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SUPG-stabilized finite element formulations of compressible Euler equations based on the conserva- 
tion and entropy variables are investigated and compared. The formulation based on the conservation 
variables consists of the formulation introduced by Tezduyar and Hughes plus a shock capturing term. 
The formulation based on the entropy variables is the same as the one by Hughes, Franca and Mallet, 
which has a shock capturing term built in. These fo~ulations are tested on several subsonic, transonic 
and supersonic compressible flow problems. It is shown that the stabilized formulation based on the 
conservation variables gives solutions which are just as good as those obtained with the entropy 
variables. Furthermore, the solutions obtained using the two formulations are very close and in some 
cases almost indistinguishable. Consequently, it can be deduced that the relative merits of these two 
formulations will continue to remain under debate. 

1. Introduction 

The physics and dynamics of problems involving compressible flows in aerospace applica- 
tions are not yet fully understood. Particularly, better understanding of dynamical, thermal, 
and chemical aspects of the reentry conditions is needed. While the prediction of aerodynamic 
and heating loads is very important for designing space vehicles [5], the conditions, such as 
altitude and speed, under which space vehicles operate makes the simulation by ground test 
facilities extremely difficult. Therefore, computational predictions based on the solution of the 
appropriate governing equations have become crucial. The finite element method permits the 
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use of unstructured grids which are often needed to effectively solve problems with compli- 
cated geometries. While it is hoped that the inherent flexibility of the finite element method 
will enable engineers to model flows past such vehicles as the Space Shuttle and the 
Aerobraking Flight Experiment, this work has concentrated on developing effective strategies 
for the solution of compressible flows in two dimensions, which can then be extended to more 
complex three-dimensional problems. 

Among the difficulties associated with numerical simulation of compressible flows is the 
treatment of shocks and sharp layers. For high-speed flows, the magnitude of such sharp 
variations in the flow field becomes very large, making the computation even more challeng- 
ing. It is well known that classical Galerkin finite element (or classical central difference) 
schemes result in spurious oscillations for advection-dominated flows, especially in the 
presence of sharp layers in the solution. To minimize such oscillations, the streamline-upwind/ 
Petrov-Galerkin (SUPG) formulation is employed. The SUPG formulation was first intro- 
duced, in the context of incompressible flows, by Hughes and Brooks [6]. A comprehensive 
description of the formulation, together with various numerical examples, can be found in [7]. 

The SUPG stabilization for hyperbolic systems, in particular compressible Euler equations, 
was first introduced in a 1982 NASA report by Tezduyar and Hughes [l]. This report includes 
a stability and accuracy analysis and several 1D and 2D examples. The method was also 
presented in a 1983 AIAA paper [8]. The journal version of the NASA report was published 
in 1984 with some additional numerical examples [9]. The stabilization techniques introduced 
in [l] constitutes pilot work for compressible flows. For example, the Taylor-Galerkin 
stabilization method promoted by Donea [lo] is very similar (under certain conditions 
identical) to one of the stabilization methods introduced in [l]. 

The SUPG stabilization used in [l] was achieved in the context of conservation variables. 
Following that, similar stabilization techniques were employed in the context of entropy 
variables [2-41. Together with a shock capturing term added to the formulation, it was shown 
that the solutions obtained with the entropy variables were more accurate than those obtained 
with the conservation variables. However, the SUPG formulation introduced in [l] did not 
involve any shock capturing term. Recently, it was shown in [ll] that this SUPG formulation 
based on conservation variables, supplemented with a shock capturing term, gives solutions 
which are just as good as those obtained with the entropy variables. The main objective of this 
work is to investigate and compare the finite element solutions of compressible flows using the 
conservation and entropy variables formulations. 

Computations reported in this work are performed by an implicit implementation of inviscid 
impermeable .wall boundary conditions. In this implementation, the normal and tangential 
components of the momentum are kept track of, rather than the global Cartesian components. 
The normal component of the momentum can then be set to zero as a Dirichlet boundary 
condition. Transformation between the normal-tangential components frame and the global 
Cartesian components frame is accomplished by using a local transformation rule, dependent 
on the geometry of the boundary. 

