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Fol mulated in terms of velocity, pressure and the extra stress tensor, the incompressible Navier- 
Stokes equations are discretized by stabilized finite element methods. The stabilized methods proposed 
are analyzed for a linear model and extended to the Navier-Stokes equations. The ndmerical te~ts 
performed confirm the good stability characteristics of the raethods. These methods are applicable to 
various combinations of interpolation ~nctions, including the simplest equal-order L;near and bilinear 
elements. 

L Introduction 

Aiming to develop stabilized finite element methods for viscoelastic flows, as a first step, we 
treat Newtonian flows formulated in terms of velocity, pressure and the extra stress tensor. In 
the recent finite element literature, one can find a number of metheds proposed to solve the 
equations of viscoelastic flows in terms of these three wriables (cf. [1-7]). In particular, 
continuous approximations for all variables are used by Marchal and Crochet [7] and are 
justified for the Stokes operator' part of the equations in [6]. To achieve a stable approxi- 
mation, a rather complex combination of interpolations is used in [7]; the stresses and the 
velocity are in some sense higher-order with respect to the pressure interpolation. 
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Recently, Franca and Stenberg [8] proposed a velocity-pressure-extra stress formulation 
for the Stokes flow. This formulation is based on a stabilized finite element method that allows 
the use of rather simple combinations of interpolations, including equal-order linear and 
bilinear elements. In this paper, we extend this formulation to include the inertia terms in the 
momentum equations. The parameters in the added stabilizing terms are designed to take into 
account locally advective and locally diffusive dominated elements (cf. [9-13j-find references 
therein). Two versions of the stabilized method are proposed. In Section 3, we perform a 
convergence analysis for the stabilized method based on a linearized model of incompressible 
flows. As far as the authors are aware, the previous work that included convergence analysis 
was limited to the Stokes operator. Aside from a recent report [3] considering nonzero 
Weissenberg nu,,abers, our work is one of the first attempts to analyze these equations at 
nonzero Reynolds numbers (i.e., in the presence of both the Stokes and the advection 
operators). It should be noted that the major concern in computation of viscoelastic flows 
heretofore has been related to the advection of the extra stress tensor (i.e., the cases with 
nonzero Weissenberg numbers). Here we restrict ourselves to dealing with the advection terms 
in the momentum equations (i.e., the cases with positive Reynolds numbers). 

In Section 4 we extend the formulation to the Navier-Stokes equations, and in Section 5 we 
report the test results obtained with equal-order bitinear elements. The tests reported are 
restricted to steady flows. 

2. Stabilized metbods for the velocity-pressure-stress formulation 

Written in terms of velocity, pressure and the extra stress, the steady-state, linearized, 
incompressible Navier-Stokes model is given as 

1 
- - T - u ( u ) = 0  i n O  V - u = 0  ing2 
2v ' ' 

( V u ) a - V - T + V p = f  inS2,  u=O on F ,  
(1) 

where T is the ext~'a stress tensor, u is the veloc;~ty, p is the pressure, v is the viscosity, e(u) is 
the svrnmet~c part of the velocity gradient, a is a given velocity field, a n d f  is the body force. 
In our notation, both T and p are scaled with the density. The model is formulated on a 
bounded domain J2 C ~N, N = 2, 3, with a polyhedral boundary F. We consider homogeneous 
Dirichlet boundary conditions to simplify the arguments in the analysis that follows. More 
general boundary conditions are used in the nonlinear model in Section 4 and in the numerical 
results. 

Next, a partition '¢h of g) into elements consisting of triangles ~tetrahedrons in 1~ 3) or 
convex quadrilaterals (hexahedrons in R 3) is performed in the usual way (i.e., no overlapping 
is allowed between any two elements of the partition; the union of all element domains K 
reproduces g), etc.), and combinations of triangles and quadrilaterals for the two-dimensional 
cases can be accommodated. For convenience, we adopt the following notation: 
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[Pm(K) ,  if K is a triangle or te t rahedren,  
Rm(K) Q, , (K) ,  if K is a quadrilateral or hexahedron,  

where for each integer m ~> 0, P,, and Q,,, are the ovaces of '~.i, polynomials of degree ~< m in 
the variables x~, x 2 , . . .  : r;4 - P,,, with respect to all combinations of these variables and Q,, 
with respect to each one of them. 

