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Formulated in terms of velocity, pressure and the extra stress tensor, the incompressible Navier—
Stokes equations are discretized by stabilized finite element methods. The stabilized methods proposed
are analyzed for a lincar model and extended to the Navier-Stokes eguations. The numerical tests
performed confirm the good stability characteristics of the rmethods. These methods are applicable te
various combinations of interpolatior: functions, including the simplest equal-order linear and bilinear
elements.

1. Introduction

Aiming to develop stabilized finite element methods for viscoelastic flows, as a first step, we
treat Newtonian flows formulated in terms of velocity, pressure and the extra stress tensor. In
the recent finite element literature, one can find a number of methcds proposed to solve the
equations of viscoelastic flows in terms of these three variables (cf. [1-7]). In particular,
continucus approximations for all variables are used by Marchal and Crochet [7] and are
justified for the Stokes operator part of the equations in [6]. To achieve a stable approxi-
mation, a rather complex combination of interpolations is used in [7]; the stresses and the
velocity are in some sense higher-order with respect to the pressure interpolation.
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Recently, Franca and Stenoerg [8] proposed a velocity—pressure—extra stress formulation
for the Stokes flow. This formulation is based on a stabilized finite element method that allows
the use of rather simple combinations of interpolations, including equal-order linear and
bilinear elements. In this paper, we extend this formulation to include the inertia terms in the
momentum equations. The parameters in the added swabilizing terms are designed to take into
account locally advective and locally diffusive dominated elements (cf. [9-13] and references
therein). Two versions of the stabilizcd method are proposed. In Section 3, we perform 2
convergence analysis for the stabilized method based on a linearized mode: of incompressible
flows. As far as the authors are aware, the previous work that included convergence analysis
was limited to the Stokes operator. Aside from a recent report [3] considering nonzero
Weissenberg numbers, our work is one of the first attempts to analyze these equations at
nonzero Reynolds numbers (i.e., in the presence of both the Stokes and the advection
operators). It should be noted that the major concern in computation of viscoelastic fiows
heretofore has been related to the advection of the extra stress tensor (i.e., the cases wiih
nonzero Weissenberg numbers). Here we restrict ourselves to dealing with the advection terms
in the momentum equations (i.e., the cases with positive Reynolds numbers).

In Section 4 we extend the formulation to the Navier-Stokes equations, and in Section 5 we
report the test results obtained with equal-order bilinear elements. The tests reporied are
restricted to steady flows.

2. Stabilized methods for the velocity—pressure—stress formulation

Written in terms of velocity, pressure and the extra stress, the steady-state, linearized,
incompressible Navier—Stokes model is given as

%T—E(H)=0 in 0, V-u=0 in 02,

(1)
(Vu)a—-V-T+Vp=f in 2, u=9 onl,

where T is the extra stress tensor, u is the velocity, 7 is the pressure, v is the viscosity. (u) is
the symmetric part of the velocity gradieni, a is a given velocity field, and f is the body force.
In our notation, both T and p are scaled with the density. The model is formulated on a
bounded domain 2 CR", N =2, 3, with a polyhedral boundary I. We consider homogeneous
Dirichlet boundary conditions to simplify the arguments in the analysis that follows. More
general boundary conditions are used in the nonlinear model in Section 4 and in the numerical
results.

Next, a partition 6, of {2 into clements consisting of triangies {tetrahedrons in R’) or
convex quadrilaterals (hexahedrons in R*) is performed in the usual way (i.e., no overlapping
is allowed between any two elements of the partition; the union of all element domains K
reproduces {2, etc.), and combinations of triangles and quadrilaterals for the two-dimensional
cases can be accommodated. For convenience, we adopt the following notation:
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R (K) = [P, (K), if K is a triangle or tetrahedren ,
AK) = 10,(K), if K is a quadrilateral or hexahedron ,

where for each integer m=0, P, and Q,, are the . aces of ~l: polynomials of degree =m in
the variables x|, x,,. .., v, — P with respect to all combinations of these variables and @,
with respect to each one of them.

