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Abstract

In this art icle we prescnt paral lel 3D f ini te element computation of unsteacly inconrpressible
f lows around circular cyl inders. We employ stabi l izcd f ini tc elcment tbrmulations to solve the
Navier-Stokes equations on a thinking machine CM-5 supcrcomputcr. Thc t imc intt-grerion is
based on an implici t  method, and the coupled, nonl inear equations generated everv trme step are
solved i terat ively, with an element-vector based evaluation technique. This strategy enables us to
carry out these computations with mil l ions of coupled, nonl inear equations, and thus resolve the
flow f-eatures in -ereat detai l .  At Rcynolds number 300 and 800, our results indicri te strong 3D
features arising from the instabi l i ty of the columnar vort ices lbrrning the Karman street. At
Re: 10000 we employ a large eddy simulat ion (LES) turbulenc-e modcl. O 1997 Elsevier Science
B . V .

Keltwords: I-arge-scale problcrrls: Parallcl computationst 3D cy)inder flowsl l-ES

l .  Introduction

Large-scale flow simulations have reachecl to levels unimaginable only a decacle ago,
owing to the major advances in high performance computing (HPC) technology. Moderr
supercomputing platforms hamess hundreds of widely available computer chips to
provide tremendous resources both in terms of raw computing power and memory.
These workhorses are aptl jv termed massively parallel processors (lvtpp). It is believed
that in the near future thcsc nrachines wil l be capable of sustaining TeraFI-OPs
perfbrmance.
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The programming style on MPPs varies extensively from machine to machine, thus,
advances in development of efficient parallel algorithms are vital for optimal uti l ization
of the new HPC technology. A single-instruction-multiple-data (StVtO) style of pro-
gramming within a data parallel paradigm is described in Behr et al. I l ]. A number of
flow simulations using related finite element techniques were reported rccently [2 6].
Simulations uti l izing multiple-instruction-multiple-data (MIMD) programming styles are
presented in Refs. [7,8]. Our computations here are based on stabil ized finite element
formulations, which were described earlier [5]. These stabil ized techniques [9,10]
suppress the numerical oscil lations in the field variables by introducing minimal
numerical diffusion rvhile maintaining consistency in the sense that the stabil izers are
wcighted res iduals o l  the govcrn ing cquat ions.  The coupled.  nonl inear  cquat ions gener-

ated at every time step are solved iteratively, with GMRES [11] update technique; and
by computing the residuals based on matrix-free (element-vector based) evaluations.

While the new technology has empowered us to attempt very large-scale simulations
around fairly complex geometries, the issue of turbulence is yet to be completely
resolved. With direct numerical simulation (DNS), even the most powerful machines
available today can handle only very moderate Reynolds numbers. Thus one has to
resort to turbulence models to account for the subgrid-scale structures in the flow. In this
paper the Smagorinsky [12] large cddy simulation (LES) model is used to represent the
turbulence eff 'ects. This model is used here in its simplest form with a constant
coefficient (the interested reader is referred to Germano It 3] and Moin [14] for
discussions on more sophisticated dynamic subgrid-scale rnodels).

We present 3D finite element computation of unsteady incompressible flows around a
classical geometry, namely the circular cylinder. These flows are studied for a number
of reasons. Firstly, a large amount of experimental data is available for the cylinder; this
aids in validating the accuracy of the formulations and the various modeling assump-
tions. Secondly, although this geometry is simple, the associated flow fields are enriched
with fundamental phenomcna which fbrm the building blocks of more complex flows.
Hence, base florvs l ike thcsc continue to attract the attention of i luid mechanics
rcsearchers.

Until recently most numerical simulations have been restricted to 2D cases (see

Mittal [15] tor example) due to lack of computational power, whercas, experiments
reported indicate the presence of strong 3D features above Re - 200. Recently there has
been renewed intcrest in the 3D nature of the cylinder wakc [16 18]. With the HPC
tools we now possess, it is possible to resolve the flow features at moderately large
Reynolds numbers with sufficient detail. We investigate the unsteady flows past a
stat ionary cy l inder  at  Reynolds number 300 and 800.  At  Re:  10000,  our  s imulat ion is
based on the LES model mentioned above.

All simulations are computed on the thinkin-e machine CM -5.

