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SUMMARY

Massively parallel finite element methods for large-scale computation of storm surges and tidal flows are
discussed here. The finite element computations, carried out using unstructured grids, are based on a three-step
explicit formulation and on an implicit space-time formulation. Parallel implementations of these unstructured
grid-based formulations are carried out on the Fujitsu Highly Parallel Computer AP1000 and on the Thinking
Machines CM-5. Simulations of the storm surge accompanying the Ise-Bay typhoon in 1959 and of the tidal flow
in Tokyo Bay serve as numerical examples. The impact of parallelization on this type of simulation is also
investigated. The present methods are shown to be useful and powerful tools for the analysis of storm surges and
tidal flows. O 1997 by John Wiley & Sons, Ltd.
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I. INTRODUCTION

Storm surges is a phenomenon in which the sea level in a near-shore rises significantly because ofthe
passage of a typhoon or low atmospheric pressure. This can cause enorrnous damage in major bays
and harbours. Tidal flows in ocean bays are less violent, yet their understanding is also important to
the design of shoreline and offshore structure. For the study of storm surge, computations were
carried out in the past by some of the present authors and also other researchers.l'2 Tidal flow
simulations were previously reported in References 3 and 4. The finite element method is a powerful
tool in such simulations, since it is applicable to complicated water and land configurations and is
able to represent such configurations accurately. In practical computations, especially in the case of
storm surge analysis, the computational domain is large and the computations need to be carried out
over long time periods. Therefore this type of problem becomes quite large-scale and it is essential to
use methods which are as efficient and fast as the available hardware allows.

In recent years, massively parallel finite element computations have been successfully applied to
several large-scale flow problems.3's These computations demonstrated the availability of a new level
of finite element capability to solve practical flow problems. With the need for a high-performance
computing environment to carry out simulations for practical problems in storm surge analysis, in this
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1372 K. KASHIYAMA ET AL

paper we present and employ a parallel explicit finite element method for computations based on
unstructured grids. The finite element computations are based on a three-step explicit formulation'l of
the governing equations. In these computations we use the selective lumping technique for numerical
stabilization. Parallel implementation of this unstructured-grid-based formulation is carried out on the
Fujitsu Highly Parallel Computer APl000. As a test problem, we carry out simulation of the storm
surge accompanying the Ise-Bay typhoon in 1959. The computed results are compared with the
observed results. The effect of parallelization on the efficiency of the computations is also examined.

The computation of the second class of problems, involving tidal flows, is accomplished here with
a stabilized implicit finite element method based on the conservation variables. This stabilization
method is based on the streamline upwind/Petrov-Galerkin (SUPG) formulation for compressible
flows, which was originally introduced in Reference 6 for incompressible flows and in Reference 7
for the Euler equations of compressible flows. This methodology was later supplemented with a
discontinuity-capturing term in References 8 and 9 and then extended in References l0 and 1 I to the
Navier-Stokes equations of compressible flows. The time-dependent governing equations are
discretized using a space-time formulation developed for fixed domains in References 12 and 13 and
for deforming domains in Reference 14. The present data-parallel implementation makes no
assumptions about the structure of the computational grid and is written for the Thinking Machines
CM-5 supercomputer. As a test problem, simulation of the tidal flow in Tokyo Bay is carried out.

2. GOVERNING EQUATTONS

The storm surge phenomena can be modelled using the shallow water equations, which are obtained
from the conservation of momentum and mass, vertically integrated, assuming a hydrostatic pressure
distribution:

i , t , + u , u , r + g ( ( - ( o ) , , + j 1 L - , l t ' l ' r ,  - v ( u i j t u i ) . 1 : 0 ,  ( 1 )' p ( h + O  p ( h + o

( + t ( h + o u i l , i : 0 , (2)

where a, is the mean horizontal velocity, ( is the water elevation, /r is the water depth, g is the
gravitational acceleration, (o is the increase in water elevation corresponding to the atmospheric
pressure drop, (r.), is the surface shear stress, (16), is the. _bottom shear stress and v is the eddy
viscosity. The increase (o can be given by Fujita's formula" as

, 7 L Pto :  
wg-J |  +  ( r l rn f l '

where Ap is the pressure drop at the centre of the typhoon, p is the density of fluid, r is the distance
from the centre of the typhoon and re is the radius of the typhoon.

