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A~tract 

A new 3D finite element flow simulation capability for fluid-particle interactions is presented and applied to study 
time-dependent behavior of multiple spheres falling in a liquid-filled tube. This capability is based on the flow simulation 
strategies such as stabilized space-time formulation for moving boundaries and interfaces, automatic mesh generation with 
structured layers of elements around the spheres, automatic mesh moving with remesh only as needed, and the implementation of 
these strategies on massively parallel computing platforms. 

Several cases of multiple spheres falling in a liquid-filled tube are studied, with the number of spheres ranging from two to five. 
In all cases, depending on the number of spheres and their initial arrangement, a stable sta:e is eventually :eached with all spheres 
arranged in a pattern corresponding to that stable state, and with all of them falling with the same terminal velocity. 

1. Introduction 

The stabilized space-t ime finite elemem formulation was shown earlier [1-3] to provide a powerful, 
general-purpose capability in handling problems involving moving boundaries and interfaces. The finite 
element function space is extended over both the spatial and temporal coordinates, and thus, any 
movement of a boundary or interface is accommodated by a deformation of the spatial mesh with 
respect to the temporal coordinate. This function space in continuous in space but discontinuous in 
time. Because of this discontinuity, calculations are carried out one space-t ime slab at a time which 
makes these computations feasible. This formulation can be used in a wide class of problems that 
involve moving boundaries and interfaces, such as fluid-structure interactions, fluid-particle interac- 
tions, free-surfaces and multiple phases. 

Along with t~he space-t ime formulation for solving problems with moving boundaries and interfaces 
comes the additional emphasis on mesh moving algorithms. Methods are needed to move /de fo rm/ f low 
the mesh to accommodate the movements of the mesh boundaries. We have developed several 
techniques to accomplish this. These are based on using explicitly defined rules to move the mesh [4], 
moving the mesh automatically by solving an equation system with boundary conditions coming from 
the movement of the boundary [5], remeshing to accommodate the change in the shape of the domain 
[3, 5], and using combinations of all of these methods [5]. Also, these methods must take into account 
that our implementation is a parallel one, and cach new mesh involves, in addition to the cost of 
automatic mesh generation in 3D, the c t , .  of mapping the finite element mesh on to the parallel 
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processors in the most efficient way. In 3D problems, these costs are significailt so it is imperative to 
minimize remeshing as much as possible. 

I;, this paper, we apply these solution strategies, implemented on a massively parallel computing 
platform (Thinking Machines CM-5), to 3D simulation of multiple spheres falling in a liquid-filled tube. 
These 3D simulations involve between two to five spheres. As the spheres fall, they interact with the 
fluid and each other as they react to the fluid-dynamical forces acting on them. The simtr~ations 
continue until terminal velocities and stable configurations of the spheres are reached. 

The problem of multiple spheres sedimenting in a liquid-filled tube has been previously studied. 
Jayaweera and Mason [6] performed experiments on clusters of spheres falling in a viscous fluid at fairly 
low Reynolds numbers (10 -4 ~< Re ~< 10). A more recent study by Fortes et al. [7] included experiments 
of two spheres sedimenting in fluidized beds. Recent numerical studies by Hu et al. [8] involved 2D 
numerical simulation ot multiple cylinders falling in a liquid-filled channel. Here, we present full 3D, 
time-dependent simulations with Reynolds number of the order 100. 

The problem of multiple spheres falling in a tube imposes restrictions on the type of mesh generator 
and mesh update strategy that can be used. We wish to have meshes with an arbitrary number of 
spheres at arbitrary location within the tube. With these requirements, the only option we have in 
discretizing the domain is by using an automatic mesh generator. The development of an algebraic mesh 
generator that satisfies these conditions would be extremely difficult if not impossible. 

Automatic mesh generators in 3D are quite costly because of the time it takes to generate a new 
mesh. Because of this, to handle the motion of the spheres, it would be quite inefficient to generate a 
new mesh at each time step in the simulation. Also, since our implementation is a parallel one, we have 
certain set-up costs associated with each new mesh. The main set-up cost is the partitioning of each 
mesh into sub-domains which are sent to individual processors, and this cost is significant. 

Because we are using unstructured meshes generated wit'h an automatic mesh generator, we use the 
automatic mesh moving ,scheme introduced earlier in [5] to handle the motion of the mesh in response 
to the motion of the spheres. In the automatic mesh moving scheme, we solve the modified equations of 
linear elasticity to determine the internal nodal displacements based on the given boundary conditions 
(the motion of the spheres), In our implementation, we actually translate the entire mesh vertically (in 
the direction of gravity which is aligned with the tube axis) with the center of mass of al! the spheres 
involved. This global motion does not deform the mesh in any way, and the automatic mesh moving 
scheme is used to handle the movement of the spheres in relation to this global displacement. When the 
movement of the mesh creates too much distortion, we create a new mesh in the current sphere 
configuration, and project the solution from the old mesh on to the new one. By using the automatic 
mesh moving scheme, the frequency of remeshing is minimized. 

