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In this paper 1ve discuss sparse matrix computational methods, and their parallel implementations, for
evaluating matrix-vector products in iterative solution of coupled, nonlinear equations encountered in finite
element florv simulations. Based on sparse computation schemes, we introduce globallv-defined precon-
ditioners by mixing clustered element-by-element preconditioning concept with incomplete factorization
rrethods. These preconditioners are implernented on a CR.AY T3D parallei supercomputer. In addition to
beitrg tested in a number of benchmarking studies, the sparse schemes discussed here are applied to 3D
simulatiorr of incompressible f low past a circular cvl in<lcr.

1 .  INTRODUCTION

Distributed-memorv) massively parallel supercomputers have become major players in large-scale
flow simulations. Finite elernent flow computations arc rvell suited to parallel architectures since
they involve similar operations appiied to a large number of elements.

Eariicr exarnples of Single-Instruction-Multiple-Data (SINID) implementations within a data
pa,rallel paracligm on thc Thinking Machines CM-200 and Clv{-5 can be found in Behr et al [1].
Flow simulations using a Multiple-Irrstruction-Multiple-Data (N{IMD) implementation within a
rressage-passing modei orr the CRAY T3D were reported in Tezduyar et al [2].

Krylov spacc based iterative update techniques a,re now widely used for solution of the equation
systems arising from finite eiement discretizations. Hele, the global coefficient matrix of such an
equation system is needed solely for matrix-vcctor product evaluations. Implementations involving
matrix-vector products at the r:lemerrt level, followed hy global assembly, are simple to parallelize
but mcmory intensive. Rrrthermore, these implement,ations involve superfluous operations and
storage, because a typical nodc is shared by multiple cir:ments. Matrix-free implementations 13]
alleviate the memory crunch, but a,t the cost of repetitive operations and increased execution time.

In the spalse computation schcmcs discussed trerc. the global matrix is stored using a node-
based data structure. Both lnemory needed and oper:itions performed in matrix-vector product
evaluations arc reduced (compared to elemerrt schcmcs) by a factor of - 2 for hexahedral meshes
and - 7 for tetrahedral meshes.

Wc also explore in this paper sparse schernes fol globally-defined advanced preconditioners. In
virtualiy all of our earlier incompressibie flow courputat,ious on parallel platforms we used diagonal
preconclitioners. These have lower overireacls, but in solne cases an exhaustive number of iterations
is requircd to achieve convcrgenc(:. A mrmber of'advanced element-by-element (EBE) and clustered
elemeni-b1'-clement (CtrBtr) preconclitioncrs for florv r:outputations have been proposed carlicr [4,
5, 6]. Efficient parallel impiementatiorr of these prcconditioners remain a,s a challenging research
area. Here we introduce a prcconditioning rncthod bascci on mixing CEBE prcconditioning concept
with incornplete factorizations with zcro fil l in (ILU0) l7l We call this preconditioner CEBtr-ILU0.
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We also assess the performance of a variatiorr o1'CtrBtr-Ii,U0 which u'e call L-ILllLl. The L-ll,ti0
is a local (cluster level) preconditioner where all tire off-diagonal tcrms for incsh nodes lying on
clustcr bor-rndaries are set to zcro. In our irnliienrlntaticltr. a singlc cluster of clemcnts is assigned
to each processor. \! 'c wili also rcfcr l,o tirese clrrstcrs as "pa,rtitir.ins".

In Section 2, the Compressed Sparse Row (CSit) data structure [7] for sparse storage is rc-
viewed. and its modification to accomrnodatc tirc nodal-block structurc of the matrices arising
from finite elernent formulations is expiaineci. Tlrr' (ltrRtr-lLu0 preconditioncr is described in Scc-
tion 3. Parallel implementations ttsitrg a nressage-i);rssilrll paradigm on thc CR,AY T3l) are discusserl
in Section 4. Scaiability and pcrforrnance of thc courputations based orr spalse schenres with diago-
nal preconditioners are demonstrated in Scction 5. Peribrrnancc of the CEBE-ILIJO preconditioncr
and its effectiveness compared to diagonal prer;onriii ioning is assessed in Section 6. In Section 7,
we describe application of sparse schemcs with Jiagonal irreconditioner to 3D sirnulation of time-
dependent incompressible flow around a circttlar ct'i inclcr. Concluding remarks are presenterl in
Sect ion 8.

2. DA:T.A STRUCTURES FOR SPARSE SCHEN{ES

In our computations, the CSR data structr:re is used together rvith the nodal-block structule. fhc
CSR data structurc consists of an array A (n,:) u,hich contains thc non-zero entries, an array ja(nz)
which contains the column indices of the norr-zcro cntries, an<l ia (n + 1) whose entries poirrt to
the beginning of the rows in A and ja. Hcre rr,e is thc total number non-zcro entries. and n is thc
number of equations.

For finite element rneshes, the patterns for ia arrd ja (and hence for A) is deduced from the nodal
corrnectivity. When there are nd/ unknorvrrs pcl rroclc. rvc can exploit the nodal-block structure of
thc matr ix and modify A(.nz) t ,o A(ndf .nz.rLr l , , [ ) .  The arrays ia and ja dcscr ibed above arc now
used to traversc the second axis ol A.

To avoid repetitive computation of locatiotrs in tire global rnatrix during the assembly opera-
tions, the tnap from elerncnt stiffness nratrix to r.lobal (sparse) rnatrix is cornputed and stored in
e2g(nen,nen.ne).  Here nert  is the nurnbcr of nor l t 's pcr clcrnent and ne is thc numbcr of elements
in the iinite element mesh.