The surface shear stress can be siven as

(t.), : paywiJ(wkwk), (4)

where pa is the density of air, y is the drag coefficient and u/i is the wind velocity 10 m above the
water surface. The wind velocity can be evaluated using the expressions

wt: -93t"t^0[x1 -  (x1). ] f  cosg[x, -  (r2L]]  *  Crvre-t lun, (5)

C 'V^
w2 : -:; t- cos g[x1 - ("r).] * sin 0[x, - (rz).]] I C2Vre Q/R)", (6)

(3)
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COMPUTATION OF STORM SURCES AND TIDAL FLOWS 1373

where Z* is the gradient wind velocity, V, and V2 denote the velocity of the typhoon, (xr ). and (x2).
denote the position of the typhoon, 0 is the gradient wind angle and R, C1 and C, are constants. The
gradient wind velocity is define as

(7). (;)'] "'lln,:I[_,. I
t L \ I'.ml'

n2g(15)r :  
; f i r , ' / (uouo),
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uf t,dr :0,
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where r.r| and (* denote the weighting functions and /, represents boundary terms.

where / is the Coriolis coefficient.
The bottom shear stress can be siven as

M,p( p + B nB;,,u B;(hy + (l,) + C opr;u pi(hy * (r) : 0.

(8 )

where n is the Manning coefficient.

3. VARIATIONAL FORMULATIONS

We present two finite element formulations of the shallow water equations which have been
implemented on parallel architectures. The first method is a three-step explicit method for fixed
domains. The second method is an implicit stabilized space-time formulation. Although the examples
presented in this paper involve fixed domains only, the latter (space-time) formulation is seen as a
step towards solving an important class of problems which involve deforming domains. With the two
formulations included in this section addressing different classes of problems, a cost/accuracy
comparison is not performed; however, it is expected that the explicit method for a given time step
size will be more economical than the space-time formulation if the domain is fixed. The implicit
space-time formulation, on the other hand, does not involve as much time step size restriction (due to
numerical stability) as the explicit method.

3.1. Three-Step Explicit Finite Element Method

For the finite element spatial discretization of the governing equations the standard Galerkin
method is used. The weak form of the governing equations can then be written as

(e)

(  l 0 )

Using the three-node linear triangular elements for the spatial discretization, the following finite
element equations can be obtained:

M,pitBi-r Kop,lusuyi + HaiGB- (oB) + ,,r(ffi) 
,-ro,(ffi) ,*r",r,uu, 

: o, ( l  l )

(r2)
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1314 K. KASHTyAMA Er AL.

The coefficient matrix can be expressed as

f f
M,f : 
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where O denotes the shape function. The bottom stress term is linearized and the water depth is
interpolated using linear interpolation.

For discretization in time the three-step explicit time integration scheme is employed using the
Taylor series expansion

F(r + Ar) : F(t) + L/lo . 
a^P Prg lrr drtrl - ' A'

at  
-T i *e 

* ,  +o(Lf ) '  (13)

where F is an arbitrary function and At is the time increment. Using the approximate equation up to
third-order accuracy, the following three-step scheme can be obtained: l6

r ( , * { \  =  a ' toF( t \
\  3 / = r \ t ) * T  a '

r ( r  *  * )  :  F f t t  +N 
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F(/ + Ar) : F(t) * 6,TQ !-4'12.

Equation (14) is equivalent to equation (13) and the method is referred to as the three-step Taylor-
Galerkin method. The stability limit of the method is l'5 times larger than that of the conventional
two-step scheme.4'17 Details of this method are given in Reference 3. Applying this scheme to the
finite element equations, the following discretized equations in time can be obtained:

Step I

u!pu^Bi'/' : ulBu^pi - 
!lr,r,,rrui1 + HaiG'p - (BBt + ,"r(ffir)'u

-r.,(#*O)',*r.,r,r], (r5)

ulp(p*t,t : uip$ _�L|[a,p,rrft,(hy + (;) * Copriu,l;(hy + (U, (16)
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Step 2
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where superscipt n denotes the value computed at the nth time point and Ar is the time increment
between the nth and the (r, + l)th step. The coefficient Mfu expresses the lumped coefficient and Mlu
is the selective lumping coefficient given by

a ip :eM lp+( -e )Ma , (21)

( l  7 )

( 1 8 )

where e is the selective lumping parameter.