The finite element spaces considered are standard, and are restricted to any combination of 
continuous interpolations given by 

V h = {v E (H~,(O))Ulvt~ E(Rk(K)) N, K e  %,}, (2) 

Ph = { q ~  ~e°(~) n c~(s~) I qlKER,(K) ,  K C  ~h},  (3) 

w,  = ( s  ~ (~°(a))N~ I sl,¢ ~ (R,,,(K)) N:, K E  q~h}, (4) 

where the integers k, l and m denote the order of the finite element polynomial approxi- 
mations for velocity, pressure and the extra stress, respectively. Any combination of k, l and 
m might be used in the methods that follow, a possibility which is not accommodated in the 
standard Galerkin method, in general. For the notation in (2)-(4) ,  as usual, L2([/)  is the 
space of square-integrable functions in O; LZo(O), the space of L2-funcfions with zero mean 
value in O; ~o(O),  the space of continuous functions in g2; and H~0(O) is the Sobolev space of 
functions with square-integrable value and derivatives in J? with zer6 value on the boundary F. 
We employ ( . ,  .)  to denote the LZ-inner product i n / ~  and 11.1]0, the L2(g/)-norm. Also, 
( ' ,  ")K and 11. []0.x arc used to denote the L2-inner product and norm in the element domain 
K, respectively; zad, the H ' -no rm is denoted by i]" l[~. 

Our first method (Method I) may be viewed as an extension of the mcthcd proposed in [8] 
to the Stokes flow in terms of velocity, pressure and the extra stress, and can be written as 
follows: Find u h ~ ~,~,, Ph ~ Ph and T h E Wr, such that 

with 

and 

B,(T h, p,,, Un; S, q, v)= F~(S, q, v) ,  (S, q, o ) E W  h x Ph × Vh, (5) 

t 
B.(T, p,  u; S, q, o) = 2-u (T, S) - (e(u) ,  S)  + (V. u, q) - (r, e(v)) - ((Vu)a, v) 

( 1  1 ) 
+ (p ,  v .  v) - ( v .  ~, ~v .  v) - ~2~ r - ~(~), 2.Z; s - ~(v) 

+ ~ ((vu),, + vp - v .  r, ~(-(v,,), +Vq - v . s ) ) ~  
K ~  h 

F~(S, q, v) -- - ( y ,  ~,) + ~ (f, ~(-(Vv). + Vq -V. S)),,, 
K E q~ h 

(6) 

where the stability parameters 6, ~" and ~ are defined as 

-- a l . (x) l~h~¢(Re,~(x)) ,  (8) 
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h~ 
-- ~(ReK(x)) r(x, Re~(.r)) 2la(x)t,~ 

0 < a ~ < 0 . 5 ,  

(9) 

(10) 

m ,la(x)l h,  
R e A x )  = 4v(x)  ' 

j Re (x), 
~:(Rex(x)) = [ 1, 

( /  N \~/v 

i a(x)le [ m a x  la,(x)l, 
ki=l.N 

m,~ = min( ~, 2C,,} , 

(11) 

0~<ReK(x ) <  1, (t2) 
ReK(x ) ~ 1, 

l ~ p < o o ,  

p = o ~ ,  
(15) 

(14) 

(15) 

and h is a positive parameter. 

R E M A R K  1. This formulation is an extension of the one proposed in [8] for Stokes 
formulation to include the advective terms, and the design of the stabilization parameters ~" 
and 6 closely follows the definitions given in [10] which coincides with the design of z in [13] 
for low-order elements. 

R E M A R K  2. Unlike the stabilized u-p  formulation (thoroughly studied for equal-order 
linear and bilinear elements by Tezduyar et al. [11-13] aod refs. therein), the present 
formulation naturally accounts for the Laplacian of the velocity in the moraentum eqaation, as 
part of the additional ~- stabilizing terms. Here, taken into a,.count by 7. T, this term does not 
vanish for linear or bilinear approximations of the extra stress tensor T, whereas in the u-p  
fe.."mu!ation, the Laplac;.an of the velocity is identically zero for linear approximations. In 
some sense, the prevent formulation is more consistent for low-order approximations, since all 
terms are present m the formulation. 

