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Abstract
A new 3D finite element flow simulati bility for fluid~particle i i is d and applied to study
time-dependent behavior of mulllple spheres iallmg in a liquid-filled tube. This capnblhty is based on the flow simulation
gies such as ili; for moving boundaries and interfaces, automatic mesh generation with

structurcd layers of elements around the spheres aulomanc mesh moving with remesh only as needed, and the implementation of
these i ively parallel p
Several cases of multiple spheres falling in a hquld -filied tube arc studied, with the number of spheres ranging from two to five.
In al! cases, depending on the number of spheres and their initial arrangement, a stable state is eventually reached with all spheres
ged in a pattern cor ding to that stable state, and with all of them falling with the same terminal velocity.

1. Introduction

The stabilized space—time finite element formulation was shown earlier [1-3] to provide a powerful,
general-purpose capability in handling problems involving moving boundaries and interfaces. The finite
element function space is extended over both the spatial and temporal coordinates, and thus, any
movement of a boundary or interface is accommodated by a deformation of the spatial mesh with
respect to the temporal coordinate. This function space in continuous in space but discontinuous in
time. Because of this discontinuity, calculations are carried out one space-time slab at a time which
makes these computations feasible. This formulation can be used in a wide class of problems that
involve moving boundaries and interfaces, such as fluid—structure interactions, fluid—particle interac-
tions, free-surfaces and multiple phases.

Along with the space-timne formulation for solving problems with moving boundaries and interfaces
comes the additional emphasis on mesh moving algorithms. Methods are needed to move/deform/flow
the mesh to accommodate the movements of the mesh boundaries. We have developed several
techniques to accomplish this. These are based on using explicitly defined rules to move the mesh [4],
moving the mesh automatically by solving an equation system with boundary conditions coming from
the movement of the boundary [5}, remeshing to accommodate the change in the shape of the domain
[3, 5], and using combinations of all of these methods [5]. Also, these methods must take into account
that our implementation is a parallel onc, and cach new mesh involves, in addition to the cost of
automatic mesh generation in 3D, the cu.’ of mapping the finite element mesh on to the parallel
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processors in the most efficient way. In 3D problems, these costs are significait so it is imperative to
minimize remeshing as much as possible.

T this paper, we apply these solution strategics, implemented on a massively parallel computing
piatform (Thinking Machines CM-5), to 3D simulation of multiple spheres falling in a liquid-filled tube.
These 3D simulations involve between two to five spheres. As the spheres fall, they interact with the
fluid and each other as they react to the fluid-dynamical forces acting on them. The simu'ations
continue until terminal velocities and stable configurations of the spheres are reached.

The problem of multiple spheres sedimenting in a liquid-filled tube has been previously studied.
Jayaweera and Mason [6] perfonned experiments on clusters of spheres falling in a viscous fluid at fairly
low Reynolds numbers (10 =<Re =10). A more recent study by Fortes et al. [7] included experiments
of two spheres sedi g in fluidized beds. R t numerical studies by Hu et al. [8] involved 2D
numerical | ot multiple cylinders falling in a liquid-filled channel. Here, we present full 3D,
time-dependent simulations with Reynolds number of the order 100.

The problem of multiple spheres falling in a tube imposes restrictions on the type of mesh generator
and mesh update strategy that can be used. We wish to have meshes with an arbitrary number of
spheres at arbitrary location within the tube. With these requirements, the only option we have in
discretizing the domain is by using an automatic mesh g tor. The develop of an algebraic mesh
generator that satisfies these conditions would be extremely difficult if not impossible.

Automatic mesh generators in 3D are quite costly because of the time it takes to generate a new
mesh. Because of this, to handle the motion of the spheres, it would be quite inefficient to generate a
new mesh at each time step in the simulation. Also, since our implementation is a parallel one, we have
certain set-up costs associated with each new mesh. The main set-up cost is the partitioning of each
mesh into sub-domains which are sent to individual processors, and this cost is significant.