The finite element spaces considered are standard, and are restticted to any combination of
continuous interpolations given by

V, = {(ve(HUO) vl E(RAK), KE %}, 2)
P,={q€ (@) LAD)| gl  ER(K), KEE,}, 3)
W,={SE(6° @) | S|, ER(KN, KEE,}, (4)

where the integers k, [ and m denote the order of the finite element polynomial approxi-
mations for velocity, pressure and the extra stress, respectively. Any combination of k, / and
m might be used in the methods that follow, a possibility which is not accommodated in the
standard Galerkin method, in general. For the notation in (2)-(4), as usual, L°(2) is the
space of squarc-integrable functions in §2; Lg(ﬂ), the space of L*-functions with zero mean
vaiue in £2; €°(42), the space of continuous functions in £2; and H ({2) is the Sobolev space of
functions with square-integrable value and derivatives in {2 with zero value on the boundary {.
We employ (-, -) to denote the L’ -inner product in £ and |- ||, the L*({2)-norm. Also,
(+, ) and || - ]j, x arc used to denote the L’-inner product and norm in the element domain
K, respectively; zad, the H'-norm is denoted by || - ||..

Our first method (Method 1) may be viewed as an extension of the nicthcd proposed in [§]
to the Stokes flow in terms of velocity, pressure and the extra stress, and can be written as
follows: Find u, Ev,, p, € P, and T, € W, such that

Bl(Th’ph’uh;qu’v)=Fl(g’q’v)’ (5, g, 0)EW, X P, XV, (5)
with
1
B(T,p,u;8,g,v)= b (T,8)— (e(u), $) + (V- u, q) — (T, &{v)) — (Vu)a, v)
N o) — (T RSN I S doe_ . )
H(p,V'0)—(V-u,8V-v) aZu(sz e(u), 2HS z(v)
+ 2 (Vu)a+Vp~V-T,(—(Vo)a+ Vg - V-8)), (5)
KE%,
and

F(S, g, v)=—(f,i0)+ Z (f, 7(~(Y0)a + Vg —V-8))

h

where the stability parameters 8, v and a are dcfined as

8 = Aa(x)] b f(Rey(x)) , (8)
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e, Rela) = S ERel (). )
0<a<05, (10)
Re (%) = m‘lﬁg”h" , (11)
fRect) =} o< RSl (12)
P , 1< w,
]a(x)ip = ( :1 (%) ) = (133
max |a,(x)] , p=,
m,=min{},2C,}, (14)
C, 2 h VTl =T}, Tew,, (15)

and A is a positive parameter.

REMARK 1. This formulation i1s an extension of the one proposed in [8] for Stokes
formulation to include the advective terms, and the design of the stabilization parameters 7
and & closely follows the definitions given in [10] which coincides with the design of 7 in [13]
for low-order elements.

REMARK 2. Unlike the stabilized u—p formulation (thoroughly studied for equal-order
linear and bilinear elements by Tezduyar et al. [11-13] and refs. therein), the present
formulation naturally accounts for the Laplacian of the velocity in the mormentum equation, as
part of the additional r stabilizing terms. Here, taken into account by V- T, this *erm does not
vanish for linear or bilincar approximations of the extra stress tensor T, whereas in the u#—p
formulation, the Laplacian of the velocity is identicaily zero for linear approximations. In
some sensc, the pres2ut formulation is more consistent for low-order approximations, since all
terms are preseni in the formulation.

REMARK 3. It is possible tc employ discontinuous extra stresses with order m =k ~ 1 for
triangles and m = k for quadrilaterals. In this case the inf-sup cordition

(T, e(u))
_'——"“ZC”“%'; , UEV, (16)

o=TEWé

is automatically satisfied, and we have a stable method without the need for the a-term.
Furthermoie, in this case, the extra stress can be eliminated at the element level and we are
left with a different u—p formulation as compared to the stabilized methods proposed directly
in terms of velocity and pressure [10-13]. It is intriguing that so far we have been able to
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obtain good numericai resuits with equal-order bilinear elements, without the need to employ
the a-term, even for continuous extra stress interpolation.

Before continuing further, let us note that if we replace v by —v in the definition of Method
I, then this method can also be expressed as foli. vs: Find v, €V,, p, € P, and T, € W, such
that

Bl(T;,: P 4,58, q, v)=F(S,q, v), (S.q,v}€ W, x Ph xV,, (17)
with
1
B(T,p,u;8,q,v)= o (T,8)—(e(u), $)+{V-u, g)+ (T, &{v)) + (Va)a, v)
1 1 \
—p,V-u)+(V-u,8V-v) + aZV(E T~ &(u), o S5 z—:(v)}
+ 2 (Vw)a+Vp ~V-T, ((W)a + Vg - V- §)), (18)
kEE,
and
F(S,g.0)=(f,.0)+ 2 (f,7((Vo)a+Vg—V-5)),. (19)
K=,

In the arguments of B, and F, above, we relabeled —v by v again.