R E M A R K  3. It is possible to employ discontinuous extra stresses with order rn >/k - 1 for 
triangles and m >~ k for quadrilaterals. In this case the inf-sup cordition 

sup (r, e(u)) 
0.T wZ HTII0  Cllull,, u Vh (16) 

is automatically satisfied, and we have a stable method without the need for the a- term.  
Furthermore, in this case, the extra stress can be eliminated at the element level and we are 
left with a different u-p  formulation as compared to the stabilized methods proposed directly 
in terms of velocity and pressure [10-13]. It is intriguing that so far we have been able to 
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obtain good numerical results witi~ equal-order bilinear elements, without the need to employ 
the a- te rm,  even for  continuous extra stress interpolation. 

Before continuing further, let us note that if we replace v by - v  in the definition of Method 
I, then this method can also be expressed as foL ,vs: Find i,~ E V h, Ph ~ Ph and T h ~ W h such 
that 

with 

B,(Th, p,,, u,,; S, q, v) = F~(S, q, v) , (S, q, v )G  W h × P,, × Vh , 

I (T, S)  - (e(u),  S)  + (V. u, q) + (T, e(v)) + ((Vu)a, v) BI(T, p, u; S, q, v) = ~u 

, ) 
- ( p , V ' v ) + ( V ' u ,  6 V . o ) + a 2 ~  T - e ( u ) , - 2 z ~ , S - e ( v  ) 

(17) 

and 

+ ~ ((Vu)a + Vp - V -  T, "r((Vo)a + Yq - V - S ) )  K (18) 
k E ~  h 

F~(S, q, v) = (f ,  v) + ~ (.f, "r((Vv)a + 7 q  - V .  S))~.  (19) 
K~C~h 

In the arguments of B~ and F[ above, we relabeled - v  by v again. 
Note that the method may be implemented in any of the forms above, in principle, but the 

algebraic equations depend on the choice of these signs. We do not deal further with this 
aspect here. Instead, we wish to motivate the introduction of a variation of Method I. First we 
note that all additional terms are added in a least-squares fashion, except for the a- term.  We 
will see in the next section that having the a- term with ths current choices of signs restrict~ the 
possible values of a in the numerical simulation. A simple cure is to consider the following 
method (Method II): Find u~ E Vh, Ph ~ Ph and T~, E W h such that 

with 

BH(Th, Ph, Uh; S, q, v ) =  F~,(S, q, v) , (S, q, v) G W h x Ph x Vh , (29) 

1 
BII(T , p, it; S. q, v) = ~ (T, S)  - (e(u),  S)  + (V- u, q) + (T, e(v)) + ((7u)a, v) 

- (p ,  V" v) + (V. u, 8V.  v) + a 2 v  T - ~(u), 2--u; S - e(v)  

+ ~ ((Vu)a + Vp - V .  T, ~'((Vv)a + Vq - V .  S))x (21) 
K E ~  h 

Fu(S, q, v) = (f, v) + ~ (f, ~'((Vv)a + Vq -V .  S)),~. (22) 
K E ~h 

The parameters are designed in the same way as in (8)- ( !5) ,  except that now a does not need 
to have an upper bound as indicated in (10). For Method II, a may be chosen arbitrarily 
greater than zero. 
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3. Error  analysL- 

In this section, we study the convergence of the stabilized Method I given by (5)-(15).  We 
prove the following result. 

