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Computations based on
implicit methods and

implemented on
massively panllel

computers ptovide a
new capability for

solving a large class of
p racti c al f low probl e ms.

erLrh les engineers to cre lLr ' . r tc  dcs igns wi th r  computer  l  h i lc  rcr luc ing the
need for  bul ldur  phrs icr l  nrodels rnd condrctnq cost l r '  \  d  tuf fe l
c\pcdrn.r$. llesisiers ol iuroDobilcs ird {rrcrcfuri. tir er,imple, crn
rse rhese Lechr iques to r tsrnc l  r lcs i3n cr : l r tepts.  Sol i r r re ls  uscd to Lai
r  r rcsh or  gr ic l  orer  t le  geomcrn oI  thc rcx design;  i f lensl re t los

compuot i rn rhcn dcrcrr rnres i lou \1rr i rb les s l lch i r  ( lcrs i t i .  I ) r t+ iure.  ind
r  c lor i t l rL  Lhor  sr l . ls  of  d iscrct t  poi r ts .  1 'he ln . rses oLr l ' r i ied
t i r rcs crough ar  crute rn r l l imnr ion en,rb lccngiDccrstor isr r l izethe
l lon ofx i f  ( , r  r r r . .  onder speci f ied opeut ing c<nrLi t i<ns.

Cirrrring out such corrpLLtrLlons fequifes roh ing i sctolcou4ner 1fuid
d\nrnr ics eqnrr ions jn \ohmq Li l lnr is  of  operrr ions;  t l rus thc use o l
sul ,crconpuLers hrs becone indiqrcnseLLc.  Our r  or l inc lLr i les the conl t
t r t jon o iuuiDq boundrr les rnd i r terhccs.  enr l  nrcsh uptLr te s t r r tegies.
Onc of rh. chillcrscs h rhese compulltions is perrllclizDe rhe soft\r rre
sothernarr  opcnt icr rs  crn beper lormedsDiul tdrcous|  orr r ru lL iproces
sor  urchi res.  rherebr  rerLucing tLrc rc  reeLled nr  obLr in resul ts .  Thc
comp!Li l io fs  se descr ibc rcrc crr r led ouL c, r  Clonrect ior  l i rcLrucs.
c i rhcr  r  1 .01+ node C\ l  l {X)  or  e j  l l -Dot lc  Cl l  5  et lu ipped r  i th  rcctor
erecut lon unl lsr  (her  \  c fc  l )esc( l  or  i rnpl ic i r  nrerhoi ls ,  thr t  is ,  thc s iLru l
t rneors solur ior  of  couplcd c!u i t id ls .
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ln ow parallel
computations we always

use some type of stabilized
fotmulation,

Numerical stabilization

In a standard Galerkin filite element formula
tion, the tcst irltcl sc'lutior hrnction sp:rccs arc the
same, and tle fornulation is de.iled by stalting
wirh global integrarions of rhe products of the
governing equations and the test ftrnctions.
Hover.er, finite elementcomputations basedon

the standard Galerknr
tbrmulation of r tlow
proLlcm can nrvolve
numeric2l  insrabi l i t ies.
14'c consicter both com-
plcssiblc rnd inconl-
prcssiblc fl o*,s. ln com-
pressible f lows, the
demig ofr lluid parti-
clc chaDges as ittlavels
in the f lor '  f ie ld. ' Ih is

In rpplications to cornpressible flo*s gov-
erned b1' the truler and Navier-Stokes equations,
he SL PC :nc Cl,S rrethod'  rrcr.  al* '  ,s<d rn

the contert of the entiopy varirbles formulation
ofthe governirg eqtations.r With a shock cap
turinq term added to the formulation, the solu
tions obtanred sith the eniropy vaiahles werc
lighiy acc,uratc. Rcccntly, LcBcau and Tezdu-

i'ar+ showetl that the SUPG fbrmulrticrn rvith
consen ationvrriables, s pplernented 11'ith a sim

r r , h u c ( - r r p r  r r r i  g r e , , n . g i , e .  e , , l r .  h . r r r e
nearlv indistnrguishable froni tlosc obtaincd
rvith the entropv vuiables.In oLrr parallel conr
puutions rve dlrvays use some type ofstabilized
fonnulation, Lrsually the SUPG and GLS netn
ods. These stabilization techniques help signif
icmtly with the convergence or' the iterative
strrtegies used to solve the implicit equrtion
systems arising ftom thcsc fornulations.