2. The governing equations 

Let R be a domain in Rnsd and T be a positive real number, where ~t,~ is the number of 
spatial dimensions. The spatial and temporal coordinates are denoted by x E fi and t E [0, T], 
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where a superposed bar indicates the set closure. The boundary of the domain s1 is denoted by 
I’. The dynamics which governs multi-dimensional inviscid, compressible fluid flow is de- 
scribed by the Euler equations. These equations, written in terms of conservation variables 
u = t P, PU, 7 . . . , wnsd, w% are 

$ + $ = 0 on R x (0, T) , 
I 

(1) 

where I;,, . . . , Ft,?* are the Euler fluxes, and repeated indices imply summation over the range 
of spatial dimension nsd. Alternatively, (1) can be written as 

g+Aig=O onIZx(O,T), (2) 

where 
I 

8F, 
Ai==, i-1,2,. . . ,nsd. (3) 

We assume that associated with (2), the following boundary and initial conditions are given: 

BU=G on I x(O,T), (4) 

U(r, 0) = U,(x) on Sz , (5) 

where B denotes a general boundary condition _oper_ator, and G and U, are given functions. 
By performing a transformation of variables U = U(U), we can obtain the Euler equations 

in terms of the entropy variables [2] such that 

Ao$+ij~=O onfix(O,T), 
I 

where 

iO=s and ii=A,A”,. 

In this form, A”,, is a symmetric and positive-definite matrix, and 
matrices. Also, associated with (6) is a general boundary condition 
function G, such that 

B”ti = G on I x (0, T) . 

(6) 

(Rb) 

the ii’s a_re symmetric 
operator B and a given 

(8) 

The transformation fi = fi(U), given in [2], can be written, in two dimensions, as 

[ 

-U,+pi(y+l-s+s,) 

U(U)= $ 4 
u3 

1 

9 

-u* 
(9) 

where the internal energy pi and the entropy s can be expressed as 
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pi= U,- 
u; + u: 

2u, ’ 
s = In (Y - l)pi [ 1 u; ’ 

(10) 

(11) 

and y is the ratio of the specific heats. 
Because the Euler equations neglect the viscous terms of the compressible Navier-Stokes 

equations, the flow is allowed to slip at a solid surface. Thus at each point on the surface, the 
solution of an Eulerian flow must satisfy 

u,n, = 0 ) (12) 

where ni, i = 1,2, . . . , nsd, are the components of the unit normal vector. 

3. The finite element formulation 

Consider a finite element discretization of the domain IR into subdomains (elements) !X, 
e=1,2,. . . ,n,,, where it,, is the number of elements. Throughout, we shall assume that on r 
the trial solutions U and fi satisfy BU = G and i@_= 6, respectively. Furthermore, on r, the 
weighting functions W and W satisfy BW = 0 and BW = 0, respectively. We define the following 
finite-dimensional function spaces. 

For conservation variables: 

Sh = {U” 1 Uh E [H’h((n)]“dof, Uhlne E [P1(LRe)]“dof, BUh A G on r} , (1% 

Vh = {w” 1 wh E [Hlh(a)lvdof, Whlnp E [P’(fi’)]“d”f, BWh A 0 on r} ; (14) 

For entropy variables: 

s”” = (6” 1 U” E [Hlh(LR)lndof, Chine E [P(R’)]“dof, iitih A & on r-1 , (15) 

V” = {W” ) Gh E [H’“(n)]“dof, chine E [P’(fl’)]“dof, i$fh A 0 on r-1 ; (16) 

where ltdof = IZ,~ + 2. 
The finite element formulation of the Euler equations in conservation variables is written as 

follows: Find Uh E Sh such that VWh E Vh 

“el 

+c /yg*- I h auh 
e=l I 

ax, dQ=O, 
1 

(17) 
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where 
T, = 7A; , 

D= v,Z. 