THEOREM 3.1. Assuming the given data a(x) and v(x) to satisfy 
( i )  v -  , , i x )  = o ,  
(ii) v(x) = v = constant > 0; 
if, in addition, the solution to (1) satisfies u E Hk+'(O u) fq H ~ ( O ) : e, p E H~ + ' ( O ) r3 L ~ ( Q ) end 
T ~ Hm+:(O) mN+~)i2, then the solution (T h, Ph, Uh) of  the methodgiven by (5 ) - ( t5 )  conver~,es 
to (T, p, u), the solution of (1), as follows: 

1 
8~, t i t .  - TII~o + 2 v ~ l [ e ( u , ,  - u) l lg  + ~ - - - -  ~ []~'I/2(V(Uh U)Cg + V(p,, p))H20 

+lla"~v.(~,, ~)llg-<c(.) E "'~ "~"~"+~"'= 
&-e% 

h Zt 2 "~ - + , , I p ] , + , . x ( n ( R e K  -- 1 ) / - ~  s u p l a l ~  ~ + H ( 1  - R e K ) h ~ : ( 2 u  ) ~) 
x E K  

+ h~lul 2 ,+~.~(H(ReK - 1)h,, suplal ,  + H(1 - Re,,:)2 v)), 
x E K  

where H(. ) is the Heaviside function given by 

0 ,  x < y  , 
H(x - y) = 1, x > y . (23) 

Before establishing this theorem let us verify a few preliminary results. First note that, by 
definition, the stability parameter r is bounded by a censtant in each element domain K. In 
fact, 

1-(x, Rer(x))  = hx Re~(x) ~ 1 (24a) 
2 1 a ( x ~ , l , ,  . , 

r(x, ~"  t,.~ = 0 ~< Re,~(x) < 1 (24b) 

and therefore, for ReK(x ) t> !, 

l"(x, R e r ( x ) ) =  hr 1 m,.la(x)l.hx <~ m,nh ~ 
21a(x)l, Rex(x) 4v 8-~ (25) 

and combining with the definition (24b), we conclude that the bound (25) is valid for all values 
of Rex(x ) . 

The stability of the method can now be established. 

L E M M A  3.1. (Stability). Under the same assumptions (0  and (iO of Theorem 3.1, we have 
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for all (r ,  p, u) ~ W,, × e~ × V~, 

BI(T, p,  u; T, p,  - u )  

1 
G IIrFIg + 2~l[~(u)l lg + ~ II~';=((V~)a + Vp)ll~, + ll~'"-V" "tlo 

PROOF.  By assumption (i), by (2) and integrating by parts, we have 

((vu)a, , ) =  o ,  u~v,,. 

Let 3' > 1 be a parameter to be set below. Then 

BI(T, p, u; T, p,  - u )  

1 1/2V a -- 2--; IITiI°~ + 0 + [1~ ,1I~0 + 2 ~ l l ~ ( , , ) l l g -  ~ Ilrll~ 

+ Z If~:~((V~)a + V p -  v.  r ) l l ~ .  

1 - a  
- . ' ~ l l ~  ~ llr[Io ~ + 2vc~!lt(u)l[~ + I1~ ; " "  

+ 11~'"2((Vu)a + Vp)ll~ + ~ I l r m v  • rl!~.~ - 2 
K ~  q~h 

~- 2--7 IlrllX + 2~l l~(u)] lo  ~ + I1~ "-'V- ~llg 

+ ( 1 - :  ')[IT~'~((vu),~ ÷ vp)llo + ( 1 -  3') ~ it.?'~v • TiI~,.,, 
K ~  h 

1 
~ - - ( 2 - 2 , ~  + 1 - 3")l]rll,~ + 2,,a[le(u)[l~ + N6'~2V • ,,i1~ 4v 

+ (~ - ~,-')l l~":((Vu). + Vp)llg 
O/ 

2 - 3 ~  ilrll~o + 2~l!~(u)ltg ÷ l l~ '~v • ,,11~ + ~ 11~"2((v,,)~ + Vp)tlo 4v 

1 a 
~>G ltrll~ + 2~l t~( , , ) l lg  + t1~ ~'~v • ,,11o + ~ II~"~((v,,),  + vp)ll~ • 

Y~ (v.  r, ~((Vu)a + Vp)),, 
K ~  h 

37 

(26~ 

The second last line was obtained by setting 3' = 1 + a > I, and recalling that a is to be 
selected between 0 and ½, the result follows in the last line. in addition to the stability result 
above, we will need the following interpolation estimate. 