Computation of moving boundaries
and interfaces

\lrhen florv problems involve rnoving bound
rries rnd interfxces, fbr example, a liquid drop
changnrg shapc, computatiom arc achieved bv
r.  g the Deior ,rL,  e sprt i r '  L. to,rrr  n S .  bi
l i  ( , 1 - \ 1 J . , - l :  r  D i D s : r | ' I n F r h n d  T h i . i .
an accunte, generrl purpose stabilized finite
elerrent formul:rtiol for computing unsteady
florv problems involving fiee surfaces, twoJi"
uid interfaces, rnd fluid+tr-ucture and fluid
prrticle inaeractions-

Tl this metbod, the stabilized finite element
i o n n , , l . ,  o n  o l  , h e B o \ e r n i n g e q , , I i o .  i , $ n l
ten over the space rine donain ofdre problen;
thcrcfi)rc, the dcfometion of the spatial dolrarn
with respeci to time is taken into account aut.-
m r r i . r l  1 . 1 - r L r  D s D  s s l  ( , i - . d . | J l e  n r e . l - : .
r .pdrted i rr  .uch I  v ,)  Lrr  reme' i , ,g i ,  te-
fomred onlv rvhen necessary to prevent unac
cept.rble degrees of mesh distortion. With thrs
approach, less frequent remeshing reiluces thc
projectionerors involved inremeshing and also
nakes parallelizing the computations cxsier.

In several prol,lcms rvc considcrcd, renesh-
ingwas elininated by designing specirl mcshcs
and mesh moving schemes specific to a given
problem.6h a nore generalsetting, the motion
ofthc mcsh is govcrncd by the nodified equ"-
.ions of liDear honrcgcneous clesticity,rs there-
by mnrimizing, and iD some crses ehninating,
theneedforreneshing.This,ofcourse, reduces
cost rnd parallel setup overhead.'fhe mesh up
date schemes ve've developed can also use
conbinarions of structured and unstmcturetr

hrppens when the flo$, speeds, rneasured n
tcmrs o{I{:rch numbcr, erc sullicicntlv high to
c.rue fluid bulks to compress or expmd. -\4ost
florvs elcountered jn aerospace engineering rre
compressible - for cxanplc, flows involving
.  . . ' i .  r i * i l e . .  r n ; , p r . e c r , r n  \ \ i r h  . o -
pressiblc flows, the densig ofa fluid particle rs
lssumed to be constint rs it trrvels in the flow
ficli1. This assumption is valjd fi,r los' MTch
lumbers. Most florvs involvnrg water f.rl nrto
rlxs caregory.

The numcrical instabilitics lclatcd to the
sundard Grlerkin fotnulation can fesult fioxl
the prese.ce ol:r constrrirt, such l}s the jnconr
pressibiliw coldition, .rnd frorn the dominant
,dvection tern$ in the governing equirtions. To
stabilize the finire ele[rent fonnu]rtiol of a
r : ,  r  r r  r , 1 r a r i , , "  , r . r , r r r  i r r r , , l r i r r g  r , , , , r i r c
temrs and possihty an incompressibility con
straint, wc havc bccn uslng stabilization tcch-
niques such as the sfl-ernline-upwin.l,4etrov-
Grlerkh (SUI'G), Galerlin 4eNst-sqrxres (GLJ./,
r n J  1 ,  r , . r  r - .  r h i l i z i , , !  P ,  r , , , , - ( , 1 1 . , ( :
(PSPG) formuhtions. \4'ith these formul.rtioDs,
potentirl numcricxl j11subilitics are prcvcnted
ri.ithout introducing excessir-e numericrl diftu
. , , , ,  I n J  L l - c  ,  f , , r .  \ ,  . h , , u  , 1 , , , , I 1 , , , , , , , , , u  I  c

accuracy of the solution. Stabilization netiods
o f t l L i .  r i p e  L e , ,  e  q - i r e  " e  e , t ,  L l i . h e d  r f t e r
their earlier deplol'mcnt for both incoDpress-
iblci and comprcssil,ler flows. Some of drcsc
stabilization tecirniques are based on finite ele
ncDt discrctization iD both space and tinc, aDd