We carried out four cases of spheres falling in a liquid-filled tube. For all cases, all the parameters 
were the same, except for the number of spheres, their initial configuration~ and the duration of the 
simulation. We performed one simulation with two spheres, one with three spheres, and two simulations 
with five spheres. 

In Section 2 we present the stabilized, space-time finite element formulation of the fluid dynamics 
part of the problem. In Section 3 we present the fmmulation for the dynamics of the spheres. In Section 
4 we present details of the mesh generation and update strategies, and in Section 5 we present four 
numerical simulations of spheres falling in a liquid-filled tube. 

2. Fluid dynamics formulation 

Consider a viscous, incompressible fluid occupying, at time t E (0, T), a bounded region O, C R "~ 
with boundary F. where nsd is the number of space dimensions. The primary degrees of freedom are 
velocity and pressure, denoted by u(x, t) and p(x, t). The governing equations represent the momentum 
balance and the incompressibility constraint: 

/ \ au 
p(,'~+u'Vu-f) - V ' o ' = O  on /~,, V t E ( O , T ) ,  (1) 
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V ' U = 0  on D,.  V t E ( O , T ) .  (2) 

where p is the density of the fluid, ~r is the stress tensor, and f(x, t) is body force (sucb as gravity) per 
unit mass. The stress tensor o, is defined as 

1 1- ~r(p, u) = - p l  + 2/~e(u). e(u) = ~ (Vu + ( V u ) ) ,  (3) 

where p. is the viscosity and ! is the identity tensor. The Dirichlet- and Neumann-type boundary 
conditions are posed as 

u . e  i=g, on(Fr)g,, i = l . . . n ~ d ,  (4) 

n" ~," e, = h, on (~),,,. i = 1 . . .  n,,,, (5) 

where e; is the Cartesian unit vector corresponding to axis i. n is the unit normal vector for the 
boundary, and (Ft) e and (F,) h are complementary subsets of the boundary/~, as related to the Dirichlet- 
and Neumann-type'boundary'conditions, respectively. The initial condition is a divergence-free velocity 
field specified over the entire domain: 

u(x, t) = uo on .Oo. (6) 

where u 0 satisfies Eq. (2). 
To write the space-time formulation of (1)-(5),  we partition the time interval (0, T) into 

subintervals ! n = (tn, tn+l), where t n and t,+j belong to an ordered series of time steps 0 = t o < t I < . . .  < 
t N = T. Also, let O n =/2t, and F~ = Ft.  We define the space-time slab Qn as the domain enclosed by the 
surfaces .On, .On+ I and Pn' where Pn is the surface described by the boundary F t as t traverses I n. As in 
the case of ~,  surface Pn is decomposed into (P,,)g, and (P,)h,, i = 1 . . .  nsd. For each space-t ime slab, 
we define the following finite element interpolation function spaces: 

(s~)n ___ {,h -- [.~lT.d iH~ EHih (Q , ) ,  u~ - gh on (Pn)s,, Vi = 1 . . .  nsd ) , (7) 

(V",), = {w h = [w~12~, I w~ ' E H ' " ( Q , ) ,  w, h - 0  on (P,)~. Vi  = 1 . . .  n~a } , (8) 

V h h h ( pL = ( S , L  --= {p I p ~ n ' h ( Q ~ ) }  (9) 

Here,  HIh(Qn) represents the finite-dimensional function space over the space-time slab Qn. Over the 
element domain, this space is formed by using first-order polynomials in space and time. Globally, the 
interpolation functions are continuous in space, but discontinuous in time, 

The stabilized space-time formulation can be written as follows: given (u)~-, find uh~(Sh)n and 
ph E (S~)~ such that V w h E (V~),, and '¢ qh ~ (V~)~ 

fo,  " [Ou" !¢ " p ~--'~- -I- uh * VU h __ fh  ) dQ + fo, e(w1') : °'( Ph' uh) dQ 

-~(t%, wh.h  h d P +  fo qhV'u  h d Q +  [a (wh)+,, "p((uh)+~ - (uh)n-) d/]  

q_e~=l JOe._~[p~k__~i_q. "1"[ [Ow h h . v w h ) _ V ,  or(qh, wh) ~ 

• L,~,-~-+ ~ .v." -:) - v- ~,(:,,:)] dO 
(n©I)n ~- 

+ ,~, Jo " V ' w ' p v - u ' d Q - - O ,  0 0 )  

where nel is the number of elements in the mesh. Tbi~ process is applied sequentially to all space-t ime 
slabs Qj ,  Q2 . . . . .  QN-Z. In Eq. (10), the followi~g notation is being used: 
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(uh); =! im ° u(t. 4 ~), 

fo ('")dQ= f, of. ('")d~dt, 

fp°(...)dP=f,°fr, (--.)dPdt. 