2. 3D flows at low Reynolds numtrers

At low Reynolds numbcrs one observes symmetric attachecl ecldies aft of the cylinder.
At around Re : 40, the rvake becomes unstablc and begins to oscil late. These oscil la-
tions roll up into discrele vortices which are periodically shcd when Re > 60. This
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Fig. l� Mesh for conFting flow at Re= 3OO ed 30o (19?9.lN nod€s and 186240 eleme s) (r- ) Ploe in
top inage ed ' z plane in bolton inase).

unifon y spaced tail of vortices is refered to as the Karman vonex steei. Rosbko h9l
fiIst rcported a detailed measurcmenl of the Strouhrl number coffesponding to the
vortex shedding for a wide ra,rge of Reynolds numbers. Since then researchers have
reported frequencies which differ as much as 20E; further, a disconlinuity in the St Re
correlation has also been recorded. Williamson [20] attribules ihese findings io the
boundary conditions at the cylinder ends, and the 3D effects which appear at Re - 190
He observed botb oblique and paralel vonex shedding modes, depending on whether the
central flow could match up witi the end conditions. By using endplaies, he was able to
coerce the flow to obtain parallel vonex shedding.

In simulations discussed here, the cylinder spans the entire crossflow domain, and the
boundary condi.ions used enforce parallel shedding. Cornputations al Re :300 and 800
were performed on a mesh of hexahedral elements (see Fig. l). The diameter of the
cylinder is 2 unils and the lengrh is 8 units (this length was chosen after some trials so as
to captue a few wavelengths along lhe cylinder axis). The mcsh extends 15 units
upstream, 60 units downstream. and 30 uDits in the crossflow direction. The mesh
consists of 186240 elements (4656 etements in a 2D seclion, 4{ along the spd of the
cylinder and 80 along irs circumference) and 197948 nodes, and results in 760107
equations. The mdial thickness of the first layer of elements is 0.01 units. The boundaly
conditions consist of uniform inflow velociry, zero-nomal velocity and zero-shear_stress
at the lateml boundaries, traction-ftee conditions at the oudlow boundfiy, and no-slip on
the cylinder.

For these simulations the time step is set to 0.05 and the inflow velocity to 1.0. The
number of nonlinear iteralions at each tirne step is 3, and the size of the lcylov space is
10, with no restans. These computations require 13.7 s/time step on a 256 PN CM-5.
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!is. 2- Flow at Re : 300: tine'hisbnes of lhe foEe coefficienls.

Recenlly williamson [18] infened the pesence of two instabilitics which are temed
mode A (appearing at Re - 190) ard mode B (at Re - 260). In mode A, the instability
arises due to the amplification of spanwise disturbances by the strain rate fields
sunounding the vortex corcs. ln mode B, ahe structures arise from inslabilities associated
with rhe vorticity layer between successive cores. The node A instability is marked by
streamwise loops of vorticity of wavelength - 4.0D; fte nodc B instability is con
prised of strands of streamwise vonex pairs with characteristic wavelength - 1.0D,
where D is the cylinder diameter. The value for Saouhal number from present
computations and lhe topology of the wake sn'ucture at Re - 300 resembles mode B.

2.1.  F low at  Re :340

This computation was advanced in time untii it was obsened thal the spatially avcr
aged aerodynamic coefficients reached a periodic state (see Fig. 2). Comparisons are
made with iime-histories of force coefficienrs obtained fiom 2D sjnulatioD (see Fig. 3)
over a iime intewal sprnning 1500 time steps. The agreemenl between 2D and 3D
sirnulations is good since lhe 3D features are weak and the votex des de nedly
alisned with the cvlinder axis in rhe near wake. The Strcuhal number from thc 2D

I  g  r  I  o -  J r  P .  -  .00  ae  ' in '  ne .  o l  rh .  r r .  co . | ' . ' enr  . ron  /D nnLL 'o r . .
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Fig. 4 Flow ar Rc - 3m: naenibde of the voniciry ar equally spaced iNhts durlng a shcddirB penod
(flms l, 2, 3, a on the left and 5, 6, 7, 3 on rhe risbt

simulation is 0.202- In the 3D simulation, a Karman vortex street is observed in the
periodic state, and the conesponding Strouhal nurnber is 0.203 (experimenis - 0.2),

Visualization of the voticity isosurfaces (see Fig. 4) shows the sepanted shear layer
with tire a-ipearance of secondary instabilities in the forrn of spanwis€ waves. Approxi-
mately 4-5 waves are captured with lhe present Jnesh. These waves increase in
amplitude downstream, resulting in the release of wavy columnd vor.tices- The frames
taken at different instanh during a shedding period reveal the process of vo ex
lbrmation and associaied instabiliries.
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Iig. 5. Flow at Re:300: tine hisbnes and power spech of u', v', w ar a poi.r downstcam of dre
cylinder along rhe cendlinc.