Note that the method may be implemented in any of the forms above, in principle, but the
algebraic equations depend on the choice of these signs. We do not deal further with this
aspect here. Instead, e wish to motivate the introduction of a variation of Method I. First we
note that all additional terms are added in a least-squares fashion, except for the a-term. We
will see in the next section that having the a-term with the current choices of signs restricts the
possible values of @ in the numerical simulation. A simple cure is te consider the following
method (Method I1): Find 4, €V,, p, € P, and T, € W, such that

Bll(Th’ P uh; 87 q, U) = Fil(S’ q, U) 4 (S: q. v) € Wh X Pk x Vh 4 (ZO}
with
1
By(T, p.u; 8. q,v)= 5 (T, )~ ((u), $) + (V- u, q) + (T, £(v) + (Vu)a, v)

~(p, V' )+ (V-u,8V-0) + aZv(—i—- T - &(u), % S- s(v))

2v
+ 3 (Vwa+Vp~V-T,7(V)a+ Vg —V-5), (1)
FulS, g, 0)=(f0)+ 2 (4 7(W)a+ Vg =V-8))g. (22)

The parameters are designed in the same way as in (8)—(15), except that now a does not need
t0 have an upper bound as indicated in (10). For Method II, @ may be chosen arbitrarily
greater than zero.



36 M.A. Behr et ", Velocity—pressure—stress formulation of incompressible flows
3. Error analysis

In this section, we study the convergence of the stabilized Method I given by {3)-(15). We
prove the following result.

THEOREM 3.1. Assuming the given data a{x) and v(x) to satisfy

(i) V-e(x)=0,

(ii) »(x)= v = constant > 0;

if, in addition, the solution to (1) satisfies u € H* ' (Q"YN H(2), p€ H (@) N LY Q) end
T H™ (VYY" then the solution (T, p,,. u,) of the method given by (5)—(15) converses
to (T, p, u), the solution of (1), as follows:

1T, -~ Tl + 200l el — @) + 1o (5, — @)+ W p, = I

+ 182V (g, — )5 < Cla) 2 «M" TR Lk

KEE,

K plis o (H(Reg ~ kg suplall” + H(1 =~ Re)hi(2) )
+ hi(k!uliw'—l.x(H(ReK - 1)hl< Sgglalp + H(l o Ref{)zy)) )

where H(-) is the Heaviside function given by

0, x<y,
-y ={1 73 @)

Pefore establishing this theorem Jet us verify a few preliminary results. First note that, by
definition, the stability parameter 7 is bounded by a constant in each element domain X. In
fact,

h
7(x, Reg(x)) = Zla(;l— , Reylxy=1, (24a)
14
o b
7(x, Re {20 = T ,  0=Rep(x)<1, (24b)
and therefore, for Re (x)=1,
hy 1 m,lax)| by m K
R 2 < m K
R = S0 Revm & < 8w (25)

and combining with the definition (24b), we conclude that the bound (25) is valid for all values
of Re,(x).

The stability of the method can now be established.

LEMMA 3.1. (Stability). Under the same assumptions (i) and (ii) of Theorem 3.1, we have
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forall (T, p,uye W, X P, xV,,

B(T,p,u;T, p,—u)

5

LE I

| (Vu)a + p)

1
= T+ 2vae) |} + 1

2+ 167V u

PROOF. By assumption (i), by (2) and integrating by parts, we have
{(Vu)a,u)=0, ucV,.