The computations start with 

(uh),7 = u , , .  

R E M A R K S  
(1) 

(11) 

(12) 

(13) 

(14) 

The first three terms in Eq. (10) constitute the Galerkin form of the momentum balance 
equation, while the fourth term is the Galerkin form of the incompressibility constraint. The fifth 
term weakly enforces the continuity of the velocity field across space-time slabs. 

(2) The sixth term in Eq. (10) is the least-squares form of the momentum balance equation. This 
term provides the necessary stability for advection-dominated flows. This term also provides 
stabilily when equal-order interpolation function spaces are used for velocity and pressure. The 
definition of the stability parameter ~- can be found in [1,4]. 

(3) The seventh term in Eq. (10) is the least-squares form of the incompressibility constraint. This 
term enhances the stability of the formulation at high Reynolds number flows. The definition of 
the stability parameter 8 can be found in [1,4]. 

(4) The addition of the stabilizing terms does not compromise the consistency of the formulation 
since these terms are weighted with the residual of the momentum and mass balance equations 
which vanish for exact solutions. 

3. Sphere dynamics formulation 

In the liquid-filled tube, the spheres are allowed to translate and rotate with the gravity and fluid 
forces acting on them. The equation that governs this motion for each sphere is Newton's laws of 
mo~ion: 

F = MY, (15) 

where F is the generalized force vector, M is the generalized mass matrix, and ~" is the time derivative 
of the generalized velocity vector. These are defined as 

I:l Ii°°°°°i I1 0 m 0 0 V~ 
• - -  . l r ~ l  • 

M, 0 0 121 lz2 lza } /~, 
M 0 0 13t 132 133 j /2 

(16) 

Here, F~ and M~ are the components of the force and moment acting on a sphere, V~ and ~ are the 
components of the linear and angular velocities, m is the mass of the sphere, and I~ are the components 
of the moments of inertia. Specifically, for a sphere I~ = 18#, and with this, all six equations in (15) are 
decoupled from each other. 

For further discussion, let us consider just one of the decoupled equations. The first equation in (15) 
is 

F, = ml?~. (17) 

Since we solve for a whole space-time slab at a time, we take the value of the force acting on the 



A.A. Johnson, T.E. Tezduyar / Comput. Methods Appl. Mech. Engrg. 13d (1996)351-373 355 

sphere (which includes the fluid dynamical force) at the middle of the slab in the temporal coordinate. 
Let F~' and F~ '÷'  denote the forces at the lower and upper temporal levels of the slab. Then, 

F V '  + r; '  ( i s )  
F , -  2 

We can also discretize the time derivative of velocity by equation 

¢ /  v~, " ' - v~, 
At ' ( 1 9 )  

where At is the time step. Eq. (17) then becomes 

r~' +' + F ,  v T * '  - v~' 
2 = m At (20) 

In Eq. (20), the forces are known (computed from the flow field at each level n and n + 1), and 1,'~' is 
known (the velocity of the sphere is taken to be continuous across space-time slabs). By rearranging, 
Eq. (20) then becomes 

At ~ ,  
V~ '÷'  = V]' + ' ~  (F, + F~'), (21) 

where V~ '÷l is our unknown at each non-linear iteration, and this governs the update of the sphere 
position and henceforth, the mesh coordinates. 

The velocity of the sphere is related to its position by 

.~, = V , .  (22)  

By expanding ,~', as we have expanded I?, in (19), expanding V, as we have expanded F, in (18), and 
rearranging for our unknown, we obtain 

At 
X~ ÷' = X]' +-~--(V] '+ + V~'). (23) 

As was the case with velocity, the sphere's coordinate is taken to be continuous across space-time 
slabs, and X'~ is known. Eq. (21), along with (23), will give us the required movement of the sphere 
due to the forces acting on it. The angular positions, O/, can be calculated in a similar way by using the 
moments M i and angular velocities ,O v 

3. I. Collisions between spheres 

In our implementation, we also allow collisions to take place between spheres if any two spheres get 
too close to each other. The notation that will be used in formulating a collision can be seen in Fig. 1. 
In Fig. 1, n is a unit normal vector pointing from the center of Sphere A to the center of Sphere B, and 
V a and V n are the velocities of Spheres A and B before the collision. The velocities of the spheres after 

vA 

Fig. 1. Notation for formulating a collision. 
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the collision are unknowns and will be denoted by V~ and V~. We will also denote V,A = V a ' n  and 
v.B = v~. , , .  