I of them rre developed in the contert of
unstru ctured rneshes. Being able to use unstruc-
tuled rneshes instead of just stl'uctlrred ones
gn'es Lrs thefleribility to 1ey a meshovercomplex
geonetries encounterecl in plactical problens.
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Figure 1. Mesh

NACAOO12 ai oil

The tlgure illu$

main rigid.

ln recent years there has been significant
progessinirassivelyparallelfinite elementcom
putations based on implicit fonnulations and
qhicl '  a*ume un.nJcrured gr id ' .  r0 The lor
mulations for both incornpressible and com
pressible flows have been implemented on
ma*'rely pa.al lel  C\4 200 and CM 5 .uper
cornputers, m'.rLing possible the dree dimen
sional simularions v'e describelater. We are nt'w
condrcting essentially all of out computational
fluid dynanics studies, including those in 3D
and those involving movjng bourdaries and n
cerfaces, or these massively pamllel machines.
The 3D problems successfully modeled inclurie
sloshing in a liquid filled contai n er sub; ected to
vertical vibradons (52,000-plus equationt, in-
compressible flow beween two concentric cyl
inders (282,000-plus equations), supersonic fl ow
past a delta wing (725,000 plus equations), and
rupersonic f lou pr. ,  r  r , )  - ,* , lc r l . l  mi l l ion-
ptus equations).

Mesh update strategies

If the rnotion of an object in the domain has a
predetermined order, aspecial problem depen
dent algebraic mesh-update scheme can be used
to facilitate tlis notion. Take, for example, -
pirc lrrrrg air fo, l .  Wc hrr.  r  r ig id r i r lb i l  r -hrr  i r
allowed to rotate drroughout a wide range of
angles of amck. Ameshupdate scheme in whjch
:r mesh is noved to adapt to the desired angle of
attacLwas desiped specifically fbr this problem.
Figtre i shows meshes at different angles of
anac\ drey contain a solid circular core that
rorarer r ig idly s i rh rJre air ioi l .  Our" ide thi '  re
gion is a defbming region between the solid
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ro&rtion zone and the fiied portion of the mesh
that lies ouLside the deforming zone.

l f  r ie motion ot rn objed o n inrerhce i .
more general, it is desirrble to have a mesh
update schemethntis independentofthe t1c of
mesh used and dle q?e of motion. For these
ca"e' .  qc hare implemenred a neu auromati ,
rnesl '  upr late ' ,  hcme in "  hic i  a l ine.rr  elasto.tat
ics problern is solved each time the mcsh rs
required to move. In this elastostatics problem,
desired displacenents (novenents) at the bound-
aries and interfaces become boundary condi-
tions. To better preseFe tlle stucture of the
o' igira) mesh rn th(, , ,1 're ref ined rrer. .  i t  i '
dcsimble to have grerter stiffiress where smaller
elements me preselt. To achieve this, we drop
from the forrnolation the Jrcobian of the trans-
formation fron the element domrin to the phys

This mesh update strategy has been appl ied to
the case of a viscous drop fxlling in a viscous
{luid.? In this axisymnetric problem, gravity 1s
applied to a combinetion of a heavier liquid
er"Ledded inside r  l ighrcr orre. I  he hc;, ier
liquid (the drop) falls and deforms until asteady
.rarc.olunon is rerched. Ihe qhol.  comrruta-
tional domain is forced to translate with the
center ofgravity of the drop, and on top of this
motion, ortr autonatic mesh update scheme will
deform the mesh so drat it confoms to the
dcsired shape of the drop. Figure 2 shows the
mesh in i rs inir i r l .  undeforme,J.hapc a"d in i t '
fin shape at termhal velocity.