Because we are using unstructured meshes generated with an automatic mesh generator, we use the
automatic mesh moving scheme introduced earlier in {5] to handle the motion of the mesh in response
to the motion of the spheres. In the automatic mesh moving scheme, we solve the modified equations of
linear elasticity to determine the internal nodal displacements based on the given boundary conditions
(the motion of the spheres). In our impl ion, we actually translate the entire mesh vertically (in
the direction of gravity which is aligned with the tube axis) with the center of mass of all the spheres
involved. This global motion does not deform the mesh in any way, and the automatic mesh moving
scheme is used to handle the movement of the spheres in relation to this global displacement. When the
movement of the mesh creates too much distortion, we create a new mesh in the current sphere
configuration, and project the solution from the old mesh on to the new one. By using the automatic
mesh moving scheme, the frequency of remeshing is minimized.

We carried out four cases of spheres falling in a liquid-filled tube. For all cases, all the parameters
were the same, except for the number of spheres, their initial configuration. and the duration of the
simulation. We performed one simulation with two sph one with three spheres, and two simulations
with five spheres.

In Section 2 we present the stabilized, space-time finite element formulation of the fluid dynamics
part of the problem. In Section 3 we present the formulation for the dynamics of the spheres. In Section
4 we present details of the mesh generation and update strategies, and in Section 5 we present four
numerical simulations of spheres falling in a liquid-filled tube.

2. Fluid dynamics formulation

Consider a viscous, incompressible fluid occupying, at time + &€ (0, 7), a bounded region £, CR"
with boundary I;, where n_, is the ber of space di ions. The primary degrees of freedom are
velocity and pressure, denoted by u(x, ¢) and p(x, ¢). The governing equations represent the momentum
balance and the incompressibility constraint:

]
p(5r+uWu-f)-9-0=0 onQ, Vic©,T), m
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Vou=0 on ), Vie(0,T), 2)

where p is the density of the fluid, o is the stress tensor, and f(x, 1) is body force (such as gravity) per
unit mass. The stress tensor o is defined as

o(p.u)=~pl +2ue(u). &)= % (Vu+ (Vu)") 3)

where pu is the viscosity and I is the identity tensor. The Dirichlet- and Neumann-type boundary
conditions are posed as

u-e=g on(]])gl, i=l...ny, “4)
n-o-e=h on(l),. i=1...ng, (5)

where e, is the Cartesian unit vector corresponding to axis i, n is the unit normal vector for the
boundary, and (I7), and (I), are complementary subsets of the boundary [ as related to the Dirichlet-
and Neumann-type boundary conditions, respectively. The initial condition is a divergence-free velocity
field specified over the entire domain:

u(x,1)=u, on Q,, (6)

where u, satisfies Eq. (2).

To write the space-time formulation of (1)-(5), we partition the time interval (0,7) into
subintervals I, = (t,,1,,,), where ¢, and ¢, ,, belong to an ordered serics of time steps 0 =¢, <, <...<
ty=T. Also, let @, =, and I, = I . We define the space-time slab Q, as the domain enclosed by the
surfaces 2, 2, and P:, where P, is the surface described by the boundary I as ¢ traverses . As in
the case of [}, surface P, is decomposed into (P,), and (P,),,i=1...n,. For each space-time slab,
we define the following finite element interpolation function spaces:

(82), = (" =[]/ |u} € H'™(Q,), ul = g} on (P,),, Vi=1...n4}, Q)
(V2), = (0" =[5 W €H™(Q,), wh =0 on (P,),. Vi=1...n4) . ®
V), =6, = {p"1p" €H"(Q,)} . ©)

Here, H'*(Q,) represents the finite-dimensional function space over the space~time slab Q,. Over the
element domain, this space is formed by using first-order polynomials in space and time. Globally, the
interpolation functions are continuous in space, but discontinuous in time,

The stabilized space—time formulation can be written as follows: given (x),, find «* €(s%), and
p" € (S}), such that ¥ w* € (V%), and ¥V ¢" € ({90

IQ» wh- P(aa_u: +u" -V —f") dQ + jQ. e(w"): o(p", u")dQ

~[, werars [ gvarao+ [ onr @ -@hi)ae

"edn r aw"
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e=1

R -
Ao "L+u”~vu”—f”)—v-a(p",u”) do
at /
(nepdn

+ 2 Qesvm"pv-u" do =0, (10)
e=1 n

where n, is the number of eiements in the mesh. This process is applied sequentially to all space—time
slabs @), Q... .., Qy-,. In Eq. (10), the following notation is being used:
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": =limu(t, te), (i1

L CU)dQ:L L("')dﬂd'v (12)

L(-~~)dp=fl fr(m)drdz. (13)
The computations start with

W"); =u,. a4
REMARKS

(1) The first three terms in Eq. (10) constitute the Galerkin form of the momentum balance
equation, while the fourth term is the Galerkin form of the incompressibility constraint. The fifth
term weakly enforces the continuity of the velocity field across space—time slabs.