The linear momentum of the system after the collision will be equal to the linear momentum of the 
system before the collision. The equation imposing this in the normal direction is 

m A V ; A  + mBV' ,B = maV,  a + m s V ,  s ,  (24) 

where m a and rn B are the masses of Sphere A and Sphere B. An additional equation is needed to 
determine the unknown velocities, and this equation relates the relative, normal components of velocity 
before and after the collision. This equation is 

V',,B - V',, a = e(V,, a - V,B ) 0 ~< e <~ 1, (25) 

where e is the coefficient of restitution. Combining Eqs. (24) and (25), we obtain the expressions for 
the normal velocities after the collision: 

m a - e m  n (1 + e )m  n 
V ' a -  ~-ay_t.-~n V,A + ~ V , , n ,  (26) 

m o -- e m  a V' - (1 + e ) m A  V,,a + m _ _ . ~ _ ~ . ~ V , n .  (27) 
ns - ma  @ m B 

In our formulation we need to determine the update to the velocity vector for Spheres A and B (V A 
and Vs). Let us consider vector V a. The update to this vector only occurs in the normal direction (the 
spheres are assumed to bc smooth with no tangential forces acting on them), so the velocity vector after 
the collision can be written as 

v~ = v,, - v .~ , ,  + v ' . ~ n .  (28) 

or simply 

v,; =vA + (v'.A - v . A ) , , .  (29)  

By replacing V',a with Eq. (26), we obtain 

I 'm a - e m  n (1 + e ) m  n -I 
v~ = v~ + [ m - : - r ~  v., + m - - T W  V.,-  V. , ] , .  (30) 

and rearranging 

+ (1 + e ) m  n 
v,;  = v,, m--A-~-~n ( V .  o - V.  ,, ) , ,  . ( 3 1 )  

Similarly, we obtain the equation for the velocity vector after the collision for Sphere B 

V; = V o + ~ (V,a - V,n),,. (32) 

In our simulations, we take the value of e equal to 1.0 (perfectly elastic). 
In our implementation, we first solve for the position of the spheres at the n + 1 level in space-time 

slab by Eq. (23). We then determine if a collision will have taken place between any two spheres in the 
domain. If so, we solve for a new velocity of the spheres in question at the n + 1 level by Eqs. (31) and 
(32). We then update the position of the spheres at the n + 1 level by Eq. (23). 

To predict a collision, we augment the radius of each sphere by a small amount and use this 
augmented radius (r~) to determine if a collision is expected to take place. The reason for doing this is 
because we always keep around each sphere a zone with structured layers of elements. This zone, kind 
of glued to the sphere, moves with the sphere. Although, in general, it would be quite straightforward 
to allow this zone to deform as the spheres get too close, in the simulations reported in this paper we 
chose to keep these zones undeformed. 
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4. Mesh generat ion /Update  strategy 

4.1. Automatic mesh generation 

The automatic mesh generator we use is based on Voronoi'/Delaunay methods. These methods seem 
to be the most general and create high quality meshes in 3D. Our implementation also has the 
capability to create around each sphere zones with structured layers of elements. We create these. 
structured layers of elements to keep full control of the mesh refinement around the spheres and 
consequently better model the boundary layer features of the flow. 

Our 3D automatic mesh generation package is described ;n [9, 10]. We have developed a special 
version of this mesh generator to create the meshes used in these simulations. This special version can 
create a mesh of any number of spheres at any location within a tube of circular crossection, and has a 
very simple input file format. The creation of this special mesh generator was desirable because of the 
special geometries involved, and because of the fact that we use this mesh generator in a production 
environment where we need repetitive mesh generation. 

4.2. Automatic mesh moving scheme 

In the automatic mesh moving scheme, the mesh 'flow' is governed by the modified equations of 
linear elasticity. When mesh movement takes place, these equations are solved to determine the 
internal nodal displacements of the mesh based o ,  the given boundary displacement. By solving this 
system of equations to determine the displacements, the method works for any mesh type and for any 
type of movement. The added generality comes at the cost of solving this additional equation system 
each time the mesh is deformed. The formulation, which was described in [5], will be briefly reviewed 
here for completeness. 