To get a measure of the 3D effects, the time hisiories of the velocily and pressure at
2.85 units downstream of the cylinder along the cenierline (see Fig. 5) are traced. Nore
that the 'v' component of velocity bas a liequency half that of 'u' which ;s due to the
ahemaiing signs of vortices (this is also the reason irhy lhe force coefficient in ),
direction has double the period of the drag). Furthermore, rhe power spectra show the
existence of two dominant frequencies for 'w'; one of them coffesponding to the
shedding frequency and the olher twice tha!.

Fig. 6 shows the flow vectors in differenr spanwise planes (parallel !o the cylinder
a\is and perpendiclrlar to the free stream fiow). We can observe the appearance of
regularly spaced cels at .y/d: a.60. These cells are split into pairs of weak streamwise
counter rotating vonices. Thcsc rcsenbl€ the Taylor voiices seen berween concentric
rotaling cylinders and are also reported in Ref. [2i]. The wake strucnrre rclains its
regularlty furiher downstream ('/d = 6.85), bowever the cells are elongaled, plausibly

| , l i ; :
I I f'lll'itllifiiii rtl

1 ,  
,  , l  r f

I
!ig.6. Flow al Re : 300: v.lociry v..io( in spanwise planes at r/d= 4.60 (Iefd.6.35 (centcrl. I1.36 (righr).
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lig 8 FIos aiRc= 300: tine.histories ol lhe lorce c@fficienrsfron 2Dsinulation.

!is. 7. Flow at Re : 800i tine hisrorics of the lorce coeificienls.

due io ihe widening dislalce belween the vortex cores. Further downstream ai r/l =

11.36 the wake structurc is quire different and one can observc the araangement of
streamwise vortices in a 'cross' formation-

2.2.  F low at  Re:  UA

The time bisbnes of the fbrce coefficients for this case are shown in Fig. 7. These
are no longer uniform as those measured at Re:300. 3D features are stronger- 

_l'hc

tirne hislories of the force coefficients are compared over 2500 timc steps with those
obtained from 2D simulation (Fig. 8). Since at higher Reynold numbers the boundary
layer is sharper, the velocily gradicnts are larger, resulting in lhe r€lcase of stronger

vofices. As a result, the anplitudes of lhe force coefficienis for the 2D sinulation are
larger than those a! Re: 300. However this is not seen in tlre 3D sin1ulation since ihe
vorrices are significetly disbned and possess components besides thal in the spanwise
direction. The Slrouhal number from 2D simulation is 0.217, this is higher thd that
reponed in experiments (- 0.2).

Fig. 9 shows the isosurfaces fbr two different vorticity values. There is a breakdown

ilii[illr[1i
llllliliiiilrl
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Fig. 9. FIow ar Re = 800: vonicity isosurfacs for I ol : 0.5 0eir) ed 2.0 Gisb0.

in the rcqular spanwise sftrcture observed at Re: 300. We can also observe distinct
strands of streamwise vorticity (lol= 0.5). In the nght image the disrortion of spanwise
vortex cores to form loops is observed.

The inqeased 3D effects are also indica!€d by the'w'component of velocity (see
Fig. 10). The power specaa of'w' indicates the existence of multiple pedks. However
the dominant frequency in lhe specara siill corresponds to the vortex shedding frequency_
The presence of a peak at a ftequency half that of the domindr frequency is also
obsewed. The Strouhal number conesponding to the shedding frequency js 0.203 and
agrees wcll with experimen!.

Fig. 1l shows instantaneous velociiy vecton in spanwise planes in the vicinity of
r/d: 1.24. The presence of counter rotating streamwise votex pairs is seen. However
lhese vortex pairs nJc not aranged in a reguiar fashion. They rnerge together and cancel

\ ^ot, a. 1 I "1au\at I p!,r11.1 canpuna?' J I taa-\ I 2 1. I 2a 8

f

Fig. 10. Flow ar Rc:300: iihe hhrorie! and power specta of L. v', w' d a l)oint downsrEain ol drc
cylinder alonc tne cenrerlinc.
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each other. These 'nushmon' shaped vonex pain are characteristics of turbulent flow

3. LES of flow around a cylinder at Re : 10000

As the Reynolds number increases, eniities with diminishing scales appear i[ ihe
flow. If one desires to capture atl the flow delails withoul any modificalion of the
fonnulaiions, ver] fine grids need to be utilized. An approximation to the number of
grid points required is given Uy -Re"5. This comes from the requircment ofresolving
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the Kolmogoroff scale (which is the scale at which all the hrbulenl energy is
dissipated). An estimate of this scaie based on dimensional analysis, is discussed in Ref

1221.
Numerical merhods which attempt to resolve the fine featDres dihout ary special

treatrnent (except rnesh rcfinement) are called direct numericat simulations (DNS).