(2) The sixth term in Eq. (10) is the least-squares form of the momentum balance equation. This
term provides the necessary stability for advection-dominated flows. This term also provides
stability when equal-order interpolation function spaces are used for velocity and pressure. The
definition of the stability parameter = can be found in [1, 4].

(3) The seventh term in Eq. (10) is the least-squares form of the incompressibility constraint. This
term enhances the stability of the formulation at high Reynolds number flows. The definition of
the stability parameter & can be found in {1, 4).

(4) The addition of the stabilizing terms does not compromise the consistency of the formulation
since these terms are weighted with the residual of the momentum and mass balance equations
which vanish for exact solutions.

3. Sphere dynamics formulation

In the liquid-filled tube, the spheres are ailowed to translate and rotate with the gravity and fluid
forces acting on them. The equation that governs this motion for each sphere is Newton's laws of
maiion:

F=MV, (15)

where F is the generalized force vector, M is the generalized mass matrix, and V is the time derivative
of the generalized velocity vector. These are defined as

F, m 0 0 0 0 0] v,
F, 0m 0 0 0 0 v,
JF o omo 0o o A2
F= M| M= 0 0 0 1, I, 14" v= 2, 16
M, 00 0 L, I, I o,
M, 0 0 0 Iy Iy I 2

Here, F; and M, are the components of the force and moment acting on a sphere, V; and 2, are the
components of the linear and angular velocities, m is the mass of the sphere, and /; are the components
of the moments of inertia. Specifically, for a sphere I; = I8,;, and with this, all six equations in (15) are
decoupled from each other.
. For further discussion, let us consider just one of the decoupled equations. The first equation in (15)
is

Fi=mv,. (17)
Since we solve for a whole space-time slab at a time, we take the value of the force acting on the
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sphere (which includes the fluid dynamical force) at the middle of the slab in the temporal coordinate.
Let F} and F;*' denote the forces at the lower and upper temporal levels of the slab. Then,

Fll+l + Fﬂ
F = ._'_2_‘. . (18)
We can also discretize the time derivative of velocity by equation
R A
Vi=——75—". 19

where At is the time step. Eq. (17) then becomes
Frtl oy pn Z Ve
1 5 1 =m 1 = 1 A (20)
In Eq. (20), the forces are known (computed from the flow ficld at cach level n and n + 1), and V7 is

known (the velocity of the sphere is taken to be continuous across space—time slabs). By rearranging,
Eq. (20) then becomes

- ., A n
Vi I=V1+E(F1 L+ FY, @1

where V7*! is our unknown at each non-linear iteration, and this governs the update of the sphere
position and henceforth, the mesh coordinates.
The velocity of the sphere is related to its position by

X, =V,. (22)

By expanding X, as we have expanded V, in (19), expanding V, as we have expanded F; in (i8), and
rearranging for our unknown, we obtain

+ " A n+ n
X=X e S ). (23)

As was the case with velocity, the sphere’s coordinate is taken to be continuous across space—time
slabs, and X7 is known. Eq. (21), along with (23), will give us the required movement of the sphere
due to the forces acting on it. The angular positions, @, can be calculated in a similar way by using the
moments M; and angular velocities §2,.

3.1. Collisions between spheres

In our implementation, we also allow collisions to take place between spheres if any two spheres get
too close to each other. The notation that will be used in formulating a collision can be seen in Fig. 1.
In Fig. 1, n is a unit normal vector pointing from the center of Sphere A to the center of Sphere B, and
V, and V;, are the velocities of Spheres A and B before the collision. The velocities of the spheres after

Fig. 1. 1 ion for ing a coflisi
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the collision are unknowns and will be denoted by V,; and V;. We will also denote V,, =V,-n and
Vig=Vg-n.