Consider an elastic body occupying a region/ /C R "~d with boundary F. The displacement of the mesh 
is given by v(x) and is governed by the equilibrium equations of elasticity: 

V- o-* +f* = o ,  (33) 

where f* is a prescribed body force. The stress tensor ¢* is related to the strain tensor 4" by 

o.* = A(tr e*)! + 2t.~ *, (34) 

where a and /~ are the Lam6 elastic constants. The strain tensor e* is related to the displacement 
gradients by equation 

1 . = ~ ( ~  + ( ~ ) T ) .  (35) 

The Dirichlet- and Neumann-type boundary conditions which enforce either a given displacement or 
a given normal stress component for the mesh motion, are represented as 

v . e ,  = g* on (F)g .  i = 1 . . .  n ~ ,  (36) 

n-o '* ' e~=h~  on (F)n; i = 1 . . .nsd , (37) 

where (f)~; and (f)h; are complementary subsets of the boundary F. 
The finite element function spaces are given by 

h n  d h . 
( s ~ )  = { v  ~ = Iv ,  l,~, Iv~ E [H'"(o)I"", v, = (g,*)" on f~. ,  V i  = 1 . . .  n~d}, (38) 

A n  d h (Vhv) = { w  h = [Wi ] i :  I IWi E [ n th ( , f ~ ) ]  n~'j, W h "- '0 on Fs;, Y i  = 1 . . .  n~d ) , (39) 

The au:omatic mesh moving formulat ion is then given as: f ind v h ~- Sh,, such that Y w h E V h, 

fa .(wh) : ~*(vh) dl~ - f wh . f *  dl] = fr,. wh . h* dF . (40) 
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It is desirable to retain the structure of the mesh in the more refined areas, and have most of the 
deformation weighted towards the larger element regions of the mesh. To accomplish this, a variable 
stiffness coefficient is desirable where the small elements are more rigid. We implement this by dropping 
from Eq. (40) the ,Iacobian of the transformation from the element domain to the physical one. By 
doing this, smaller elements which are more susceptible to distortion and located in areas where 
refinement is important  retain their shape better. 

We move the structured layers of elements that are created around each sphere together with the 
sphere. Therefore,  these zones of structured layers of elements do not enter  into the domain of the 
mesh deformation, and the outer boundaries of the layers are where boundary conditions for the 
deforming mesh are specified. If we were to deform these zones of structured layers of elements 
according to some explicitly defined rules, the situation would still have been the same, because these 
zones still would not have been part of the domain where the mesh motion is unknown and is governed 
by the equations of elasticity. 

4.3. Remesh procedure 

As the spheres move around, in general it will not be possible to continue updating the mesh just by 
moving the nodes with the automatic mesh moving scheme. The movement  of the mesh will eventually 
result in unacceptable levels of mesh distortion. When this happens, we remesh, which means that  we 
generate a new mesh with the automatic mesh generator,  then project the solution from the old mesh 
on to the new mesh. Once the solution is projected to the new mesh, computations can proceed. 

To decide when we remesh, we track measures of mesh distortion throughout  the computation.  In 
this simulation, we track changes in element aspect ratio and element volume. The elemental  measure 
of volume and aspect ratio change are given by equations 

f v = Ilog(V" /V~o)l , f'~ = Ilog(AR~/ARDI, (41) 

where V" is the element volume at a given time, V 0 is the element volume in the initial (underformed) 
mesh,  and AR ~ is the aspect ratio of an element,  defined as 

AR ~ = (Maximum Edge Length) 3 
Ve (42) 

We then define a global factor measuring mesh deformation by 

(fv)ma, =,maxr, ( fev) ,  (f~)max =,max ( f ~ ) "  (43) 

We consider remeshing when ei ther of these parameters (fv)ma, or (f~)ma, becomes greater than 
log(4). 

In our  remesh procedure we use two different computing platforms. The solution is computed on the 
Thinking Machines CM-5, and the automatic mesh generation is carried out  on the Cray C90. In the 
simulations, at around every 50 time steps we check the levels of mesh distortion. If the mesh is 
distorted too much, we send the required data to the C90, generate a new mesh for the current  
computat ional  domain,  project the solution on to the new mesh, then send the required data back to 
the CM-5. The new mesh will be used for the next run, and the projected solution is used as the restart  
data. This whole procedure is managed within a shell script to automate the process. 

4.4. Projection o f  the solution 

There are several methods available to us to project the solution from the old mesh on to the new 
one. The method we use which seems to be the most natural is by using the ' jump'  term within the 
space- t ime formulation (i.e. the fifth term in Eq. (10)): 

~no (w ~) +" " P((u~) +" - (u~)D dn  . 
(44) 
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The velocity field (uh)~ " is defined over the (possible new) mesh corresponding to the current 
space- t ime slab, and is one of the unknowns. The velocity field (u~)~, on the other  hand,  is defined 
over the (possible old) mesh corresponding to the earlier space-t ime slab, and is known. The 
;~nterpolation from the old mesh to the new one is built-in to the integration of this term over the two 
different meshes. The integration can be carried out over the two different meshes since we are using 
numerical integration, and the coordinates of the integration points can be found within both meshes. 

