tank.” Compared to the problem considered here, the
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Fic. 12. (a) Pulsating drop: flow field and finite element mesh corresponding
(approximately) to point @ in Fig. 11 (Tezduyar et al., 1990e).
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Fic. 12. (b) Pulsating drop: flow field and finite element mesh corresponding
(approximately) to point & in Fig. 11 (Tezduyar et al., 1990e).
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Fig. 12. (c¢) Pulsating drop: flow field and finite element
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(approximately) to point ¢ in Fig. 11 (Tezduyar et al., 1990¢).
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Fic. 12. (d) Pulsating drop: flow field and finite element mesh corresponding
(approximately) to point d in Fig. 11 (Tezduyar et al., 1990e).
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Fic. 13. Large-amplitude sloshing: time history of the vertical location (relative to the
stationary level) of the free-surface along the left- and right-hand sides of the ‘‘tank”’
(Tezduyar et al., 1990e).

Reynolds number used in Huerta and Liu (1988) is 514,000. Furthermore,
in Huerta and Liu (1988) the horizontal body force is removed after ten
cycles; in this case, on the other hand, this force is maintained during the
entire computation. The number of elements is 441, and the time step size
is 0.107. With these values of the frequency and the time step size, a single
period of the forcing function takes 60 time steps. Figure 13 shows the time
history of the vertical location (relative to the stationary level of 1.0) of the
free-surface along the left- and right-hand sides of the “‘tank.’’ Figures 14a,
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Fic. 14. (a) Large-amplitude sloshing: flow field and finite element mesh corresponding
(approximately) to point @ in Fig. 13 (Tezduyar ef al., 1990e).
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Fic. 14. (b) Large-amplitude sloshing: flow field and finite element mesh corresponding
(approximately) to point b in Fig. 13 (Tezduyar et al., 1990¢).
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14b, 14c, and 14d show the flow field and finite element mesh correspond-
ing, approximately, to points a, b, ¢, and d in Fig. 13.

A cylinder drifting in a shear flow

This test problem involves a cylinder (with unit radius) drifting in a shear
flow in a 61 X 32 bounded domain. The density and viscosity are 1.0
and 0.005, respectively. The upper and lower walls move with velocities
0.156 and 0.094. The upstream velocity profile is assumed to be a linear
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angular velocity components, displacement components, and rotation (Tezduyar ef al., 1990e).
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interpolation of the velocities at the upper and lower boundaries. At the
downstream boundary, normal and shear stresses are specified consistent
with the undisturbed shear flow. The Reynolds number based on the average
upstream velocity and the cylinder diameter is 50. The mass and polar
moment of inertia of the cylinder are 27 and 7, respectively. The initial
condition is the steady-state solution for the fixed cylinder located at (16,16)
relative to the lower left corner. The number of elements is 1152. Except for
the first few time steps, the time step size is 0.125. Figure 15 shows, for the
cylinder, time history of the drag, lift, torque, linear and angular velocity
components, displacement components, and rotation. Figures 16a, 16b,
and 16c¢ show the flow field and finite element mesh at ¢t = 0.0, 62.5, and
125.0, respectively.

V1. Concluding Remarks

In this chapter, a review of stabilization techniques used in finite element
computation of incompressible flows was presented. Stabilization is needed
to prevent the numerical oscillations that might be produced by the presence
of dominant advection terms in the governing equations or by not using an
acceptable combination of interpolation functions to represent the velocity
and pressure fields. Many researchers are actively involved in development
and analysis of various stabilization methods. It is important to make sure
that the stabilization technique does not result in over-stabilization of the
problem by introducing excessive numerical diffusion. The Galerkin/least-
squares, streamline-upwind/Petrov-Galerkin, and pressure-stabilizing/
Petrov-Galerkin stabilization techniques were reviewed in this article more
extensively than others. All three stabilization techniques lead to formula-
tions that are consistent. That is, the stabilization terms added to the
Galerkin formulation of the problem vanish when an exact solution is
substituted into the stabilized formulation. These stabilization methods
introduce minimal excess diffusion, and therefore result in solutions with
minimal loss of accuracy.

The Galerkin/least-squares stabilization for time-dependent flow
problems necessitates finite element discretization in both space and time,
and this could be computationally quite costly. However, there are iteration
methods designed to reduce the computational cost associated with the
space-time finite element formulation. Also, for fixed spatial domains,
there are ways to implement the Galerkin/least-squares formulation in a
slightly different way then it is formally supposed to be, so that the
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computations are performed with finite element discretization in space
only. On the other hand, the combination of Galerkin/least-squares and
space-time finite element formulations gives us a new and very effective
strategy for computation of unsteady incompressible flows involving
moving boundaries and interfaces.
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