Although the supercomputing architectures of today provide gigabytes of rnemory, this
js b3rcly sufficient for DNS of siinple flows. Hence, one often resots to resolving lhe
large scale features of the flow, and representing ihe effect of the uffesolvable scales via
turbulence nodels. This is Fecisely the philosophy behind LES models. In this class of
methods, spatial filtering is applied to the Navier Stokes equations, and a Smagorinsky
model is used lo re$esent the subgrid scale eddies. This results in the localized
modificaiion of the effective viscosiiyi

"""" : 1c,n1' I 4 " 1-- 1 "1, ( 1 )

where e(u) is the stain rare tensor, q:0.15, and , is the represe arive element
length.

LES is unlike Reynolds averaged Navier-Stokes (RANS) sinnlations where ihe
entire range of turbulence scales is rnodeled []al and only mean flolv features are
resolved. LES simulations typically require finer grids fi2n RANS computations and are
able to capture the unsteady turbulent effects.

The LES computations presented hcre were carried out on a mesh with the dinen
sioDs the same as tbose uscd for the previous simulations. Fig. 12 sbows two views of
Lhe mesn. I  hir  mesh con.,ns o. l l77b00he\aledralelemenbfl4T20elemenl5ina D
section,80 along the cylinder span and 160 along its circumfcrence) and 1213056

!ia.12. Mesh ror compuring nowar Re:10000(1213056 nodes and I l?7600elefen6) (r ) planein toP

imaee and r z plane in bonom image).
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Iig 13. LES of flow at Re - 10,000: time hisb.ies ol thc aerodynamic coefficie.h

nodes, and results in 4750535 equations. The radial thickncss of the layer of elements
along the cylinder is 0.001. Boundary condilions are lhe same as the two lower
Reynolds number cases-

The inflow velocity is set to 1.0, time step to 0.025, and the Krylov space to 15 with
no restarts. Two nonlinee iterations are performed at every time step. Computations
proceeded at 37.7 s/time step on a 512 PN CM 5.

Since a 3D computation on such a fine mesh is costly, an initial condition was
generaled by projecling a 2D unsteady solution computed on a spanwise section (with

ilft
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Fi8. l4 LES of flow at Re:10,000: yelocny vecron in de chddwne pkres at ?/l- -4.00 (lcft. 1.75

Fig. 15. LEs of flow ai Re : 10 000: vel@iry vecrors in spdwise pld* ar r/ d = 0.96 (left), 1.24iG et,

Fig. 16, LES ofnow at Re = 10000: vonicity isosofacs lor lol:0.5 (lefo od 2.0 Gight).

14720 elements) of fte 3D nesh. Fig. 13 shows ihe time histories of the force and
moment coefficients over 4000 time srcps. The time,averaged drag coefficient is 1.05
and conpares well witb experiment [23] (- 1.12). The Sirouhal number is 0.204 and
also concuffent wirh experi'nenial measurements l24l (- 0.2).

if Mrl ;rr*iiliiiiffi ill'dfr iir;lft ilii$ii
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Visualization of the l low field in chordwise plzrnes (perpendicular to the cylinder
axis) reveals fine-scale structures. There is a clear demarcation between thc turbulent
wake and the laminar outer f-low (see Fig. I4). We observe the turbulent formation
(recirculating) region bounded by shear layers. The shear layers roll up to produce
small-scale vortices at the edge of the formation zonc. These vortices cause entrainment
of free-stream fluid into the recirculating zone. The flow features vary significantly
along the span, marked by appearance of small-scale vortices at varying locations. The
flow on the cylinder separates at an angle - 80" (measured form the leading stagnation
point).

Visualization of the flow in the spanswise planes also bring out the presencc of the
fine-scale structures (sce Fig. l5). These fine-scale structures amalgamate by viscous
action and only the large-scale streamwise vortices are discernible further downstream.

Fig. 16 shows the isosurfaces for two different vorticity values. The features are very
similar to those from Re - 800; however the structures are more diffuse due to the
increased turbulence.

4. Concluding remarks

With our parallel computations, we were able to capture the strongly 3D character of
the wake of a circular cylinder. There were significant differences between 2D and 3D
simulations at highcr Reynolds numbers. For the 3D simulations. the drag coefficients
and Strouhal numbers were in excellent agreement with experimental rcsults for all
cases" including the LES computations.
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