L E M M A  3.2. Denoting by rlr = Th - T, ~Op = Ph - P and rj, = tt h - u the interpolation errors 
and assuming the solution to (1) to be smooth enough as stated in Theorem 3.1, then for  each 
K C ~h, we have 
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(a) I f  Re x >- 1, Vx ~ K, then 

1 r l / 2 V ,  it2 12 v 1/2 g 
--2v 11,7~1,o.~'~ + II ,l~lla.x' + IIr '1o o,x + 2v[le( ,1 , , ) l la ,x + Ila • ,1o110~ 

1 t 2 t  ~7 "1 1t2 - 1 1 2  12 112 2 
+ r t r t , , ,a l lo .x + Ila '7,, o,,, + I1" v%l l . ,~  

-' ="+= ~ ' "- '*+~lul~ . ,x  + s u p l ~ l  " : ' + '  '" C((2v)  h K ]Tlm+~,x + s u p l  a vnK , . . p nK [pff+~.~)" 
x ~ K  x ~ K  

(b) If  0 <~ Rex(X ) < 1, Vx ~ K, then 

1 ,~2V. -~/2 ~ ~ZV. - -  o.~ + ][r ~r[l~.~ + lit ~.[1;.~ + 2vl[e(rl.)H{z~,~ + l[6 '~.ll;.~ 

( ,~-,/, x 

1/2 2 v~pl[0.,~ + I1~ (vn . )a l l o , x  + (2 ,0 - ' l ln , l l o , , ,  + I1~ "''='' ''~ 

, .~ .2k, ,~' , . . .  '~;:-2 ,2 . (28)  ~< C( (2~) - 'h~"+=lr l ] ,+ , .~  ~- .~n .  !ul,+,,~ + w~) ,,~ p l + l , K )  ° 

The  velocity and pressure est imates  fo l low as in [9, 10]. For  the stresses we  have P R O O F .  
(a) Let  Rex(x ) >/1, Vx ~ K. Then 

1 z ~< 1 , ,  
27 l l ,7~IIG + tl~'i~v • ,l~lto,x ~ G (ll,~llg.~ + m,,hZllV" '~lla,x) 

C :.,+2 ~ (29) Gh '~  iriT.. ,x.  

(b) Let  0 < Rex(x ) ~< 1, Vx E K. Then 

2-~ I1,1~-I1~.,, + II rl'~'v" ,l~ll;.x = G ~ll°~-x + - 7  IIv  mll,,,,~ 

C h2m+21,r12 (30) 
~< 2--~v '=r I-I;~+~.x • 

The last irequal i t ies  in (29) ,  (30)  fo l low by standard approximat ion  theory [14]. []  

P R O O F  O F  T H E O R E M  3.1, Let e] = u h - uh, e~ = Ph - /~h,  e~ = T , , -  ir h and e " =  e~ + ~/,, 
e p h r h 

= e p  + ~ p ,  e = e r + rJr.  T h e n  

1 h 2 a ] 1/2,..',,,~ h ,  + ~.~ h .112 1/2 v h 
8-711411g+~2~llE(e°)ll°+l-7-g~,~ ttve,,)a ve , ) ,o+i la  "e,,llg 

h eh=;e~,ehp - e ~ )  (by Lemma 3.1) <- B,(ehr, ep,  

= BI( er  ~r ,  ee e" ~, h h - - 1 % .  - ~ , ; e  r , e l , , - e . )  

h h 
= --BI(~I  r ,  % ,  ~/.; e~, ep, - e . )  (by cons is tency)  

= - ~ ( , i~ ,  e,.) - ( ~ ( n . ) ,  4 )  + ( v .  ,1°, e~)  + ('1~, ~ ( ~ ) )  
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+ ((V'q,,)a, eh.) - (r/e, V- e~) + (V- rl,, 8V. e~) 