In this formulation, T and vd are defined as 

T= max 
ah, 

lGicnsd p-z7 1 

Vd = 

Ai 

auh ax. .A”&, au” 
I 

1 axi 

at, auh _i-l 5 auh 
axj axi O ax, ax, 

(18) 

(19) 

(20) 

(21) 

where Z is the identity tensor, hi is the element length in the xi direction, (Y is a parameter 
controlling the stability and accuracy of the time-integration algorithm, pi is the spectral radius 
of Ai, and t,, 1= 1,2,. . . , nsd are the components of the element (local) coordinate. 

The finite element formulation of the Euler equations in entropy variables, on the other 
hand, is written as follows: Find Z?” E s”” such that VI@” E f” 

where 

D = max(O, (Cd - CT))A”,, . 

In this formulation, 7, & and GT are defined as 

a(. _ 
7”= $ii”;’ kAk i 

-lt2 , 
I k 

- ati" 
4 ax. .&‘A”. i@ 

at, a+ 

1 axj 

- ag; ati" 
- -*A,- - axj axj ax, ax, 

- afi" 
Ai - 

afi" 

ax, 
.& - 

1 ax; 

afi" _ ach’ 
--A,- 
axj ax, 

1 
112 

> 

J 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 
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REMARK 1. In (17) and (22), the first global integral represents the Galerkin variational 
formulation of the problem. The first series of element level integrals are the SUPG 
stabilization terms added to the variational formulation. The second series of element level 
integrals are the shock capturing terms. 

REMARK 2. Note that, in the entropy variables formulation, the contribution of the SUPG 
operator is subtracted from the shock capturing operator to prevent excessive diffusion. 

4. Numerical examples and observations 

In order to evaluate the aforementioned methods, several test problems are considered, for 
the purpose of comparing the performances of these formulations in modeling subsonic, 
transonic and supersonic flows. The first test problem is a reflected shock considered by Mallet 
[12]. The two other problems are those of flow past a circular cylinder and flow past a 
parabolic arc bump. 

4.1. Reflected shock 

This problem has several features which make it a popular test problem. First, it can be 
solved analytically, allowing for a check of the accuracy of our solutions. The problem also 
involves oblique shocks and a reflection point, both of which will more severely test the 
robustness of our methods. Finally, as this problem was considered in the entropy variables 
work of Mallet [12], it allows for comparison of our solutions with those obtained with the 
entropy variables. 

There are three regions of flow in this problem, partitioned by shocks. In the steady-state 
solution of this problem, all three regions have constant values for the flow variables, which, 
as given in [12], are 

Region 1 

M = 2.9 
p = 1.0 
u, = 2.9 
u2 = 0.0 
p = 0.714286 
c= 1.0 

Region 2 Region 3 

M = 2.3781 M = 1.94235 
p = 1.7 p = 2.6872838 
u, = 2.619334 u, = 2.401499 
u2 = -0.5063 u, = 0.0 
p = 1.52819 p = 2.93398 
c = 1.121833 c = 1.23633 

The computational domain for this problem has the dimensions 4.1 and 1.0 units in the x1 
and xZ directions, respectively. The elements are of uniform size, with 60 elements in the x1 
direction, and 20 in the x2 direction, making for a total of 1200 elements and 1281 nodes in our 
computational domain. The left and upper boundaries have Dirichlet type conditions for all 
four primitive variables, density, both velocities and temperature. The lower boundary is 
taken as a frictionless wall, and therefore, no-penetration conditions imposed along this 
boundary. At the right boundary, none of the flow variables are specified as this is a 
supersonic exit boundary. 
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The density at x2 = 0.25 and contour plots, also of density, are shown, for the conservation 
variables solution in Fig. 1, and for the entropy variables solution in Fig. 2. The solutions have 
no oscillations around the shocks, and the line plots show that the shocks are captured within 
only a few elements, even though the mesh lines are skew to the shocks. 

The effects of the shock capturing operators, defined by (19) and (24), were also examined 
by computing this problem without these terms. Without the shock capturing terms, for both 
formulations, instead of being captured within 4 or 5 elements, the shocks are spread out over 
almost a dozen elements and there are large overshoots and undershoots associated with each 
shock. 