3.2. Space-Time Implicit Finite Element Method

In the implicit implementation a stabilized space-time finite element method is used. Using the
conservative variables defined as

/ u ' \  (  H  \u: l'":): \r;',)
where Il:h+C, the variational formulation of (1) and (2) is written as

J .u. 
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r376 K. KASHIYAMA ETAL

Here U* denotes the weighting function and the integration takes place over the space-time domain
(or its subset referred to as slab) Q,, its lateral boundary Pn and its lower spatial boundary O,. The
space-time terminology is explained in more detail in Reference 18. A, and K,, are the coefficient
matrices of the advective-diffusive system, defined as

A l :

0

Uz/H

0

K r r  :

K2r :

" ,)"  
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(yr:,;;, ':,):: ,,:,) 

Az:( 
,"*:r,

\i,:r,)1';) *'':( -,1:,,* ,';,i)
(-"J{" I 'i) Kzz:(-:;;':: ,::,)

R denotes the right-hand-side vector
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\ -gHa(/, -r 6)l\xz - ft,")zlp + k)zlp /

(24)

and H is the natural boundary condition term defined on the subset of the lateral boundary Pr. The
notation (. . .)| and (. . .), indicate the values of a discontinuous variable as the time r approaches the
temporal slab boundary /, from above and below respectively.

The first two left-hand-side terms and the entire right-hand side of equation (22) constitute the
Galerkin form of the shallow water equations (l) and (2). The third term enforces weakly the
continuity of the solution across the time levels t,. The fourth and fifth terms are the SUPG
stabilization and discontinuity-capturing terrns respectively. For the derivation of the stabilization
coefficients t and d for multidimensional advection-diffusive systems see e.g. Reference 11. The
stabilization terms are integrated over the interior of the space-time elements ff.

The variables and weighting functions are discretized using piecewise linear (in both space and
time) interpolation functions spaces for all fields. The resulting non-linear equation system is solved
using the Newton-Raphson algorithm, where at each Newton-Raphson step a coupled linear equation
system is solved iteratively using the GMRES update technique.

4. PARALLEL IMPLEMENTATION

For the explicit algorithm a data-parallel implementation is performed on the Fujitsu APl000, which
is a distributed memory, highly parallel computer that supports the communication mechanism.
Figure I shows the configuration of the APl000 system. The AP1000 consists of 1024 processing
elements which are called cells, a Sun workstation which is called the host and three independent
networks which are called the T-net, B-net and S-net. Each cell possesses a memory of 16 MB. Using
1024 cells, the peak computational speed reaches 8'53 Gflops. The cells perform parallel
computation synchronizing all cells and transferring boundary node data to neighbouring cells.
The host performs institution of cells' environment, creation of task, transfer of data and observation
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T_Net

Figure l. APl000 system

of cells' condition. All cells are connected by the T-net (torus network) for one-to-one
communication between cells. The host and cells are connected by the B-net (broadcasting network)
for broadcast communication, distribution and collection of data and by the S-net (synchronization
network) for barrier synchronization. The communication and synchronization mentioned above can
be realized using the vendor-supplied parallel library.re

To minimize the amount of interprocessor communication, the automatic mesh decomposer
presented by Farhat20 is employed. For each subdomain the processor associated with that subdomain
carries out computations independently, exchanging only the subdomain boundary data with the other
processors.

The finite element equation can be expressed as

M X : F , (2s)

where M is the lumped mass matrix, X is the unknown vector and F is the known vector. Figure 2
shows an example mesh, with the broken line denoting the boundary of a subdomain. Elements (1)-
(4) belong to domain 1 (processor 1) and elements (5) and (6) belong to subdomain 2 (processor 2).
The unknown values X are solved by

X : F / M (26)

No interprocessor communication is needed to compute the unknown values of a node which is
located in the subdomain interior, such as node A. However, in the case of node B, which is located
on the boundary of subdomains, interprocessor communication is needed and the following procedure
is applied. First the following values are computed in each processor:

Mst - Mw! * M"rot, Fer : Fe(r) * Fs(+) (processor l),

Msz : MB6 + MB6), Fsz : Fs(s) * Fs(o) (processor 2).