, ,  ,)  
- a 2 v  7qr - e(r i .  ), ~ e r + e (e . )  

h h } 
+ Y, ((Vn,,)a + Yrs . . -V .  fir, r ( (Ve . )a  + Vep - V ,  @))r, 

KE~a h 

71 : 1 1 , 
-< U~ 1i'1~11o + 4~'r,---7114112° ÷ ~""11~(~")11'~' + aT~ lle~ll; 

v2 ,z ~2,, e(eo)[Io +(n.  (ve ' . )a-:-ve~)+(,~,V.e 'O+-g~l l ,7~ho+-- i i  ' = 
' 272 

V h O/Yl a t II 2. I 2 ~ h 
- er o °rYl ( v . n . , s  -e . )+- iTIIml l~o+4-~r  It + ,,1t,~(,1.)1,o+ Ile[il'-o 

¢x'y 2 & v  ~ o~v ~ 2 
+ W 11 ~=tig + 72 II~(e~.)lI~o + ~rz~lle('~°)llz +--~ II*(e.)llo 

73 ~2 2 1 ~2,,r¢ h h, 2 % 1,2 2 +~11~ (V~.)alto + ~ I1,' tt e.)a + w.)llo + T " %flo 

i I,l, ve, ,Ju+ Vep)ll,, + E ~ - I I .  n~lio,K + ~ fl ,,lI2,~e't~h,= h 12 ~t3 1 ' 2 V I  ";' 

K ~ g  h 

1 ((Ve.)a + Veo)llo 

~/1 ' l / 2 t  v \ 1'2 1 E I i . ' ~ v - 4 1 1  ~ + ~ " =  + ~ r t rl.)al)o + ~ g~% o,s ~ ~.Y' II~'~v ~ 1 t o , ~  

+ -£ tl, %11o + E T II, ,~TIIo.,~ + ~ ,,~%,Z IIr ' 'v"  e~llo.,~ 
K ~  h 

1 ( 
~ v , + - + ~ v , + o ,  v 2 o ,  n~ll;+ 4-7 \ v  + ~,~] e~llo 

+, , (v~+,~, ,+,w0[i , ( ,~.) l l~+ T ~. o+~.  [Ir ((Ve.)a+V%)ilo 

, • - -  c(e~)llo 

1 ii2 7 .  ~ z 74 IJ2V. 3'i + ~ /z(V ,a~L2 + ~ l l a  e.lro + g Ila ,1.11g + ~ l l r  1 , rt.)  Ifo 

3 71 + Z~ rl/ZV 
tt ve . )a  + 2 + ~ It~ - ' '=" ' '  " Ve~)iI~ + ~ It '7,11Zo 

3 
+ y_, r~ + v, ii~.,,~v. 'l~llg,,, + %7r, E II~"=v • " '" e t  0,.g 
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I "7 ',~ 2 + )l+e+{lo + +t~(e,+)ll+ 

2 1/2+,/~ h \  h I 2 1 I ,2 h 
+ - + u +o)- + v%)llo + - -  I1+' '+v. e+ Io + ( ~ ,  ++, +,,) 

2T4 

, ( ( , ) )  , 

+~vv ( l + a ) Z  + .  ~ + ~  ~+. ll.+l}; + ~+++,+2 ~+ + ~+ {l+"++v. ~ 2  ~II;+~ '+ 

, 74 ,,'2V. , 

+ 3tl + T3 l]2z V , a H 2  T1 + '~, I / 2 ~  2 

Depending on whether the element is advectivelv or diffusively dominated, we have control 
h in a different manner, namely over 7- e. 

I t4 HiRe,, t)ll~-'J2npIl~,,+ J+V*~ll0.,, 
K~qff h 

1 t, ,2 ] "/2 H ( 1 -  ReK)(2v) 'IIn, I{,].K + ~ H ( 1 -  Re,,)o+ZvllV. e, 0,K] + ~  , . 