The linear momentum of the system after the collision will be equal to the linear momentum of the
system before the collision. The equation imposing this in the normal direction is

myV o, tmgV g =mV,,+mgV,, . @4
where m, and my are the masses of Sphere A and Sphere B. An additional equation is needed to
determine the unknown velocities, and this equation relates the relative, normal components of velocity
before and after the collision. This equation is

Vis—Via=eV,a—V,) O0sesl, (25)

where e is the coefficient of restitution. Combining Egs. (24) and (25), we obtain the expressions for
the normal velocities after the collision:

, _my—emg (1+eymy,

Via= oy e, @6)
, _(+e)m, my —em,

Via = my+mg AT m,tmy Vas - @n

In our formulation we need to determine the update to the velocity vector for Spheres A and B (V,
and V,). Let us consider vector V,. The update to this vector only occurs in the normal direction (the
spheres are assumed to be smooth with no tangential forces acting on them), so the velocity vector after
the collision can be written as

VisVo~V,n+V ,n, (28)
or simply
VisVat (Vou=Vaan. @9
By replacing V,, with Eq. (26), we obtain
., m, —emg (1+e)ymy
VA—‘{A+[mA+mB‘,’|A+mA+mBVnB_‘,nA n, (30)
and rearranging
, 1+e)m
Vi + SR W, - n. @

Similarly, we obtain the equation for the velocity vector after the collision for Sphere B

. (1+eym,
Va=Vat+ T my (Yoa=Vasdn . (32)
In our simulations, we take the value of e equal to 1.0 {perfectly elastic).

In our implementation, we first solve for the position of the spheres at the n + 1 level in space-time
slab by Eq. (23). We then determine if a collision will have taken place between any two spheres in the
domain. If so, we solve for a new velocity of the spheres in question at the n + 1 level by Egs. (31) and
(32). We then update the position of the spheres at the n + 1 level by Eq. (23).

To predict a collision, we augment the radius of each sphere by a small amount and use this
augmented radius (r,) to determine if a collision is expected to take place. The reason for doing this is
because we always keep around each sphere a zone with structured layers of elements. This zone, kind
of glued to the sphere, moves with the sphere. Although, in general, it would be quite straightforward
to allow this zone to deform as the spheres get too close, in the simulations reported in this paper we
chose to keep these zones undeformed.
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4. Mesh generation/Update strategy
4.1. Awtomatic mesh generation

The automatic mesh generator we use is based on Voronoi/ Delaunay methods. These methods scem
to be the most general and create high quality meshes in 3D. Our implementation also has the
capability io create around each sphere zones with structured layers of elements. We create these.
structured layers of elements to keep full control of the mesh refinement around the spheres and
consequently better model the boundary layer features of the flow.

Our 3D automatic mesh generation package is descrived in [9, 10). We have developed a special
version of this mesh generator to create the meshes used in these simulations. This special version can
create a mesh of any number of spheres at any location within a tube of circular crossection, and has a
very simple input file format. The creation of this special mesh generator was desirable because of the
special geometries involved, and becausc of the fact that we use this mesh generator in a production

4.2. A ic mesh ing sch

In the automatic mesh moving scheme, the mesh ‘flow’ is governed by the modified equations of
linear elasticity. When mesh movement takes place, these equations are solved to determine the
internal nodal displacements of the mesh based ar the given boundary displacement. By solving this
system of equations to determine the displacements, the method works for any mesh type and for any
type of movement. The added generality comes at the cost of solving this additional equation system
each time the mesh is deformed. The formulation, which was described in [5], will be briefly reviewed
here for completeness.

Consider an elastic body occupying a region £2 C R™ with boundary I'. The displacement of the mesh
is given by v(x) and is governed by the equilibrium equations of elasticity:

V-o*+f*=0, (33)
where f* is a prescribed body force. The stress tensor o* is related to the strain tensor €* by
o* = Atre*)l +2pe*, (34)

where A and p are the Lamé elastic constants. The strain tensor €* is related to the displacement
gradients by equation

€ =3 (Wo+(W)). @)

The Dirichlet- and Neumann-type boundary conditions which enforce either a given displacement or
a given normal stress component for the mesh motion, are represented as

v-e =g on(l),, i=1...ng,, (36)
n-o*-e,=h7 on(l),, i=l...ny, 37
where (I'),. and (I'),, are compl y subsets of the boundary I'.
The ﬁmte element function spaces are given by
(55) = (0" =il ol €(H @), v = (g]) on [, Vi=1...n,), (8)
Vo) = (W =[wilx|wi e[H" @)=, wi=0on I,,,Vi=1...n,}, (39)

The au-omatic mesk moving formulation is then given as: find v” €2 5% such that V w" € V",

L e(w”):u*(v")dn—jn whef* dﬂ:Jr.. wh prdr. (40)
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It is desirable to retain the structure of the mesh in the more refined areas, and have most of the
deformation weighted towards the larger element regions of the mesh. To accomplish this, a variable
stiffness coefficient is desirable where the small elements are more rigid. We implement this by dropping
from Eq. (40) the Jacobian of the transformation from the el d in to the physical one. By
doing this, smaller clements which are more susceptible to distortion and located in areas where
refinement is important retain their shape better.