Density at x2 = 0.25 

Density contours 

Fig. 1. Reflected shock problem: solution obtained by using the conservation variables formulation. 
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Density ot x2 = 0.25 

; 

f 

Oensity contours 

Fig. 2. Reflected shock problem: scdution obtained by using the entropy variables formufation. 

4.2. Flow pmr a parabolic arc bump 

This problem is that of a parabalic arc bump placed on the floor af a frictionless 
tunnel. The arc bounding the bump is described by 

xz = bfl - (247 , (28) 

wind 

where b is the ratio of the maximum arc thickness to the length. The bump lies in the center of 
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the bottom boundary of the domain, which extend L units in front and behind the bump, and 
H units above, with both H and L normalized by the arc length. The left boundary has 
Dirichlet boundary conditions for p, U, and u2 (and e, if the inflow is supersonic). The bottom 
boundary satisfies the no-penetration condition, as does the top boundary in the supersonic 
case, while it has all four variables set to their free-stream values in the subsonic and transonic 
cases. 

Cp along the tunnel floor 
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6 
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-2.0 - 1.0 0.0 1.0 2.0 

Xl 

Cp an the bump 

G 
I 

4 
I 

-0.50 -0.25 0.00 0.25 0.50 

Xl 

Pressure contours 

Streamlines 

Fig. 3. Flow past a parabolic arc bump at Mach number 0.5: solution obtained by using the conservation variables 
formulation (without the discontinuity capturing operator). 
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4.2.1. At Mach number 0.5 
The first case we examine is that of subsonic flow past the parabolic arc bump. The 

free-stream Mach number is 0.5, and the subsonic nature of the flow forces the computational 
domain to be extended many chord lengths upstream to minimize any upstream boundary 
effects. The domain parameters are set as follows: L = 8.0, H = 3.0 and b = 5%. The mesh 
has 22 elements in the x2 direction and 94 in the x, direction, giving a total of 2068 elements 
and 2185 nodal points. Figures 3 and 4 were generated without employing the shock capturing 

Cp along the tunnel floor Cp on the bump 
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Fig. 4. Flow past a parabolic arc bump at Mach number 0.5: solution obtained by using the entropy variables 
formulation (without the discontinuity capturing operator). 
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Cp along the tunnel floor Cp on the bump 
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Fig. 5. Flow past a parabolic arc bump at Mach number 0.5: solution obtained by using the conservation variables 
formulation. 

operators, and show the pressure coefficient along the tunnel floor, together with the pressure 
contours and the streamlines. Figures 5 and 6 show the solutions generated with the shock 
capturing operator employed; these solutions are only slightly different from those obtained 
without the shock capturing operators. 

4.2.2. At Mach number 0.84 
A slightly more challenging case for these formulations is the transonic flow past the 

parabolic arc bump. A portion of the domain becomes supersonic and a shock wave forms on 
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Cp along the tunnel floor Cp on the bump 
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Fig. 6. Flow 
fo~u~ation. 

past a parabolic arc bump at Mach number 0.5: solution obtained by using the entropy varial Aes 

the surface of the bump. The computational domain and mesh are identical to that for the 
subsonic case, and the free-stream Mach number is set to 0.84. 

Figures 7 and 8, generated using the shock capturing terms, show the pressure coefficient 
along the symmetry axis, together with pressure contours around the bump, and Mach 
contours in the supersonic region. Figure 7 shows these for the conservation variables 
formulation, while Fig. 8 shows the same for the entropy variables formulation. Both figures 
show the formation of the shock at around x1 = 0.3. This shock is captured by both 
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Cp along the tunnel floor 

* 

Cp on the bump 

* 

Xl Xl 

Pressure contours 

I \ \ I 

Mach contours in the reqion of supersonic flow 

Fig. 7. Flow past a parabolic arc bump at Mach number 0.84: solution obtained by using the conservation variables 
formulation. 

formulations within only two elements, without the overshoots and undershoots often seen 
with such shocks. 