This rresh update method is rppJicable to
unstructured meshes such as those with triangr
lar elements generated with gener purpose
mesh generators. A1so, meshes involving a com
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Flgure 2- Iniiial

falling in a vis-

roundingfluid

bination of elenent qpes can be used in con
jmctiolwidr the automatic mesh update schene.
F;gure 3 shows a mesh around a NACA0012
a r r { o i l  s ' $  h r , - e a r q u r , l r i l a . . r r l  e l e m e n s a , l j r
r .nr t ,  '  rhe rrr fur l r  rr iargr la- elemens r 'generar
ed with the Emc'�mesh geneutor laom I\IRIA,
France) fill out the rest of the domain. In such .r
mcsh, it is desirable to move the quadrillteral
region as a solid body and lct thc triangtar
elements defomr to acconrnodace che rnorion of
the aidoil. Figure 3 shows this qpe of move

Masslvely parallel implementations

The bulL of the conputations iD aD implicit
f in i te elemenr program r i l l  rypical l l  occur in
two stages. First is the formation ofthe element-
levelnatrices and residualvectors. Sccord is the
solution of a linear system of equations, whose

compolents were constrrcted in the first stage.
Efficient implementa tion of drese two stages on
a massively parallel architecture is at once the
most important nnd the most chdienging task.

The startilgpointil the designofa masively
p m l l c l  i n r p  c m e n r n  " n  i s  J c r i J i n g  h o r  r o  d i -
t bute th e variabl es a ongthe computer's pro-
cessors. Since most of the massively parallel
architectures are distributcd-memory machines,
.he placemenr ofthe datr is ofparrmorrrt  , rrpor
tance and can radically affect the perforrnance of
the implementation. We will assume that the
archjtecture chosen has a developed concept oi
virrur lp-oce*on..o thar eacr oFthe dra entr ies
subject to a parallel oper:rtion can be assumed to
reside on its ovn processor- Tn reality, each
physica I p rocesor tal..e. o\ er rhe d uLie. ol\ever
aJ virtual processors.

Wle will usetwo primrry data-storage modes,
Elem and Eqn. The Elem mode is used for
storing elementJevel data, wirh one element
arrd is, leg eerof l iee, lon rsso(iare,r  * i rh. \rcr '
ly onc vinual proccssor. Thc Eqn modewill hold
variables at the level of the global equation
system, with dre data correspondilg to a silglc
equntion nssigned to a single processor. The
nodal drta.  coorcrnate,.  elernenr Ie!el  proper
ties, and ele[rent level matrices are stored in the
Elern mode. The global increnent vector, gro-
bal residual vector, and cert in intermediate
\ r n r b l *  u s e d  i n  . l e . o l u L  o n  . t a F e  " r . l * p t  i n
the Eq[ form.

The mapp;ng ber"een the rqo dar: i  'e ' .  i '
denoted LM (location malai{): Elem ) Eqn.
Communication operation Elem .e Eqn is a
grther operat;on. r  h; le mo\ Fren I  ofr le dJ,,  in

i

Figure 3. Mesh around a NACA0012 alrfoll at two difierent angles of attack, with mirGd structured-lnstructurod meshes. Hefe
the mesh reglon adjacent to ths alrfoll ls fllled wlth a structured mesh of quaddlateral elements, ensudng that the solutlon In
the boundarylayer reglon ls ofgood qualty. The outer region is fill€d with unstruct(r€d triangular €l€m€nts, provldlng an ln-
terface between ihe obstacle and the outer boundary of the domain and oth€r obstaclos, Such an Inte ace ls hard to achleve
with structured-mesh t€chnlaues.

30 COMPUTER / CS&E



theoppositedirect ion,Elem+Eqn,isascatter.
The scrner is usually coupled with a combining
op<rur ion 'o '  crample. addrnon ororenriL
ing atthe destination. Both gatherand scatter
can be implcmcnted efEciently on the Connec
tionMachine computers, provided theyare done
repeatedly with a static coDrmunicatioD pattern
as de6ned by LM. When this is done, the corn-
municarion fface can be saved the firct tir"c
communication is perforned, resulting in ex
tremely fastsubsequent gathers and scatte$.