Next these values are gathered using the communication library, then the unknown values of node B
can be obtained by

Xs: (Fil + FB)l(Mil * Ms). (2e)

Data transfer is performed at every time step (see Figure 2). As the lumped mass matrix M remains
constant throughout all time step, the data transfer of that matrix is required only once.

The implicit algorithm is implemented on the Connection Machine CM-5. Similarly to the Fujitsu
AP1000, the CM-5 is also a distributed memory, parallel machine, with a single partition size of up to

(27)

(28)
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,YK'
A .  B .  . B

\N*W
\ \q r,/

Figure 2. Parallel implementation

512 processing elements (PEs) and a Sun multiprocessor host machine. The PEs are interconnected
through fat-tree data, control and diagnostic networks. Each PE manages 32 MB of memory and has
a peak processing speed of 128 Mflops, for a total peak of over 65 Gflops. As on the AP1000, highly
optimized communication utilities are available, grouped in the Connection Machine Scientific
Software Library (CMSSL). The implementation of the implicit algorithm described in Section 3
follows closely the finite element implementation of the Navier-Stokes equations which have been
described in References 21 and 22.

5. NUMERICAL EXAMPLES

As an application of the three-step explicit algorithm, simulation of the storm surge in Ise-Bay, Japan
accompanying the Ise-Bay typhoon in 1959 is carried out. This typhoon occurred on 22 September
1959 and was the greatest disaster ever to hit the Ise-Bay district. Over 5000 people were killed
because of this storm surge. Figure 3 shows the configuration of the domain and the path of the
typhoon. Figure 4 shows the finite element discretization used. The total numbers of elements and
nodes are 206,917 and 106,5'71 respectively. This mesh is designed to keep the element Courant
number constant in the entire domain.23'2o Figure 5 shows the water depth diagram. From Figures 4

Figure 3. Computational domain and path of Ise-Bay typhoon

INT. J. NUMER. METH. FLUIDS, YOL?4: 1371-1389 (t997) @ 1997 by John Wiley & Sons, Ltd
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Figure 4. Finite element discretization

Figure 5. Water depth diagram (contours are evenly spaced at 50O m intervals)
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Figure 6. Finite element discretization around Ise-Bay

and 5 it can be seen that an appropriate mesh in accordance with the variation in water depth is
realized. Figures 6 and 7 show the finite element discretization and water depth diagram around Ise-
Bay respectively. A fine mesh which represents the geometry accurately is employed. Figure 8 shows
the mesh partitioning for 512 processors. The typhoon data such as its position, speed and power are
given at I h intervals. Using these data, the wind velocity can be computed at every time step. Linear
interpolation is used for the data interpolation. For the boundary condition the no-slip bound-
ary condition is applied to the coastline and the open-boundary condition is applied to the open
boundary. For the numerical condition the following data are used: n : 0.3, At :
l0 m2 s-l , Cr : Cz: 0.6, R : 500 km, ro : 60 km. The selective lumping parameter and the time
increment are assumed to be 0.9 and 6 s respectively. Figure 9 shows the path of the typhoons; the
numerals denote the time and position of the typhoon. Figure l0 shows the computed water elevation

Figure 7. Water depth diagram around Ise-Bay (contours are evenly spaced at l0 m intervals)

AW#
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Figure 8. Mesh panitioning for 512 processors

at times 17:00 and 24:00. Figure l1 shows the computed water elevation at t h intervals. It can be
seen that the water elevation varies according to the movement of the typhoon. Figure 12 shows the
computed current velocity at time 22:00 and the complicated flow pattern. Figure 13 shows the
comparison of water elevation between the computed and observed results2s at Nagoya. It can be seen
that the computed results are in good agreement with the observed results.

l 7

t 6

l 5

t (

r3 (hour)

Figure 9. Path of typhoon
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Figure 10. Computed water elevation (contours are evenly spaced at 0 1 m intervals)