Once again this problem was also computed with both formulations and without the 
respective shock capturing terms; oscillations appear in the neighborhood of the shock in each 
solution. 

4.2.3. At Mach number 1.4 
The case of supersonic flow past the parabolic arc bump poses a more challenging case for 

the methods presented. The free-stream Mach number is set to 1.4. The domain is also 
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Fig. 8. Flow past a parabolic arc bump at Mach number 0.84: solution obtained by using the entropy variables 
formulation. 

decreased in size, because no information propagates upstream; L, and H are now both set to 
1.0, and b is set to 4%. The mesh, shown in Fig. 9 has 30 elements in the x2 direction and 92 
in the x1 direction, giving 2760 elements and 2883 nodal points. Figure 9 aiso shows, for the 
conservation variables formulation, the density at x2 = 1.0 and x2 = 0.5, and pressure contours 
in the neighborhood of the bump. Figure 10 shows the same for the entropy variables 
formulation. The shock interaction which occurs behind the bump is captured well by both 
formulations. This interaction is the result of the leading edge shock reflecting off the upper 
boundary, crossing the trailing edge shock, reflecting again and finally merging with the 



G.J. te Beuu et al., SUPG finite element computation of compressible flows 411 

Density at x2 = 1.0 Density at x2 = 0.5 

Prossure contours 

Fig. 9. Flow past a parabolic arc bump at Mach number 1.4: solution obtained by using the conservation variables 
formulation. 

trailing edge shock. Both formulations also capture well the expansion waves caused by the 
curvature in the arc, and the decrease in strength of the reflected shock, a result of the 
expansion waves. These two solutions were generated using the shock capturing operators. 
Solutions were also generated without these terms; and as was the case for the reflected shock 
and the transonic flow over an arc bump, overshoots and undershoots appear near the shocks. 
Figure 11 shows this same problem computed using the entropy variables formulation with 
shock capturing, on a mesh that has twice the number of elements in both the x1 and x2 
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Density at x2 = 1.0 Density at x2 = 3.5 
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Fig. 10. Flow past a parabolic arc bump at Mach number 1.4: solution obtained by using the entropy variables 
formulation. 

directions, for a total of 11040 elements and 11285 nodes. Much better resolution of the 
shocks compared to the coarser mesh is evident, suggesting that solving this type of problem 
can be achieved more efficiently by using adaptive meshing algorithms. 

4.3. Flow past a circular cylinder 

In this case, we consider subsonic and supersonic flow past a circular cylinder. Due to the 
symmetry of the solutions in both cases, only half of the cylinder is modelled. The domain is a 
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Denslry at x2 = 1.0 Density at x2 = 0.5 

Pressure contours 

Mesh 

Fig. 11. Flow past a parabolic arc bump at Mach number 1.4: solution obtained by using the entropy variables 
formulation (with a more refined mesh). 

rectangle of height L/2 and length L, with L normalized by the cylinder radius, and the half 
cylinder is located at the center of the bottom boundary. The upstream boundary has Dirichlet 
boundary conditions for p, u1 and u2 (and e, if the inflow is supersonic), while the bottom 
boundary satisfies no-penetration, and the downstream boundary is free. The upper boundary 
is free in the supersonic case, but all four variables are Dirichlet type and set to their 
free-stream values in the subsonic case. 
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4.3.1. At Mach number 0.3 
The case of subsonic flow at free-stream Mach number 0.3 is considered first. The 

computational domain extends 15 radii upstream, downstream and above the cylinder. The 
mesh has 45 elements in the radial direction and 80 elements in the tangential direction, giving 
3600 elements and 3726 nodes. The no-penetration condition is imposed on the cylinder 
surface using the algorithm described in Appendix A. 

Figure 12 shows, for the conservation variables formulation, the pressure coefficient and 

Cp an cylinder surface 
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Pressure contours 

Streamlines 

Fig. 12. Flow past a circular cylinder at Mach number 0.3: solution obtained by using the conservation variables 
formulation (without the discontinuity capturing operator). 
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Fig. 13. Flow past a circular cylinder at Mach number 0.3: solution obtained by using the entropy variables 
formulation (without the discontinuity capturing operator). 