The process used here for solving the global
linear system does not rcqnire assembly of the
global matrix in any forrn. Instead, it operates on
unassembled elementlevcimatrices.Therefore,
apart Fom a sinpl€ assembly, or scatter, ofthe
global residual vector 1;om element-level resid
uals, the task of forming the equation systenr
takes place entirely at the elenent lcvel Conse-
quenrly.  rn 'he rnari  .  fornar ion ph.\e. no i , , r  e-
p.ocessor comrnunication is involved, and the
parall eli sm ofthe operations can be Iirlly eryloit
ed. Behr et al.r0 provide amore detailed descrip-
tion ofthe matrir formation phase, ircluding a
pseudocode iagment.

I  o solr  e r-he t i rea. sy ' rcm. $ e\ e implemenr
ed'o a data-parallel version of the GMRes tech
niqte. The Generalized Minimum Residual rs
an iterative method for solving large lilear sp-
terns of equations with a non*'rnmetdc cocffi-
cieDt natri{. Belonging to the class of Krylov
subspace rnedrods, the GMRes algorithm projecrs
the large linear system onto a much smalier
subspace, where dre approximate solution can be
found by using standard solution techniques. It
is normallyused in conjunction witn a precondi-
tioner designed to improve the algebraic prop
erties of the linear s1'stem. In solving our linerr
s'.sten, the b L of the compu&rtions in the
GMRes algorithm will involve Eqn strctores
only. These include the set of Krylov vectors
(original and preconditioned) and the entries of
the diagonal preconditioner. The cornputation-
ally intensive task of Gramm Schmidt orthogo-
nalization of dre Krylov vectors involves only
on-processor operations and communication
operations of the scan-/reduce type. -fhe only
interplay between Elem d Eqn occurs when
the matrix vector product is to be computed.
Such a product involves x grther of Eqn level
values into the Elem data set, followed by a
comnunication-ftee on processor matrix-vec-
tor prodtct, and finally a scatter bacl into the
Eqn data set. The pther and scatter operations
use the highly optirnized Connection Machine
Scientific Softwrre Libraries available on the
CM-200 andCM 5. In the orrent implementa-
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tion, all variables related to the reduced system
nrestored on the scalar front end processor, and
the factorization and back substitution of that
'yste,n ar" al .o periormed rn a.cr l : r  fa.hion

Since they are menoryintensivc, the steady
state compressible.
flow computations use
a rnatrix-free version of
the GMRes atgorithm
to eliminatc even the
need to store element-
level matrices. Johan et
al.' disctrss the malaix-
free GMRes imple-
Drent4tion concepts,

With one exception,

The prccess fot solving
the global lineat system

operates on unassemhled
element-level matfices,

so indicated, all perfornunce measurements
quoted in the na(t section are ftom either r
1,024 node CM-200 or a 512 node CM-5
equipped with vector execution units OEUS).
N o t r  t h a r  " n o d e  r e i e r . r o e i r ] ) < r a \  e i r c l l o r t -
ing-point nnit on a CM 200 or to a four-VEU
processing node on a CM-5. All computations
are carried out in double (64 bit) precisior, ancl
al l .peed\ reporred,re rr  gigaf l"ps (bi l l ion f lo.r t
ing point opcrations per second). It is sigdfi-
cant that vhile the communicatior libmries on
n\e CM-200 were sobjected to optinization eI-
forts lasting several yean, thc developmert of
their CM S/VEU counterparts has just bepn.
Our results are based on a test venion of the
ThinlingMachines Corp. software wherein the
emph.sis was oD providing frrnction ityandthe
tools necessary to begin testing the C.M 5 vector
trnits. This software release has not had the
benefit ofoptimization or performance tuning;
consequently, it does not necessarily represent
the perfomance of the sofbirare's finl version.