In order to check the performance of the parallelization, three finite element meshes are employed:
mesh L with206,977 elements and 106,577 nodes, mesh M with 133,546 elements and 69,295 nodes
and mesh S with 76,497 elements and 4A,197 nodes. Figures 14 and 15 show the relation between the
number of processors and the speed-up ratio and efficiency of parallelization respectively. In these
figures the speed-up ratio and efficiency can be defined as

speed-up ratio :
comnutational time for one PE

computational time for N PEs

speed-up ratio

(30)

(3 1)efficiency:
N

where N denotes the total number of processors. From these figures it can be seen that the
performance is improved in accordance with an increase in the degrees of freedom and the efficiency
is decreased in accordance with an increase in processors. In the case of the computation using mesh

INT. J. NUMER. METH. FI-UIDS, VOL 24: l37l-.1389 (1997) Q 1997 by John Wiley & Sons, Ltd.
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Figure I L Computed water elevation at I h intervals (contours are evenly spaced at 0.1 m intervals)

L and 512 processors, it can be seen that the speed-up ratio and efficiency reach approximately 400
and 80Vo respectively.

As an application of the stabilized space-time formulation, the tidal flow in Tokyo Bay has been
simulated. This problem was analysed earlier using the three-step explicit scheme described in
Section 3.26 Here we carry out the simulation using the implicit formulation introduced in Section 3.

The mesh used in the computation consists of 56,893 elements and 60,210 space-time nodes, as
shown in Figure 16. The mesh has been decomposed into 256 subdomains (which are assigned to the
individual CM-5 vector units) using a recursive spectral bisection algorithm, as shown in Figure 17.
The mesh refinement is related to the water depth, shown magnified 100-fold in Figure 18. In this
simulation a time step size of 60 s is chosen and the total duration is 1600 time steps, approximating

@ 1997 by John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS. YOLA: t37t-r389 (1997)



I 384 K. KASHIYAMA ET AL

-> : 10 m/sec

Figure 12. Computed current velocity at time 22:00

- computed result
---- Observed result

Figure 13. Comparison between computed and observed water elevation at Nagoya
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1 100 200 300 400 500

Number of processors

Figure | 5. Comparison of efficiencies

Fisure 16. Finite element discretization of Tokvo Bav

Figure 17. Mesh partitioningfot 256 processors
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1386 K. KASHIYAMA ET AL.

Figure 18. Water depth view of Tokyo Bay

Figure 20. Computed water elevation at r:18:00 h

tNT. J. NUMER. METH. FLUIDS, YOL A: 137l-1389 (1997) @ 1997 by John Wiley & Sons, Ltd.

Figure 19. Computed water elevation at l: l5:00 h
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Figure 2l . Computed water elevation at / : 2l :00 h

Figwe 22. Computed water elevation at t: 24:00 h

one 24 h period. At the ocean boundary a diurnal tidal wave is imposed with an amplitude of 0.5 m
and a period of l2h. The following parameters are used: n:0'03, Ar:5 m2 s-r, C1 : C, - Q.
The storm surge term (3) is ignored in this problem. The resulting elevation is shown in Figures 19-
22,magnified 50,000 times with respect to the horizontal dimensions, at times r: l5:00, l8:00, 2l:00
and 24:00 h into the simulation respectively. The simulation was performed on a 64-node CM-5 with
256 vector units and took 8.5 h of computer time to complete.

6. CONCLUDING REMARKS

A three-step explicit finite element solver and an implicit stabilized space-time formulation of the
shallow water equations, applicable to unstructured mesh computations of storm surges and tidal
flows, have been successfully implemented on the massively parallel supercomputers APl000 and
CM-5 respectively. The explicit method has been applied to the analysis of the storm surge
accompanying the Ise-Bay typhoon in 1959. The efficiency of the parallelization has been
investigated and the computed results have been compared with the observed results. The
performance and efficiency were observed to improve linearly in accordance with an increase in the
number of degrees of freedom. The implicit method has been used to compute the tidal flow in Tokyo

rQ 1997 by John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS. YOL A: r37t-t389 (1997)
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Bay. From the results obtained in this paper, it can be concluded that the presented method can be
successfully applied to large-scale computations of storm surges and tidal flows.
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