Mach number on the cylinder surface, as well as pressure contours and streamlines near the 
cylinder. Figure 13 shows the same for the entropy variables formulation. Figures 14 and 15 
show the previous cases with the shock capturing terms, with only slight changes in the 
solutions obtained. 

4.3.2. At Mach number 3.0 
The last problem considered is another challenging one, the case of supersonic flow past the 

cylinder at free-stream Mach number 3.0. The computational domain again extends 15 radii 
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Fig. 14. Flow past a circular cylinder at Mach number 0.3: solution obtained by using the conservation variables 

formulation. 

upstream, downstream and above the cylinder, and the mesh has 60 elements in the radial 
direction and 80 in the tangential direction, giving 4800 elements and 4941 nodes. Along the 
upstream boundary, all four primitive variables, density, both velocity components and 
energy, are specified, and the bottom boundary is a symmetry line except on the cylinder, 
where the no-penetration condition is imposed. The remaining boundaries are left free. The 
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Co on cylinder surface Mach number on cylinder surface 

Pressure contours 

Streamlines 

Fig. 15. Flow past a circular cylinder at Mach number 0.3: solution obtained by using the entropy variables 
formulation. 

steady-state solution generated by the conservation variables formulation with shock capturing 
is shown in Fig. 16, while the same obtained with the entropy variables formulation is shown 
in Fig. 17. In both cases, the stagnation values and the stand-off distances of the shocks are in 
good agreement with experimental and theoretic z values. Solutions could not be obtained by 
either formulation without using the shock captun.~g operators. 
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Fig. 16. Flow past a circular cylinder at Mach number 3.0: solution obtained by using the conservation variables 
formulation. 

5. Concluding remarks 

The main objective of this work was to investigate and compare the SUPG-stabilized finite 
element formulations of compressible Euler equations based on the conservation and entropy 
variables. The formulation based on the conservation variables is essentially the same as the 
one introduced by Tezduyar and Hughes [l] in 1982, supplemented with a shock capturing 
term. The formulation based on the entropy variables is the same as the one in [2-41, which 



G. J. Le Beau et al., SUPG finite element computation of compressible flows 419 

Density leading up to cylinder 

0 

Pressure contours 

Velocity vectors 

Density on cylinder surface 

A.0 -0.5 6.0 Ii.5 i.0 
Xl 

Pressure contours 

Mach number on cylinder surface 

Fig. 17. Flow past a circular cylinder at Mach number 3.0: solution obtained by using the entropy variables 
formulation. 

has a shock capturing term built in. We tested these formulations on several compressible flow 
problems in subsonic, transonic and supersonic ranges. We were able to show that not only the 
stabilized formulation based on the conservation variables gives just as good results as those 
obtained with the entropy variables, but the solutions obtained using the two formulations are 
very close and in some cases almost indistinguishable. Consequently, we believe that the 
relative merits of these two formulations will continue to remain under debate, and therefore 
it is not yet definitive to us if one formulation should be abandoned in favor of the other one. 



420 G. J. Le Beau et al., SUPG finite element computation of compressible flows 

Appendix A. Implementation of the impermeable wall boundary condition 

In the past, typical implementation of the impermeable boundary condition given by (12) 
involved manipulation of the velocity vectors such that the velocity normal to the surface is 
zero after each iteration. This was accomplished by simply nullifying the normal component of 
the velocity at the surface, or by modifying the velocity vector tangent to the surface in an 
effort to conserve the kinetic energy at each point. These methods of satisfying the boundary 
condition have been successfully implemented for quite some time, yet it should be realized 
that this is an explicit treatment of the boundary condition. Thus even when using an implicit 
method, the stability of the algorithm will be influenced by this explicit treatment of the 
boundary condition. Herein is a description of the method used for handling the impermeable 
wall for the case of the conservation variables. This implementation is based on the treatment 
of the solid surface as a Dirichlet boundary which, by definition of the function spaces used, 
allows us to dictate that the normal component of the velocity on a stationary surface must be 
zero. This implicit treatment of the boundary condition has been used to improve the 
convergence rates of both explicit and implicit algorithms and has also allowed the use of very 
large Courant numbers to reach the steady-state solutions of Eulerian flows. 