We move the str d layers of el ts that are created around each sphere together with the
sphere. Therefore, these zones of structured layers of elements do not enter into the domain of the
mesh deformation, and the outer boundaries of the layers are where boundary conditions for the
deforming mesh are specified. If we were to deform these zones of structured layers of elements
according to some explicitly defined rules, the situation would still have been the same, because these
zones still would not have been part of the domain where the mesh motion is unknown and is governed
by the equations of clasticity.

4.3. Remesh procedure

As the spheres move around, in general it will not be possible to continue updating the mesh just by
moving the nodes with the automatic mesh moving scheme. The movement of the mesh will eventually
result in unacceptable levels of mesh distortion. When this happens, we remesh, which means that we
generate a new mesh with the automatic mesh generator, then project the solution from the old mesh
on to the new mesh. Once the solution is projected to the new mesh, computations can proceed.

To decide when we remesh, we track measures of mesh distortion throughout the cumputanon In
this simulation, we track changes in el aspect ratio and ¢l 1 The
of volume and aspect ratio change are given by equations

fy=llogV<ivol,  fa=llog(®R /R, (1)

where V° is the element volume at a given time, V§ is the element volume in the initial (underformed)
mesh, and R is the aspect ratio of an element, defined as

(Maximum Edge Length)’®

R = Ve . (42)
We then define a global factor measuring mesh deformation by
Fawe = 12X (f3)2 (frdman = MK (fa) . 43)

We consider remeshing when either of these parameters (fi)un.x ©F {fg)max becomes greater than
log(4).

In our remesh procedure we use two different computing platforms. The solution is computed on the
Thinking Machines CM-5, and the automatic mesh generation is carried out on the Cray C90. In the
simulations, at around every 50 time steps we check the levels of mesh distortion. If the mesh is
distorted too much, we send the required data to the C90, generate a new mesh for the current
computational domain, project the solution on to the new mesh, then send the required data back to
thc CM-5. The new mesh will be used for the next run, and the projected solution is used as the restart
data. This whole procedure is managed within a shell script to automate the process.

4.4. Projection of the solution
There are several methods available to us to project the solution from the old mesh on to the new
one. The method we use which seems to be the most natural is by using the ‘jump’ term within the

space-time formulation (i.e. the fifth term in Eq. (10)):

[, oot - @i an. (48



A.A. Johnson, T.E. Tezduyar | Comput. Methods Appl. Mech. Engrg. 134 (1996) 351-373 359

The velocity field (u"); is defined over the (possible new) mesh corresponding to the current
space-time slab, and is one of the unknowns. The velocity field (uh),: , on the other hand, is defined
over the (possible old) mesh corresponding to the earlier space-time slab, and is known. The
interpolation from the old mesh to the new one is built-in to the integration of this term over the two
different meshes. The integration can be carried out over the two different meshes since we are using
numerical integration, and the coordinates of the integration points can be found within both meshes.

In the actual implementation, after generating a new mesh, we find the values of (u*); at the.
numerical integration points of the new mesh by a simple linear interpolation over the old mesh. We
also compute a velocity field within the new mesh by solving the least-squares problem which is very
similar to the jump term in the formulation. This interpolated velocity field is used as an initial guess for
"), and (u”);,, in the iterative solution. We save the values of the velocity field at the integration
points in a file which is sent to the CM-5. For the first time step after remeshing, we read in the values
at the integration points and use them to perform the integration within the jump term of the
formulation.

This method of interpolation seems to work quite well, but we add one other modification to this
method. When a projected solution is used in the formulation, the incompressibility criteria may be
slightly violated. This violation causes a spike to appear in the forces as the pressure reacts to this
violation of incompressibility. Since we determine that some slight violation of incompressibility will be
introduced when remeshing, and the pressure variable will react to this, we do not use this pressure
when determining the forces acting on the spheres for this first time step after remeshing. We use the
interpolated pressure coming from the least-squares interpolation to determine these forces.