Let y > 1 be a parameter to be set below. Then

B(T,p,u; T, p, -u)
1

~ [44

= 55 ITI5+0+ 118"V  ull§ + 20a|e()ll; ~ 5= | Tl

+ 2 |17 (Vaa + Vp — V- T2,

KeE%g,

__1“0! 2 2 ™ 2
=72, “T“0+2vaH£(u)”0+”3 "'ulln

+r (Ve + Wp)la + 2 (7Y Tl ~2 2 (V- T, r((Ve)a + Vp)),

KES), ) KES,

=L T T2 4 2vafl @2 + 115V ulf?
=5, 0 0 Ullg

+(1=y Hlle (Ve + Vp)lls + (L= ) 2 {e VT,

Kew,
i :
= (2= 2a + 1= )| TH5+ 2val| ()5 + 18" V- ull;

+(1=y Hll="*(Vwa + Vp)|I3

2~3a 2 « 2 2
= =2 Tl + 2melle@lf + 1152V ully + T2 | (V) + W)

1 2 44
2 1T+ 20a el + 13729 w3 + 15 |1 (Vw)a + W)} O

(26)

The second last line was obtained by setting y =1+ a > 1, and recalling that a is to be
selected between C and 3, the result follows in the last line. in addition to the stability result
above, we will need the following interpolation estimate.

LEMMA 3.2. Denoting by n, =T, — T, 1, = p), — p and w, = &, — u the interpolation errors
and assuming the solution to (1) to be smooth enough as stated in Theorem 3.1, then for each
K€ %,, we have
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(a) If Re, =1, VxEK, then

—172

1 2 2 2 2 2
2 ”"TT”(ZJ,K + ”TUZV‘ ’?T”ﬁ,f( + “T ﬂu”(LK + 21"”3(77::)”0,K + ”5U V- nu“:m

-1/2

+ ”TUZ(V"T.:“‘”(Z) Tt ”3 Tfp“(z] kT HTIQV"I,;”; K

271

= O((29) WY T Lk +suplal, I Nl +sup lel B 0 T

(b) If0sRe,(x) <1, VxEK, then

1 2 ~ti2 2 2 2
3y ”nrllg.x + ”THZV' ’71”6.1{ + ”T / nu”u‘K + 2"”8( nu)”u.f{ + “5”2V' ﬂu”n.k

+ 17 %V alls « + 20) ok + 172V, 1G4
< C(2w) Ry TN e 2o uls . o+ 2oy Chy Pl ) - (28)

PROOF. The velocity and pressure estimates follow as in [9, 10]. For the stresses we have
(a) Let Rey(x)=1, Vx€ K. Then

i 20 2
b “ nr”éx + “"'1 V- 1h||3,1< = 3y (H n?‘“é.K + mmh;{”V- "?THB.K)

C ;m‘?‘&
2 h ITIFH+I K (29)
(b) Let 0<Re,(x)<1, ¥xE€ K. Then
1 s X 17 hz
2 ”nr”rzx.h' + HT” v 7?1”0.1( 7y ( lnrHOK £ ”V Wr”o k)
C | anta ‘
‘-ﬁ he lTlvH-l K- (30)

The last irequalities in (29), (30) follow by standard approximation theory [14]. O

PROOF OF THEOREM 3.1, Let €, =u, — iy, ¢, = p, — j,, ¢y =T, — T, and e" = ¢} + ,,
ef = ¢ +np, = e} + m,. Then

g5 bl + a2vleCel) i + 12 |12 ((Vela + Vel [+ 1579
< B, (eT, ,ensen, e .—el) (by Lemma 3.1)
=Be —my, e ~n,. " —n,ep, ¢, —e)

== Bi(n7,m,, M er, 6';,, —e") (by consistency)

=~ (o ) = (6, €4 4 (V- 10 €8) 4 (o e
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+{((Vn,)a, €) — (1,. V- ;) + (V- 4,, 87" ¢€)
— a2 (_1_ —-e(9,) l. "oy ’1)
aoy Qv L7 E(n, v er E(eu)
b3 (Tm)a+ Vo, V- a (Tehat Ve V- b))
Kes, !
1 1
“"?r”o Ay ”e ”0+711’“5(7L)”n 41}},— HeT”G
+(7L.’(V3:)a - Ve, )+(np7v e }+ || nrl §|5(e )”0
2y
- (V- nu,ﬁV‘eﬁ)*r el + He Il§+m/1v|$8(m)ﬂﬁ+m llezlls
1

ay P 5 av s
+ 7o lTmells + % liee)lls + anvlie(n,)lo + % lle(el)lls

Yy iz v IR IR L Ve B2 o MLtz 2
+ 2 |73 (Im)alls + 5 I (Vey)a + Ve i + 5l Vg

2 2y, 2

1 12000,k hyip2 ')’3 F112
+— + =

2y, [|7'"“((Ve,)a Vep)llo + Ké@h 2 \& TFTHO K

1 L h
o |7 2((Vel)a + Vel 5

L T R e L A P A G A
Y KeEE, Y KE%,
y 7 2 2 h
T i O 0 TR R L R W N E A
Ke®g, N kew,