In the finite element discretization, the quantity Uh is interpolated within each element by 
the nodal values U, and a set of interpolation (shape) functions N, such that 

B=l 

where ~1,” is the number of element nod 
element, (A.l) can be written as 

[ 

UJA 
(U2)l 1 [ Pi2 

Uh = (U,), Nl + $;; N2 + 

v-J4), 4 2 1 
5. In the case of a 

(A4 

Iwo-dimensional quadrilateral 

(A-2) 

where U, =P, U2=Pul, U3=Pu2, U4 = Pe, and the second subscript associates the nodal 
vector of unknowns to its corresponding shape function. 

Equation (A.2) uses a nodal vector of unknowns based on a global Cartesian coordinate 
system. Such a system does not directly allow enforcement of the requirement that the normal 
component of the velocity on a surface be zero because such a requirement has to be imposed 
on a geometric combination of the x1 and x2 components of the velocity at the surface node. 
Therefore a new nodal vector of unknowns for surface nodes is defined where the second and 
third components of this new vector represent components of the velocity in the tangential (s) 
and normal (n) directions, respectively. This new vector is defined as 

P 

PUS 
ff= pu, * 

[ 1 w 

(A.31 



G. J. Le Beau et al., SUPG finite element computation of compressible flows 421 

Having the vector of unknowns in a local coordinate system allows the third degree of 
freedom to be specified as a Dirichlet boundary condition. 

Although introduction of a rotated coordinate system permits the direct enforcement of a 
no-penetration condition, there may be a need for many such coordinate systems depending 
on the shape and resolution of the surface. It then becomes obvious that it will not be possible 
to obtain a solution over a spatial domain where, conceivably, each node may use a separate 
rotated coordinate system. Thus each of these s-n systems must be rotated to one uniform 
system so that the proper governing equations can be used. In this work the flux vectors on 
solid surfaces are rotated to a global Cartesian coordinate system as defined in the problem 
statement. For example, in considering a typical boundary element with nodes 3 and 4 lying 
on the boundary, (A.2) would be modified for the boundary nodes, such that 

(A4 

where R, and R, are rotation matrices which rotate the normal and tangential components for 
nodes 3 and 4, to the global Cartesian system. Such nodal rotation matrices are defined as 

R, = 

1 0 0 0 
0 cos 0, -sin(!& 0 
0 sin oB cos 0, 0 
0 0 0 1 

(AT 

where 6& is the angle measured 
In general, this can be written 

from the X, axis to the s basis vector for the surface at node B. 
for all elements as 

Uh = c N,R,d, , 
B=l 

(A4 

where the s and n components of d for those nodes not on a solid surface would correspond to 
the global Cartesian components, and the rotation matrices would simply be the identity 
matrix. The same type of rotation must also take place on the test functions; 

“cn 

Wh = c N,R,c, . (A-7) 
A=1 

The computational cost associated with using the preceding rotation matrices is not 
insignificant (multiplication of three 4 x 4 matrices for each nodal interpolation and integra- 
tion point of each element), thus it is a worthwhile endeavor to look for the most efficient 
manner of implementing this method. For this work, two schemes have been used to minimize 
the cost. The first one involves the formation of an array which keeps track of boundary nodes 
so that the rotation multiplications only occur when needed. The second strategy recognizes 
that each of the terms used in the formation of the element level matrices need not be rotated 
during formation, but instead the entire element level matrix can be rotated after the 



formation has been completed. This is a favorable strategy in that it maintains the ability to 
vectorize eiement level program loops. 

This implicit handling of the no-penetration condition can also be implemented, in a similar 
manner, in the entropy variables formulation [13]. 
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