5. Numerical simulations

We carried out four different cases of multiple spheres falling in a liquid-filled tube. The cases differ
by the number of spheres, the initial configuration of the spheres, and the duration of the simulation.
All other parameters are identical in all cases. The size of the tube and the spheres (R and r denote the
radius of the tube and the sphere, respectively), the viscosity and density of the fluid (denoted by u and
p), the magnitude of the gravity (denoted by g), and the mass and moment of inertia of the spheres
(denoted by m and /) remain the same in all cases. These parameters, in their non-dimensional form,
are given in Table 1. The time step Ar and the collision radius r, are also given in Table 1. The mass is
set so that one sphere alone in the tube will fall at a Reynolds number of roughly 100. In all
simulations, the tube axis is aligned with the gravity vector which is in the —X, direction in the
Cartesian frame. In each simulation, the spheres and the fluid are at rest in the initial configuration.
Finally, the nodal refinement around each sphere, and on the tube, are exactly the same for each mesh
and each simulation. We create three structured layers of thin elements around each sphere, and each
layer has a thickness of 0.013.

All simulations were performed on the 512 processing node CM-5 at the Army HPC Research
Center. Both the flow solver and the automatic mesh moving scheme are implemented in parallel

Table 1

Parameters for all simulations
Sphere: m=6.15 1=2.46 r=10
Fluid: p=1.0 ®=002 g=10
Other: R=5.0 Ar=0.1 r=

Table 2
Case 1: initial configuration of the spheres

X, X, X,
Sphere 1: -1.0 -2.0 0.0

Sphere 2: 1.0 20 00
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[11, 12], an an iterative solution strategy with diagonal preconditioner and GMRES update technique is
used to solve the large linear equation system encountered at each non-linear iteration. All mesh
generation is performed on the Cray C90 at the Minnesota Supercomputer Center.

Case 1: Two spheres

In this case, we have two spheres in an initially staggered configuration. The initial positions of the
spheres are given in Table 2. This simulation is performed to capture the phenomena of spheres
drafting, kissing and tumbling described in [7]. It is expected that the trailing sphere (Sphere 2 in this
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Fig. 2. Case 1: initial mesh (23 961 nodes and 140 541 elements).

Fig. 3. Case 1: close up view of the initial mesh.
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Fig. 4. Case 1: velocity and orientation histories of the spheres.
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case) will be attracted to the low pressure region in the wake of the leading sphere (Sphere 1). The
spheres will eventually collide and then separate. The two spheres will then continue to fall together

side by side.

The mesh for this problem consist of roughly 24 000 nodes and 140 000 tetrahedral elements. A view
of a slice of the initial 3D mesh can be seen in Fig. 2, and a close up view of the area around onc of the
spheres can be seen in Fig. 3. In this case there arc a total of 900 time steps, and we remesh 12 times.

The spheres in this simulation do exhibit the behavior of drafting, kissing and tumbling. Sphere 2 is
slowly pulled horizontally (in the X, direction) towards Sphere 1. As Sphere 2 gets closer to the
horizontal position of Sphere 1, it accelerates downward (the negative X, direction) toward Sphere 1



362 A.A. Johnson, T.E. Tezduyar | Comput. Methods Appl. Mech. Engrg. 134 (1996) 351-373

until they collide. Sphere 2 then moves off to one side, while Sphere 1 moves off at a higher velocity to
the other side. Both spheres move toward the tube, and then are slowly pushed back towards the center
of the tube by the effects of the tube wall. Both spheres then fall at roughly the same rate at roughly the
same X, position throughout the rest of the simulation. Rotations about the X axis for both spheres
are also observed, especially near the time the spheres collide. The terminal velocity Reynolds number
for both spheres is roughly 93.1.