+olio,+ + ~  ++++ + ~ H(Re~c- 1)l]+']+V • + a o~H( l -  Rex)2vIle(e+){h,,K 

+ ~-Y+ HCReK - 1)i1+ 'J~++~ '+,+.K + ~Z' H(1 + ReK)(2v ) ltn~l[;,,~+ . 
, . I  

Combining with the previous estimate, and selecting % = 2(7 + 4a),  72 = 3 + N H ( 1 -  Rex),  
73 =4(1 + a)/ce and ~:+ = 1 + H(Re K - 1), gives 

1 h 2 

K~=%+ 

112 h V + ~ll2 t h +~ 
2 ( i + ~ )  {It ((Ve.)a+ esj o + ~  lla'*+-V.eoll; 

[l~vv (2(1 + ~x)(7 + 4a) + ( 1 "  + +  a ) (3  + NH(1 - Re,,))) IIn+ 1{,2,.,~ 

+ ((7 + + + 

+ 2(1++ +)i1++,,+,~, ,+0,• + 1 + HCRe K 2  - 1) ii+,j,v. ,~,,tl=.,. 

+ v(0 + +,)2(7 + 400 + 4(3 + NH(I - Re,,)))ll t(n.)H,2,+K 

+ (  7 + 4 ~ +  20  - -  + "))1' ''~ +" ,. ,~ (v,~.) , lk, ,  
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2(t + ~)) l l r ,~=% , + 7 + 4 a +  I[;.K 

- 1 1 2  12 1 + H(Re K 1) g ( R e  x _ 1)ila ,~ o,~- 
+ 2 

- 1 3 + NH(1 aeK) H(1 - ReK)(2v ) !ln, lls,K 
+ 2a z 

- c (~ )  II n~ll,5 + II, ' '~v  ,1~11~ + • ,1. 0 
1/2 , 2 i / 2  2 

+1[~ ( % y a l l o + l } ~  %11o 

+ 2 H(Reg - 1)Ha - , ' z% '~o.K + H(1 - Re,<)(2~')-'l[notlo.K 

~< c(~) 
K ~  h 

(,-,.~ ]-Ih2m+2 
t z ' ~ ' ,  K T I 2 + I . K  

2k 2 R p - -  + h r  ]u[~+I,K(H ( e K -  1)h K supl,,I + H(1 ReK)2v ) 
x~K 

21 2 ) 
4- hK[pl,+,j<(H(Re~ -- 1)h~ suplal~ * + H(1 - Ret~)hx(2V) -~) . 

xeK 

The last inequality follows by the interpolation estimate (Lemma 3.2). The result follows 
using the interpolatkm estimate for the interpolation errors in the norm on the left-hand side 
and then applying the triangle inequality. [] 

R E M A R K  4. The interested reader can establish a convergence analysis for Method II in the 
same manner as shown above for Method I. The only significant change is in the stability 
argument for Method H for which any a > 0 renders the methodology stable. The stability 
arguments follow similar lines as in [10]. 

4. The incompressible Navier-Stokes equations 

The steady-state incompressible Navier-Stokes equations in the velocity-pressure-extra 
stress formulation can be written as follows: 

1 
2 - ~ T - E ( u ) = 0  in ~ ,  V . u = 0  in 12, 

( V u ) u - V . T + V p = f  in O,  (31) 

u = g  on Fg, (T-pI)n=h on Fh, 

where in addition to the notation introduced in Section 2, g and h are given Difichlet and 
Neumann boundary conditions, respectively, specified on ~ and F h, complementary subsets of 
F. Let us define the set of trial functions for velocity as 



42 M.A. Behr et al., Velocity-pressure-stress formulation of incompressible flows 

V~ = {Ve II'(O)x [ vIxeK E R~(K) u, K C ~¢~, v = g on Fg}. 

Employing (2)-(4) and (32), the first stabilized method introduced in 
extended as follows: Find u s ~ V~, Ph E Ph and T h E W h such that 

B(Th,  Ph, Uh; S, q, I3) = F(S, q, v) ,  (S, q, v) e V6, × Ph × V,,, (33) 
with 

1 
B(T,  p,  u; S, q, o) = ~ (T, S )  - (e(u), S) + (V.u ,  q) - (T, e (v ) )  - ((Vu)g, v) 

+ ( p ,  7 .  v ) - -  (V .  u, 6V" v) - a 2 v  T - e(u) ,  2,--, S - e (v)  (34) 