1 ( TZ ) ] 1 {2 2& 2
= 4+ 2 4 + SN e Rt || A g
3 T, @y; T ay, ”nTHO 4 \7y, + 7, Herilo

Yoy - 1 172
b+ an  anlle(a)ll + 2 el o v+ VG
3

\ 3va \
. e+ 2 eged);
2

1 Y. 2 + ¥
o 1877 elll3+ 180wyl + 25 e (vl
Ya
3 ‘ +
+ o e Vel da+ B+ 23 172,
3

Y, T ¥ 3
DR F TN e Il L LA
M keg,

Keeg, 2
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L7 2a) 3va
< i (o + 22 i+ 222 el

2 4 i 2 1 L 12 .
e [I='2((Vey)a + Vey)lls + Iy, 8" V- erlio + (n,. V- 2)
=74

¢!
1 1 Y, + yﬂ
+Z;((1+a)71+(;+Q)Yz)“"’i‘r”n 2 =

+13_ “74/2

l/2

V- 1’17"“0 K

nu“(?i +u((t+ o)y, + a')’z)lls( m)“ﬁ + 54 ||5”2V° "’Ju“é

Y

[} 5 _i_
+ D2 (e, pal + |

| 2
2 T Vnp “0 ‘
Depending on whether the element is advectively or diffusively dominated, we have control
over V-e! in a different manner, namely

’Y —-1/2 2 \ ].
UM AR) [5 H(Re, - 1)]5 “n,,llo_wTH(ReK—l)lla'”V-eﬁilﬁ.K

Keg,

‘y _ T
+ ﬁ H(1 — Re,)(2») 1”7?17“51{ H” ~Rey)a2v||9- ol K}

N a2
= 2 |i’"'" H(Re, - 1)”5“2V' 92”(2).1( + 2_,),' aH(1 —Rex)ZVHE(eZ)”&.K

Kz%€,

1

H(ReK— nijls %y

G,

«* 5 HO vReK)(zw”anlrﬁ,K} -

Combining with the previous estimate, and selecting v, = 2(7 + 4a), v, =3 + NH(1 — Re,,),
=4(1+ a)/a and y, =1+ H{Re, — 1), gives

d ] 1 2 2
ler“n + a"”';(*' )”0 '7”2((Ve:;)a +Vep)”(2:l + 3 “5“ V- 92”0

| .
16.) 2(1 + a)

<> { (2(1 + a)(7+4a¥+(é +a)(3+NH(1—Rek)))llmuﬁ.x

Ke€,

2(1+ )
+ {7+ 4+ 2oy g 2,
0+ a), 1+ H(Re, - 1) s
+ LD vy o THEES T stng g gz

+ p((1 + a)2(7 +4a) + a(3 + NH(1 — Re )| e(n,)]]5 «

2(1 + 2
+(7+0a+ Doy yali,
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2(1 + 5
+(74 a0+ 2Dy e,

1+H(Re, —1
¢ LEHRE D) e~ 1)lls |12

2
3+ NH(1—Re,) - 2
+ 2o X H(1—Reg){(2v) 1”"‘7,;”0,1(-[
J

1 2 - :
< C(a)(z e 15+ 1779 melig + e~ 15 + 20 lleCm )l + 18779 m,|lg

+ |7 (v, alls + iV, |12

+ 3 [HReg = 1lI8 ™20, 3+ HO - Re,)(20) in, i)

Ke%,

<c@ 2 (@ Wl .

Ke®,

+ i |uli oy (H(Reg — 1)k, supla], + H(1 ~ Re4)2v)
x€K
# I plEs i H(Re = Dy suplal '+ (1~ Re )iy 2) ™)

The last inequality follows by the interpolation estimate (Lemma 3.2). The result follows
using the interpolation estimate for the interpoiation errors in the norm on the lefi-hand side
and then applying the triangle inequality. O

REMARK 4. The interested reader can establish a convergence analysis for Method II in the
same manner as shown above for Method 1. The only significant change is in the stability
argument for Method II for which any « >0 renders the methodology stable. The stability
arguments follow similar lines as in [10].