The linear and angular velocities and positions of the two spheres throughout the simulation are
shown in Fig. 4. It can be seen in Fig. 4 that the spheres collide at roughly time step 400. Views of the
spheres at five instants during the simulation can be seen in Fig. 5, where the first view is the initial
position, the fourth view is near the time that the spheres collide, and the last view is after they separate
but before they reach their final positions. Also in Fig. 5 are three close up views of the spheres before,
during, and after the collision. Fig. 6 shows the velocity vectors and pressure distribution at the same
time steps as the close up views of the spheres in Fig. 5.
Case 2: Three spheres '

In this case, we have three spheres aligned along a horizontal line, but with uneven spacing between
them. The initial positions of the spheres are given in Table 3. This simulation is performed to study
stable and neutrally-stable configurations. It is expected that the three spheres will first move into a
neutrally-stable state where the middle sphere (Sphere 2) positions itself midway between the other two
(Spheres 1 and 3) along a horizontal line. The spheres are then expected to move into a more stable
statc where the three spheres form an equilateral triangle.

The mesh for this case consists of roughly 32 000 nodes and 190 000 tetrahedral elements. A view of
two slices of the initial 3D mesh can be seen in Fig. 7. In this case there are a total of 2900 time steps,
and we remesh 7 times. The duration of this simulation is rather long due to the large amount of time it
takes for the spheres to make the transition between the necutrally-stable and stable configurations.

The spheres in this simulation behave as expected and rearrange themselves into the neutrally-stable
and stable states. Sphere 2 moves to midway between the other two spheres fairly quickly to form the

® 9

Fig. 5. Case 1: spheres at five instants during the simulation, along with close up views at three instants.
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Fig. 6. Case 1: velocity vectors and pressure distribution before, during and after the collision.

neutrally-stable state. The Reynolds number during this time period is 83. After this time, Sphere 2
slowly moves in the X, direction (out of line) over a long period of time and eventually the three
spheres form an eqmlateral triangle (this configuration is also observed in [6]). The Reynolds number
during the stable configuration is 86.1. Rotations of the spheres are also noted during both
configurations.
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Table 3
Case 2: initial configuration of the spheres

X, X, X,
Sphere 1: =302 0.0 0.0
Sphere 2: 0.5 0.0 0.0
Sphere 3: 3.25 0.0 0.0
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Fig. 7. Case 2: initial mesh (32 357 nodes and 189 253 elements).

Time histories of the velocities, linear and angular positions, and the distance between the spheres
are shown in Fig. 8. The distances between the spheres shown in Fig. 8 do not all tend to exactly equal
amounts, because in the numerical simulation the tube cross section is not an exact circle but a
representation of one composed of 20 segments. Side and top views of the spheres at the initial,
neutrally-stable, and stable configurations can be seen in Fig. 9. Velocity vectors and pressure
distribution at the neutrally-stable state can be seen in Fig. 10, and pressure distribution at a different
cross section at the neutrally-stable and stable states can be seen in Fig. 11.

From an analysis of the flow field data and velocity time histories, it can be seen that the spheres fall
with a higher velocity in the stable state than they do in the neutrally-stable state. We believe that, in all
likelihood, it will always be the case that any sphere configuration that is in the most stable state will be
falling at the highest possible velocity.

"Case 3: Five spheres—pentagon configuration

In this case, we have five spheres in an initially slightly jumbled pentagon configuration. The initial
positions of the spheres are given in Table 4. This case is simulated to study the stable configuration of
five spheres falling together. It is expected that the five spheres which are initially slightly displaced
from the pentagon configuration will move back into a more regular pentagon shape which seems to be
one of the stable states of the five spheres.

The mesh for this case consists of roughly 47 000 nodes and 276 000 tetrahedral elements. A view of a
slice of the initial 3D mesh can be seen in Fig. 12. In this case there are a total of 500 time steps, and we
remesh 4 times.

The spheres in this simulation did eventually form an exact pentagon configuration with all of the
spheres aligned vertically with the same X, coordinate. Again, this configuration is observed in [6].
Rotations of the spheres are also observed. The Reynolds number at the final configuration is 72.1.

Time histories of velocities, positions, and the distance between the spheres are shown in Fig. 13.
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Fig. 8. Case 2: velocity and orientation histories of the spheres.

Views of the spheres at five instants during the simulation can be seen in Fig. 14, where the first one is
the initial configuration and the last one is the final configuration. Also in Fig. 14 are top views of the
spheres at the initial and final states. Pressure distribution at the final state can be seen in Fig. 15.