+ ~ ((Vu)u + Vp - V .  T, z ( - ( V v ) u  + Vq - V .  S ) )  x 
Xe%, 

and 

F(S, q, v) = - ( f ,  v) - (h,  v )r  h + ~ ( f ,  r ( - (Vv)u  + Vq - V .  S ) ) x  , (35) 
K e'6, 

where the stability parameters 6, ~- and a are defined as follows: 

(32) 

Section 2 can 19e 

6 = a l u ( x ) l p h x ¢ ( R e ~ ( x ) ) ,  (36) 

hx 
r(x, Rex(x)) = 2lu(x) l p sO(Rex(X)), (37) 

0 <  a ~<0.5, (38) 

m,,]u(X)[phx 
Rex(X) - 4v(x) ' (39) 

j 'Rex(x ) ,  0 ~ R e x ( x ) < l ,  
~:(Rer(x)) = [ 1, Rer (x  ) ~> 1, (40) 

i N I p lip , , (Zi= , i u , ( x ) l  ) , l < - p < o ~ ,  
I av':)]r = , ,, (41) max u . f r ! ,  p=oo  

I' } m., = min g ,2C, .  , (42) 

h IIV.TI] ,,,< IITIIg, TeW , (43) 

and A is a positive parameter. 

5. Numerical  tests 

We have performed numerical experiments for this method employing equal-order bilinear 
approximations for all variables (T, p, u). The constant m,,,=~ is set to I /3  througfiout. 
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The first test problem is the 'leaky' cavity consisting of  the flow in a unit square domain w~th 
boundary condit iops u I = 1, u 2 = 0 at y = 1 (0 ~ x ~< i )  and u = 0 at all other boundaries .  A 
uniform mesh of  32 × 32 elements  is used. In Fig. 1 we p! - '  contours of  each extra stress 
c o m p o n e n t  and of  pressure, the velocity vectors and the stream function contours at Re  --- 400, 
for a = 0. J. We also tested the method  for ~ = 9.02 and 0 and found the results to be very 
similar. The case a = 0 is not  covered in our convergence analysis, but yields just as good  
results. We repeated this study for the same set of  values of  a at Re = 5000, and plotted the 

Txx st reamlines 

, - . . . .  

Txy v e l o c i t y  

k ~--..I ~fAI 

i lIJ111 i i lJ!,FII 

Tyy pressure 

Fig. 1. Extra stress, stream function and pressure contours, and velocity vectors for the qeaky' cavity flow at 
Re = 40{): 32 x 32 QI lO1  tQI elements with ~ = 0.1. 
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TXX streamlines 

Txy 

Tyy 

velocity 

'~',t % & 1 

e l l  * "  & 

, I , . , 1 : " . : ' , , ,  

LJ 
3 r e s s u r e  

Fig. 2. Extra stress, stream fimction and pressure contours, and velocity vectors for the q e a k /  cavity flow at 
Re = 5000:32 x 32 Q 1 / Q I / Q 1  elements with a = 0.l .  

results, again for a = 0.1, in Fig. 2; the method gives results comparable to those in [10, 151. 
In Figs. 3 and 4 we compare the present results for ,~ = 0.02, with the results obtained with the 
equal-order bilinear velocity-pressure formulation using the same definitions for 9" and 6 in 
(36) and (37), at Re = 400 and 5000. 

Next, the steady flow past a cylinder is studied at Re = 26 with the mesh (1965 elements) 
shown in Fig. 5, for a = 0.1, 0.02 and 0. In Fig. 6 we show the results for a = 0.1. The method 
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streamlines streamlines 

velocity 

IItlIIII.,I:tZ~I~ ' : - ~ ' : . .  ' ,,,... ~~lffttl,,..---."~"..,, ' 
....... _<_<~~~///_/. z, :, ....... ~////;; : . 

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :  

pressure 

velocity 

t!IIII~)NiiiJii ":'2" 

pressure 

Fig. 3. Comparison between the equal-order bilinear velocity-pressure formulation (left) and the present 
velocity-pressure-stress formulation (right) a~ Re = 400. 

gives almost the same results as for a = 0.02 and 0, We note that these results compare 
qualitatively well with experimental data (see [16]). 
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Fig. 5. Mesh (1965 elements) employed for the cylinder prablem. 
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