4. The incompressible Navier—Stokes equations

The steady-state incompressible Navier-Stokes equations in the velocity-pressure—extra
stress formulation can be written as follows:

1
2v
(V)u—V-T+Vp=f in 02, (31)
u=g onl,, (T—plin=h onl,,

T—-eu)=0 in 0, V-u=0 in {2,

where in addition to the notation introduced in Section 2, g and h are given Dirichlet and
Neumann boundary conditions, respectively, specified on I, and I, complementary subsets of
I'. Let us define the set of trial functions for velocity as
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f={veH'()" |v|,cx ER(K), KEE, v=gon ). (32)

Employing (2)-(4) and (32), the first stabilized method introduced in Section 2 can oe
extended as follows: Find #, €V3, p, € P, and T, € W, such that

B(Tlﬂ ph: uh; Sv qa U) - F(Sa Q1 U) E] (Sx q’ v)E W x P X Vh > (33)
with
B(T. p.u:5,4.0) = 5 (T, 5) = (e(u), $) + (V-a, g) — (T. (v) ~ (V). v
+(p, 7 v)—(V-u,d8V-v)— a2v(§1; T - &(u), 51; 5- s(v)) (34)
+ 2 (Vwa+Vp-V-T, 7(—(VWwu+Vg—V-85)),
K€%,
and
F(S, q.v)=~(f,0) = (h,v), + D2 (f {(—(Vo)u+Vg~V-5)),, (35)

Eh

where the stability parameters 8, 7 and a are defined as follows:

5 = AJu(x)| h£(Re(x)) (36)
o(x, Re (x)) = m%r E(Rey(x)). (37)
0<a<05, (38)

m, | u(x)] By

Re, (x)= W s (39)
R 0=
HRey(x)) ={ )+ R Redn <t (40)
{(z L)', 1=p<e,
jatl, max lu.(n), p==, (41)
m, —min{3,2C} (42)
C, Z V- T <7, TEW,, (43)

and A is a positive parameter.

5. Numerical tests

We have performed numerical experiments for this method employing equal-order bilinear
approximations for all variables (T, p, u). The constant m, _, is set to 1/3 throughout.
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The first test problem is the ‘leaky’ cavity consisting of the flow in a unit square domain with
boundary conditiors u, =1, u,=0at y=1 (0<x<1i) and u =0 at all other boundaries. A
uniform mesh of 32 X 32 elements is used. In Fig. 1 we pl~* contours of each extra stress
component and of pressure, the velocity vectors and the stream function contours at Re = 400,
for a =0.i. We also tested the method for ¢ =8.82 and 0 and found the results to be very
similar. The case a =0 is not covered in our convergence analysis, but yields just as good
results. We repeated this study for the same set of values of a at Re = 5000, and plotted the

Txx streamlines
e

I
Tl

velocity

ey

mrrrerccscanansnshes -ty

pressure

Fig. 1. Extra stress, stream function and pressure contours, and velocity vectors for the ‘leaky’ cavity flow at
Re =400: 32 x32 01/01/Q1 elements with a =0.1.
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Fig. 2. Extra stress, stream function and pressure contours, and velocity vectors for the ‘leaky’ cavity flow at
Re =5000: 32 x 32 Q1/Q1/Q1 elements with & =0.1.

results, again for @ = 0.1, in Fig. 2; the method gives results comparable to those in [10, 15].
In Figs. 3 and 4 we compare the present results for a = 0.02, with the results obtained with the
equal-order bilinear velocity—pressure formulation using the same definitions for 7 and & in
(36) and (37), at Re =400 and 5000.

Next, the steady flow past a cylinder is studied at Re = 26 with the mesh (1965 elements)
shown in Fig. 5, for « =0.1, 0.02 and 0. In Fig. 6 we show the results for @ = 0.1. The method
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Fig. 3. Comparison between the equal-order bilinear velocity—pressure formulation (left) and the present
velocity-pressure—stress formulation (right) at Re = 400.

gives almost the same results as for & =0.02 and 0. We note that these results compare
qualitatively well with experimental data (see [16]).
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