In the actual implementation, after generating a new mesh, we find the values of (uh)~ at the. 
numerical integration points of the new mesh by a simple linear interpolation over the old mesh. We 
also compute a velocity field within the new mesh by solving the least-squares problem which is very 
similar to the jump term in the formulation. This interpolated velocity field is used as an initial guess for 

h + h . . . . .  
(u ) , ,  and (u),,+~ m the iterauve solution. We save the values of the velocity field at the integration 
points in a file which is sent to the CM-5. For the first time step after remeshing, we read in the values 
at the integration points and use them to perform the integration within the jump term of the 
formulation. 

This method of interpolation seems to work quite well, but we add one other  modification to this 
method. When a projected solution is u~ed in the formulation, the incompressibility criteria may be 
slightly violated. This violation causes a spike to appear in the forces as the pressure reacts to this 
violation of incompressibility. Since we determine that some slight violation of incompressibility will be 
introduced when remeshing, and the pressure variable will react to this, we do not use this pressure 
when determining the forces acting on the spheres for this first time step after remeshing. We use the 
interpolated pressure coming from the least-squares interpolation to determine these forces. 

5. Numerical simulations 

We carried out  four different cases of multiple spheres falling in a liquid-filled tube. The cases differ 
by the number  of spheres, the initial configuration of the spheres, and the duration of the simulation. 
All o ther  parameters are identical in all cases. The size of th ~ . tube and the spheres (R and r denote  the 
radius of the tube and the sphere, respectively), the viscosity and density of the fluid (denoted b y / z  and 
p),  the magnitude of the gravity (denoted by g), and the mass and moment  of inertia of the spheres 
(denoted by m and 1) remain the same in all cases. These parameters,  in their non-dimensional form, 
are given in Table 1. The time step At and the collision radius r c arc also given in Table 1. The mass is 
set so that  one sphere alone in the tube will fall at a Reynolds number  of roughly 100. In all 
simulations, the tube axis is aligned with the gravity vector which is in the - X  2 direction in the 
Cartesian frame. In each simulation, the spheres and the fluid are at rest in the initial configuration. 
Finally, the nodal refinement around each sphere, and on the tube, are exactly the same for each mesh 
and each simulation. We create three structured layers of thin elements around each sphere,  and each 
layer has a thickness of 0.013. 

All simulations were performed on the 512 processing node CM-5 at the Army HPC Research 
Center.  Both the flow solver and the automatic mesh moving scheme are implemented in parallel 

Table 1 
Parameters for all simulations 

Sphere: m =6.15 1=2.46 r= l .0  
Fluid: p = 1.0 p. = 0.02 g = 1.0 
Other: R=5.0 At = 0.1 r, = 1.05 

Table 2 
Case h initial configuration of the spheres 

x ,  X :  X3 

Sphere 1: -1.0 -2.0 0.0 
Sphere 2: 1.0 2.0 0.0 
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[11,12], an an iterative solution strategy with diagonal preconditioner and GMRES update technique is
used to solve the large linear equation system encountered at each nonlinear iteration. A1l mesh
generation is perfomed on the Cray C90 at the Minnesota Supercomputer Centet.

(ase t: Two \phercs
In this case, we have two spheres in an initially staggered configuration. The inilial positions of the

spheres are given in Table 2. This simulation is pedormed to capture the phenomena of sphetes
drafting, kissing and tumbling described in [2. It is expected that the tailing sphere (Sphere 2 in this

Fig.2. case 1: initialnesh (3961nodes and 140541elenents).

Fig. 3. Ca* 1i clce np view oI the iniftl nesh
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Fig. ,l Case 1: velocily .nd onenraliod bisrories oi rbe sph*cs

casc) will be aftracted to the low pressure region in the wake of the leading sphcrc (Sphcre 1). The
sph€res will eventually collide and then separate. The two spheres will then continuc 10 fall together
sidc by side.

The mesh for this problcm consisl of roughly 24 000 nodes and 140 000 ietrahedral elencnts. A view
of a slice of thc initial 3D mcsh can bc sccn in Fig. 2, and a close up view of the area around onc of the
spheres can be seen in Fig. 3. Ir this case tbere arc a tolal of 900 timc steps, and we remesh 12 times.

The spheres in this simula.ior do exhibit the bchavior of draiting, kissing and tumbling. Sphere 2 is
sbwly p'rlled hoizonlally (in thc J.r direction) towards Sphere 10 As Sphere 2 gets closcr 1(l the
hoizontal position of Sphere 1, it accelerates downward (the negative X, dircction) toward Sphere 1

:tal
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until they collide. Sphere 2 then moves off to onc side, while Sphere 1 moves off at a higher velocity to
the other side. Both sph€res move toward the tube, and then are slowly pushed back towards the center
of the tube by the effects ofthc tubc wall. Both spheres then fall at roughly the samc rate at roughly the
same L2 position throughout the rest of the simulation. Rotations about the X. axis for both spheres
are also observed, especially near the time the spheres collide. The terminal velocity Reynolds number
for both sphercs is roughly 93.1.