Case 4: Five spheres—pyramid configuration

In this case, we have five spheres, four of them aligned in an exact square configuration, with the fifth
one in the center and above the other spheres (at the apex of the pyramid). The initial positions of the
spheres are given in Table 5. This simulation is performed to study alternate stable configurations of
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Fig. 9. Case 2: spheres at the initial, neutrally-stable, and stable states.

Fig. 10. Case 2: velocity vectors and pressure distribution at the neutrally-stable state.

five spheres falling together. It is expected that the rogue sphere (Sphere 5) will move into the center of
the other four to form a ® configuration.

The mesh for this case consists of roughly 55 000 modes and 321 000 tetrahedral elements. A view of
two slices of the initial 3D mesh can be seen in Fig. 16. In this case there are a total of 1000 time steps,
and we remesh 2 times. j

The spheres in this simulation do eventually form the ® shape with all spheres aligned vertically with
the same X, coordinate. During the simulation, Sphere 5 drops through the center of the other four
spheres to a slightly lower level, but then eventually settles back to the same level as the others. The
Reynolds number at the final sphere configuration is 71.6.

Time histories of the velocities, linear and angular positions, and the distance between the spheres
are shown in Fig. 17. Views of the spheres at five instants during the simulation can be seen in Fig. 18,
where the first one is the initial configuration and the last one is the final configuration. Also in Fig. 18



Fig. 11. Case 2: pressure distribution at the neutrally-stable and stable states.

Table 4
Case 3: initial configuration of the spheres
X, X, X,

Sphere 1: 0.316 —0.096 2.525
Sphere 2: 2.545 —0.264 0.649
Sphere 3; 1.653 0.296 —2.341
Sphere 4; =1.957 0.027 —2.557
Sphere 5: —2.276 0.038 1,257
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Fig. 12. Case 3: initial mesh (46 649 nodes and 270 718 elements).
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Fig. 13. Case 3: velocity and orientation histories of the spheres.

Fig. 14, Case 3: spheres at five instants during the simulation, along with top views of the initial and final configurations.
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Fig. 15. Case 3: pressure distribution at the final state.

369

Table 5
Case 4: initial configuration of the spheres

Xl XE X’j
Sphere 1: 1.768 -0.8 1.768
Sphere 2: 1.768 —0.8 —1.768
Sphere 3: —1.768 —0.8 —1.768
Sphere 4: —1.768 0.8 1.768
Sphere 5: 0.0 3.2 0.0

Fig. 16. Case 4: initial mesh (54 574 nodes and 321 236 elements).
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Fig. 17. Case 4: velocity and orientation histories of the spheres.

are top views of the spheres at the initial and final states. Velocity vectors and pressure distribution at a
cross section through Spheres 1, 3 and 5 at the final state can be seen in Fig. 19. Also in Fig. 19 is shown
pressure distribution at another cross section at the final state.

From an analysis of the flow field data and velocity time histories, we believe that this configuration
of five spheres is only a neutrally-stable state, and given enough time, will rearrange themselves into the
pentagon configuration of the previous case. The previous statement in Case 3 that the most stable state
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Fig. 18. Case 4: spheres at five instants during the simulation, along with top views of the initial and final configurations.

is the onc with the highest terminal velocity may also point to the conclusion that this is only a
neutrally-stable state. The Reynolds number at terminal velocity for this case is 71.6, while for the
pentagon shape, the Reynolds number was 72.1.

6. Conclusions

In this paper we have applied our 3D parallel finite element simulation strategies for fluid—particle
interaction to study multiple spheres falling in a liquid-filled tube. We used the stabilized space—time
finite element formulation due to its capability in handling problems involving moving boundarics and
interfaces. To handle the motion of the mesh as the spheres move, we used a combination of several
methods. We combined a global translation of the mesh along with the automatic mesh moving scheme
as the main mechanism of mesh motion. When the distortion of the mesh became too high, we
employed remeshing techniques to continue the simulation with a new, undeformed mesh. These
simulations were carried on a massively parallel computing platform which allows the completion of
these large 3D computations in a reasonable amount of time.

These simulations of multiple spheres falling in a liquid-filled tube have yiclded several interesting
results. We have been that the multiple spheres tend to form stable geometric arrangements, and the
velocity that the spheres falls is influenced by the number of spheres and their arrangement. We have
also reproduced the phenomenon of two spheres drafting/kissing/tumbling in a 3D numerical
simulation.
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Fig. 19. Case 4: velocity vectors and pressure distribution at the final state.
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