Numedcal examples

Sloshing in a tanL subjected to vertical vibra-
tions. We pedormed a 3D studyofliquid slosh-
ing in a rigid container subjected to verticnl
vibrations. It is the continuation of a set of2D
computatiors inspired by a doshing problem
used to test the Arbitrary Lagrangiar-Eule an
medrod." ln tne lD case, experimental and the-
oretical evidence': indicates the existence of
multiple solution branches when the horizontal
cross section of the tank is nearly square. De
pending on the liequency of the vibrations, $e
competing wave modes interact, genemtirg
complex periodic - as well as chaotic vave
behavior. The casewe considerhere is basedon
the erperiment perforrned by Feng and Sethna."

The horizontal cross section ofthe tank is a



Figure 4. Three-

to right , th€n
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FIow between two
concentdc cylinders
( T a y l o r - C o u e t t e
flow). The drn of dris
set of computaiions is
to simulatc the insta
biiities that develop
between two concen
tr ic cyl inders. The
Reynolds number, a
nondimensional ratio
of the inertial effects to
viscous effects, is based
on the gap betweenthe
two cylinders and the
speed of the imrer cyl-
inder; the outer cylin-
deris at rest. Beyond a
certain critical Rey-
noldsnumber, the reg-
dar Couette flow be-
comes unstable and we

see dre deveiopment ofTaylor vorrices. A tur
therincrease in the Reynolds number leads to an
unstea dy flov pattern the wary vortex flov.',
The results we present here are for three dif{er-
ent Reflolds numbers: 150, 250, and 1,498.

The finite element mesh enployed consists
of 38,,100 herahedrd elements and 45,024
nodes. The nesh contains six elements in the
radial direction,l2 elemenrs in rhc ciromferen
tial direction, and 200 elements in dle diai
direction. At each time step, a sl.stem of282,3oo
nonl i , rerr  equarion. c,ulr ing rrorn fhe f in ire-
elernent discrctization is solved iteratively usnrg
the GMRes reclnique wift diagon precondi-
tioners. A Ll'lov space ofdimension 30 is used.
For this problem, the overall computation speed
is 2.1 Gflops on the CM 200 and 3.6 Gflops on
rl ,e CM 5. Thi\  r im .g e\. lude\ Ll ,e inpur/our-
put phase of the computations. The formation
'peed ofrhe elemenr- ler r lmaLricesand $e r ighr-
hand-s;de vector is 3.0 Gflops, while the speed
for the GMRes part is 1.4 Gflops on dre CM-
200.The conespo.d;ngspeeds on the CM-5 are
5.2 Gflops and 2.6 Gflops, respectively.

tu boundary conditiors, at the upper and
lower boundffies, the axial component of dre
veiociq'and therandy components ofthe stress
vector are setto zero Ghe z axis lies in the axial
direction).

RrynoLlt namber = 15a: Talor uner Jku.
This value of the Repolds numher is greater
than Lhe cr i t ical  Relnold" nur lrr .  Thu..  tor
certain disturbances, onewould expect the Cou
efte flow to develop instabilities. We have an

I
I
i

Wx H recangle,whete W = 0. 1 78 m (7.0 in.) an d
.aJ = 0.180 n (7.1 in.). The water level, initinlly
flat, is it D = 0.127 n (5.0 in.). Side and bottom
.u' faces ol  the ranI r l lo" . l rp i rr  rhe direcr ion
tangent to the surface. The open surface of the
water is assumed to be free llorn normal and
shear stresses, and it moves with the normal
component of the fluid velocity at the surface.
The erternal forces acting on the fluid consist of
a consrrn, gruvirr , ional accelerrnon or mJgni
tude g = 9.81 meters x (seconds)'and of a snru-
soidal vertical excitation Ag sit:t (it,with (t = 2 nJ,
f= 4 FIz, and I such thnt the amplitude of rhe
oscillations remains at 1 millimeter. We select a
time-step size to obtain 2 0 time steps per excrta
tion period. The spnce-time mesh for each trme
slnb consists ol1.+,112 nodes and 6,000 quadri
linear 4D elements.