The linear aDd angular velocities and positions of fhe two spheres throughout thc simulation are
shown in Fig. 4. It can be seen in Fig. 4 thal the spheres collide at roughly time st€p 400. Views of the
spheres at five instants during the simulation can be seen in Fig. 5, whcrc the first view is the initial
position, the fourth view is near the time thai the spheres collide, and the last view is alter they scparatc
but bcfore they reach their final positions. Also in Fig. 5 arc three close up views of thc spheres before,
during, and alter thc collision. Fig. 6 shows the velocity vectors and prcssurc distribution at the same
time steps as thc closc up views of the spheres in Fig. 5.

Case 2: Three spheres
In this case, we have three spheres aligned along a horizontal line, but with unevcn spacing between

them. Thc initial positions of thc spheres are given in Table 3. This simulation is performed to study
stable and neutrally-stable conligurations. lt is expected that thc three spheres will first movc into a
neutrally'stable state wherc thc middle sphere (Sphere 2) positions itself midway bctween the other two
(Spheres I and 3) along a horizontal line. The spheres are then expected to move into a more stnble
state where the three spheres form an equilateral triangle.

The mesh fbr this case consists of roughly 32 000 nodes and 190000 tetrahedral elements. A view of
two slices of the initial 3D mesh car be seen in Fig. 7. In this case there are a total of 2900 time steps,
and we remesh 7 times. The duratioD of this simulation is rather long due to the largc amount of time it
takes for the spheres to make the transition between the neutrally-stable and stable configurations.

The sphercs in this simulation behave as expected and rearrange themselvcs into the neutrally stable
and stable statcs. Spherc 2 moves to midway between the other two sphercs fairly quickly to folm the

e
e
I
O

I

@

o
o

o

o
o

E

eo
Fig. 5. Case 1: spheres ar nve instants dunne lhe simul.tion, along wnh close up vicws at thfee instants.
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Fig. 6 Case l: vclocity vectors and pressure distnbndon bcfore. dunng and atier tnc collisron

neutrally-stable state. The Reyrolds numbcr during this time peiod is 83. After this time, Sphere 2
slowly moves in th€ X3 direction (out of line) over a long period of time and eventually the three
spheres form an equilateral triangle (this configuration is also obseNed in [6]). The Reynolds nurnber
during the stable configuration is 86.1. Rorations of thc spheres are also noted during both
conligurations.
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Case 2: initi.l conliguradon of the spheres

1 2 5
0.5
3.25

0.0
0.0
0.0

0.0
0.0
0.0

Fig. ?. Case 2: iniiial mesh (32357 nodes and 18943 elenents).

Time histories of the velocitics, lincar and angular positions, and the djstance between the spheres
are shown in Fig- 8. The distances between the spheres shown in Fig. 8 do not all tcnd to exactly equal
amounts, because in the numerical simulation the rube cross section is not an cxacl circle but a
representation of one composed of 20 segments. Sidc and top vicws of the spheres ai rhe initial,
neutrally-stable, and stable configurations can be seen in Fig.9. Velocity vectors and pressure
distribution at thc neutrally stablc state can be seen in Fig. 10, and pressure distribution at a dilfcrcnt
cross section at the neutraily-stable and stable states can be seen in Fig. 11.

From an analysis of the flow iield data and velocity timc historics, it can be seen that the spheres f. l
with a higher velocity in the stable state than they do in the neutrally stable statc. We believe that, in all
likelihood, it will always be the case that any sphcre configuration that is in the most stable state will be
fauing at the highest possible velocity.

Crlse 3: Five sphercs pentugon conliSuration
In this case, we have fiv€ spheres in an initially slightly jumbled pentagon configumtion. The initial

positions of the spheres are given in Table 4. This case is simulated to study the stable configuration of
five spheres falling togcther. It is expected that the five spheres which are initially slightly displaced
from the pentagon configuration will move back into a more regular pentagon shape which sccms to be
one of ahe stable states of the five spheres.

The mesh for this case consists of roughly 4? 000 nodes and 276 000 tetrahedrul elcmcnts. A view of a
slice of the initial 3D mcsh can be seen in Fig. 12. In this case there are a total of 500 time stcps, and we
rcmesh 4 timcs.

The spheres in this simulation did eventually fom an cxact pcntagon configuration with all of the
sphercs aligned vertically witl the same X, coordinatc. Again, this conliguration is observed in [6].
Rotations of thc sphcrcs arc also observed- The Reynolds number at the final configutution is 72.1.

Time histories of velocities, positions, and the distance between the sphercs arc shown in Fig. 13.
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Fig. 8. Casc 2: vclocily and oienlalion histories of the spheres.

Views of the spheres at five instants during the simulation can be seen in Fig. 14, where the first one is
the initial configuration and the last one is the final conliguration- Also in Fig. 14 are top views of the
spheres at the initial and firal states. Pressure distribution at the final state can be seen in Fig. 15-

Case 1: Five spheres pyran l configuration
ln this case, we have five spheres, four of t}lem aligned in an exact square configuration, with the fifth

one in the center and above the other spheres (at the apex of the pyramid). The initial positions of the
spheres are given in Table 5. This simulation is performed to study alternate stable configumtions of
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Fig. 10. Case 2: velocny vedors and pressure distnbution a1 the nelbally stable starc.

five spheres falling togetier. It is expected tlat the rogue spheie (Sphcrc 5) will move into the center of
the other four to form a I configuration-

The mesh for this case consists of roughly 55 000 modes and 321000 tetrahedrul elements. A view of
two slices of the initial 3D mesh can be seen in Fig. 16. In this case there are a total of 1000 time steps,
and \ae remesh 2 times.

Thc spheres in this simulation do eventually {orm the I shape wit} all spheres aligned vertically with
the same & coordinate- During the simulation, Sphere 5 drops ihrough the centcr of rhe other four
spheres to a slightly lower level, but then eventually settles back to the same level as the others. The
Reynolds number at the final spherc conngumtjon is 71.6.

Time histories of t}le velocities, linear and angular positions, and the distance between the spheres
are shown in Fig. 17.Views of the spheres at live instants during the simulation can bc seen in Fig. 18,
where the first one is the initial corfiguration and the last one is the final configuration. Also in Fig. 18

o 9 0

o o 9

@ @



Fig. 11. Case 2: pressure distributioaat the neukally srabl€ dnd slrble stlre<.

Case 3: initial odguration oI lbe spheres

0.316
2.545
1.653
1.957
2.n6

0.096
0.264
0.296
0.021
0.038

2.525

2.341
2.557
1_257

Fig. 12. Cae 3i inilial mesh (46649 nodes and 2?0718 elenents).
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n*s4

Fig I:l Casc 3: vclocltt and oricnlatlon histoijcs of lhc sphcrcs
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Fig. 1.1 Casc l: spheres.t tiv. inslanls durnrg ihc sim!|.ti... rlong wnh rot liews ol the iniLial lnd h.rl .oiiiguntnrns.
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Case 4: inilial configuration oi the sphcres

l r g  r  i  ' n  1 : p r e . s I c d r r " \ L r i o n a l  r h e h n i l q d r r

1.768
1.?68
t.764
r.768

0.8
0.8
0.8

-0.8
3_2

1.768

1.768
0.0

Fig. 16. C.se 4: initial mesh (54 5?4 nodes and 321236 elemenls)
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Fig. 17. Case 4: velocity and orienlation histones of the spheres.

are top views of the spheres at thc initial and final states. V€locity vectors and pressure distributior at a
cross section through Spheres l, 3 and 5 at the final state can bc scen in Fig. 19. Also in Fig. 19 is shown
pressure distribution at anothcr cross section at the final state.

From an analysis of the flow field data and velocity time histories, we believe that this configuration
offive spheres is only a neutrally-stable statc, and given enough time, will rcarrange themselves into the
pcntagon configuration ofthe previous case. Thc prcvious statement in Case 3 that the most stable state
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Fig. 18. Case 4: sphers .t live instants duriDg thc simulation. along with 1op views ol lhe inilial and linil conligurations

is the onc with the highest terminal velocity may also pojnt to the conclusion that this is only a
neutrally-stablc stale- The Reynolds number at terminal velocity for this case js 71-6, while for the
pentagon shape, the Reynolds number was 72.1.

6. Conclusions

In this paper we have applied our 3D parallel linite element simulation strategies for fluid particle
interaction to study multiple spheres falling in a Iiquid fillcd tube. We used the stabilized space time
finite element formulation due to its capability in handling problems involving moving boundarics and
intertaces. To handle the mot;on of the mesh as thc sphetes move, we used a combinalion of several
methods. We combined a global translation of the mcsh along with the automatic mesh moving schemc
as the main mechanism of mesh motion. When the distortior of lhc mesh became too high, we
employed rcmcshing techniques to continue the simulation with a new, undcformed mesh. These
simulations were carried on a massively parallcl computing platform which allows the completior of
thesc large 3D computations in a reasonable amount of time.

These simulations of multiple spheres falling in a liquid-lilled tube have yicldcd several interesting
rcsults. Wc havc bccn that the multiple spheres tend to form stable geometdc arrangements, and the
velocity that the spheres faus is influenced by the number of spheres and thcir arrangement. Wc have
also reproduced thc pheilomenon of two spheres drafting/kissing/tumbling in a 3D numericai
simulation-
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Fig. 19. C.se 4: velocity vectors and pressure dislribution at the fnal state.
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