In the GMRes solver, a Itrylov space size of
40 was chosen, and the narirnurn number of
outer GMRes iterations was five j.irially and 10
for larger fluid motions. At each time step, an
nverage ofthree nonlinear iterations were per

Or the CM 200 complrter, formatioD ofthe
element level natrices and residuals tookplace
at0.80 gigaflops. We observed the speed ofthe
GMRes solution phase as 0.87 cflops. For a lD
space-time lormulation, the bull of time taken
by the GMRes soiution process is consumed by
the matrix vector prodtrct. The entire code,
includnrg the parallel inpur/ourput operations
and problem semp, performed at 0.79 Gl1ops.
f igxr 4 shows a,eque1(e ot i ,n. ,ge. depicr ing
the free surface and $e pressure field.
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ilteresting obscrvanon related to dris flow. When
the solrtionis computedrvithnoexternal disnrr
bances, astable Couerte llow is obsened. How-
ever, if the sohrtion is obtained with an initial
condirior thatcorresponds to an unsteadysolu
tion from a higher Revnolds number, a Tayk,r
vortex flow is realized. Figr:re 5 (top) shows the
aial velociw at the horizontal nnd verocal sec-
tions and the cylindrical section midway be-
tween the inner and outercylindcn. \ve observe
that thc solution at this Reynolds nulb€r ts

REnolh n mber = 2t0: Waal vartex Jlou. Lt
Reynolds number 250, our conputxtions reve,l
the presence ofa wa.!y vortex flow; the Taylor
vorter fl ow discussed above is itself unstable, and
the solutior is no longer axisymmetric. Figue 5
(center)shovs the axialvelocityatthehorizonul
aDd ve'tical sections and the cylindrical section
midrvay betwcen the inner and outer cyllnders
for a nearly temporally periodic solution. In
rddition to rhe cells in the axial direction, there
are four waves tiaveling in the nzjmuthal direc-

Relnolds namber = 1,493: Wny !|rtet fl01u. Ar
Relarolds number 1,498, we again observe .he
waryvorter flow. Compredwith dre solution at
Reynolds number 250, the vortices for this Rey-
n o l d .  n r r r r b e r r r y  r l r , h ' r r o n s e r .  l n  r h i .  c , . e .
there nre three waves trtveling in the azimudrl
direction. Figue 5 (botcom) shors the axial
velocity at the horizontal and vertical sectiots
and dre cyhrdrical section midway between the
innet andoutcrcylinders for alearlytemporally
periodic solution.

Supersonic flow past a delta wing at Mich 3 .
In this air fl ov problen, the angle of attack is 0
degrees and the Repoldsnumber, based on the
free-suearn values and the maximun chord
lengdr (a1ong the phne of sprneoy), is 1.1
million.'l he finite elenentformulation used to
solve this problem is in conseration va ablcs.+
Because of the assumed syrmetry ofthe prob-
Iem wjth respect to the z = 0 plrne, only halfof
the domain is considered; but for berter visual
ization, ghost nodes are created by a simple
reflection ard theresults are presented over thc
entire domain. Chien Li frorn the NASAJoh[-
son Spacc Centerprovided the geometryof the
delta wing.

The delta wing has a wedge-type cross sec
tion. Its underbody merges smoothly with the
flat surface on che rop. The finite-element dts-
cretization is carried out $ing 141,920 trilinear
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hcxahedral elements, with one integrationpoinl
perelement.To capture the details ofthe bound
ary layers, rhe 6rst three layers of the elemelts
are kept 1-ery close to
the delta wing. At each
t imestep,725,688 noD
liDear equrt ions nre
solved simultaneously
using a mair ix free
GMRes search tech-
nique. This problem
was solvcd on the CM
5 at a susrained speed
of10.,l Gflops.The front, side, and top views of
rhe delta rving, and the Mach nunber distribu-
tion are shown in Figure 6.

Beyond a ceftain
c tical Reynolds number,
we see the development

of Taylor vortices,

Figure 5. Three-

bers 15o (top),
250 (cent€r), and
1,498 (bottom).

282,00O plus.

-!-
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I-
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Table 1. Pe ohance in gigafloF lor implicit incompressible-flow irnplementations.

242,366 Equatlons
cM-200 cM-5

649,630 Equatlons
cM-200 cM-5

1,052,216 Equatlons
cM-200 cM-5

Eiement computation 3.0
1,4
2 . !

5 . 2
2.6
3.6

1,1-

1.3
t . 2

4 . 2
3 . 1
4.6

9 . 6
2 . 9
4.6

Supersordc flow past a toy missile at Mach
3.25. Our compressible finite-elementforrnula-
tion is also used to solve Mach 3.25 flow past a
toy missile at a 0.5-degree angle ofanrck. The
Rel.nolds nrmber, based on the ice-stream val-
ues and the length of the missile, is 110,000. As
with the deltawing, rheproblem is assunedto be
slanmetric vith respect to thc z = 0 plane, and the
same techniqtre is used in preserting the results.

The missile has a spherical tip and a circulrr
cross section. There are two "\D'-ty?e control
surfaces attached to the sides of the rnissile. The
finite-element discretization involves 22,t,332
elernents, vjth one integration point per ele
nent. At each time step, 1,121,290 ronlinear
equations are solved simultaneously with r rna

trix-liee GMRes search tecbnique. This prob
lemwas solved on the CM-5 aca sustained speed
of9.5 Gflops. The fronq side, nnd top views of
the missile, nnd the Mach number distribution
are shown in Figure 7.

A benchmarL computation: Flow past a
sphere. The space-tirne fonnulation was also
used to solve a benchrnark problen involving
incompressible flow past n sphere at Rel.nolds
nunber 100. The problem was solved using ,
range of meshes that differ in refinement; the
t iming'  Fom r he w o Iargesr rne'he. rre .eporL
ed here. For t}le mesh with 79,912 elenents,
649,610 nonlinear equationswere solved at each
time step, while for the nesh with 129,716 ele-

is  1,1mi l l ion.  The

irlbutlon. The

725,000 plus,

ot aO.4 gigaflopa.
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ments, the number ofnonlinear equaEons solved
was I,052,216. In both cases the GMRes pamm
eters includeda Krylovspacesize of20, and 6ve
outer iterations (restarts). For the smaller nesh
the computation was posible on both the CM-
200 andthe CM-s. On the CM-200, the compu-
tational rates for the matrix formation and th€
GMRes soluoon stages were 1.1 and 1.1 Gflops,
respectively, and the overall rate was 1.2 Gflops;
for the CM-s thesE numbers were 8.2, 1.1, and
,1.6 Gflops. Computacion with che larger mesh
was notpossible on the CM-200 with a nonma-
trix free implementation because of menory
limitations. Onthe CM-5, the performance was
rneasnred at 9.6,2.9, al;.d 4.6 Gflops for the
matrix formation, GMRes solution, and total
speed, respectively.

Tr ; .  apparenr $rr r le .peed of the mctr ix
formation stage is sti1l benefiting from the in-
crease in the subgrid length from around 40
elernents per vector unit for the smaller mesh to
more than 60 for the larger one. On the other
hand, the speed ofthe GMRes solver is approx
irnately the same for the two rneshes.

Tables I  andz.umrna' i?eLhepora' lelperfor
mance observed in computing the 3D problems

In a recent computation of the delta wing

Table 2. Pe{ormance in gigaflop! for matdx.free implicit compresslble-
flow imDlementations.

Flow Past a Delta wlng
725,644 Equations

cM.5

Flow Past a Toy lvllssile
1,121,290 Equatlons

cM"5

E ement computaUon !5 .4
to.4

77.7
9 . 5

problem, we used I,002,684 elements, with eight
integration points per element. The number of
equations in this case was 5,001,031. The sus
tained performance in this computationwas mea-
sured at 17.2 Gflops on the CM 5 widr 512
processing nodes. On a CM 5 with 1,024 pro-
cessing nodes, located at Los Alamos National
Labor:tory, sustained performancewas measured
at 37.5 Gflops.

rF
I

. l -  he rype ofequaLion.y*emsconsidered here
can occur in electrical, chenical, and civil engr-
neering as well. Thus, the snategies we used may
serve a broad range of applications, and compara
ble parallel perfomance can be expected.

at Mach 3.25.

110,000- The im-

tlm€ step ls 1.1

9.5 gigaflopB.
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