3. CEBE-ILUO PRECONDITIONER

The CEBE preconditioner, developcd by Liou arrrl Tezduyar [6], was successfully used, with the
GMRtrS update technique 18], for both incompressibic an<l t;onrpressible flow computations. Herc
the mcsh is decomposed into clusters of elcrnerrts. Thc clctrent-level rriatrices are assembled to
cluster-level matrices, and the CEBtr preconditirrur:rs are formed as sequential products of thcse
cluster-level rnatrices. Thc CEBE scherne is ratlrcr uremory intcnsive, r-rwirrg to the fact that the
cluster-level nratrix storage is not sparser (sint:c <rourplcte factorizations arc required). Frrthermore.
it was shown [6] that the larger t]re clustcr size. l,hc nrore effective tlie precouditioner.

Bearing the above factors in mind, we proposc a prccondil,ionirrg rncthocl util izing the CEBE
cclncept. Here, a single (significantly largc) t:lrrst,t:r' rcsides orr each plocessor'. No additional data
structures and communications are required for thc forrnation of the prer:onditioner. Instead of
complete f:rctorizations of thc clustcr-lcvcl rnatrir:cs. we Lrse only incomplete factorizations, narneiy
il,U0. The CEBtr-ILUO prcconditioner is outlincri ]rciorv.

Consider the systern:

A x  :  b .  ( 1 )

Such a system needs to bc solvetl at eacir step of l hc Newtolr R.apirson rnethod used fbr iteratively
solving a coupled, nonlinear equation system, Thc nonlincar c:quation systeru is formc<i at cvcry
time step or pser.rdo-time step.
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In scaled form. the system can be written as:

A * : 5 .

rvhere:

- l l

A  =  W - z A W - r .
I

*  :  W z x .
- 7

b  :  W - t b .

and

W :  d iag  (A)  . (6 )

The finite eletnent mesh is partitioneri into No contiguous clusters (partitions) of ne, elements.
Each partition is assigned to a processing node. Thc global matrix A i, o*pr"rsed as an assembly
of partition matrices:

Np

I :  \ - i - .
/ -  " u '

P -  \

where:

n e n

i , : \ - - 4 "" p  
L - "
a -  l

Oonsider the incomplete factorization of the sparse partition matrix:

( r *Ao -w r )  :  L i u ; .

wherc L! and U! are the lower and upper incourplcte factors respectively.
The preconditioner is then written as:

A;

P : II Liui
p--I

and thc preconditioned system is written as:

F-14* :  F-16.

Remarks:

1. In the implementations, F-1 is not formed explicitlv. instead its action is effected through the
incomplete factors.

Our experience with one-sicled and tu'o-sided scaling indicates that both perform comparably,
hence one-sided scaling, which needs fewcr operations. is normally the method of our choice.

In the L-ILU0 prcconditioner, all the off-diagonal entries of partition boundaries are set to zero.
Diagonal preconditioning is uscd for these nodes, ln'hile ILtlO precorrditioning is used for interior
nodes.

{2)

(3)

(4)

(cJ

(7)

(8)

(e )

(10 )

( 1 1 )

2.

,1 .
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4. PARALLEL IMPLEMENTATIONS ON THE CRAY T3D

An efficient parallel implementation of a finite elcmettt solution technique should incolporate the

feal,urcs listcd below.

o Arrangement of data across processors in a fashion which maximizes data locality and maintains

Ioad balance.

r Data structures and communication strategies which maintain a favorable ratio of on-processor

to off-processor operations.

o Scalable performance with increasing machitte sizc.

In a distributed memory implernentation, three levcls of data structures are required at each of the

No processors.

r Element-level data stmctures. The finite elenrcnt rnesh is divided into No contiguous, evenly'-

sized partitions of clements. Each partition is assigned to a uuiquc processor. Tlie goal of par-

titioning is to obtain mirrimal numbcr of botrndary nodes (i.e. the nodes shared across mesh

partitions) since these nodes are sources off-processor commturication. The nodes comprising a

partition are reordcred locally on cach processor'. The intcrior nodes are numbered ahead of thc

boundary 1odes. The element conrrectivity fbr the partitiorr is bascd on this reordering.

o Partition-ievel data structures. The partitiorr-level data structures store information for the

nodes comprising tho partition mesh. The CSR. data structures described in Section 2 are setup

(locally) for each partition. Partition vectors and sparse rnatrices can be assembled indepen-

dently on each processor, frec fron any off-proccssor interaction.

o Global-level data structures. These arc requirccl for the solution of thc global equation system.

Each processor is associated with a sel, of global nodes. A maiority of these nodes are the

interior nodes of the partition corresponding to that processor. This cnsures favorable ratio of

on-processor to off-processor operations'

Cornmunication of data between thc elernerrl, arrci global levcls occurs irr thc two stagcs listed

below.

o Global-level * Partition-levcl. These involvc off-processor cornmunic:aLions. As a preprocessing

step, the cornmunication routcs are computeci based ort tlte assignmcnt of the global nodes.

Off-processor comrrunication is achieved using the PVI't [9] message-passing library.

o Partition-lcvel * Element-level. These involve only on-processor operations. Note that no in-

formation is stored at the element levcl. Whcn element-level data is required for element-based

computations, it is obtained frorn partition-level vcctors using local connectivity.

The transfer of data from the globai-lcvel to thc part,ition-level (and subsequently to the clement-

Ievel) is called a gather operation, and the ro\rorsc transfer a scatt,er operation. Communication

is also required fbr computing the inner 1-lroclrcts of global vectors. Thesc arr: calle<l reduction'

operations. For the reduction, operations, processors are arranged in a trec structure. Each processor

computes its component of the global irrner prorittct; thesc are then communicated through the leveis

of the tree and sumrned. This requires O (iog2 (A'p)) cornmunication steps.

Computation of global matrix-vector products compriscs gathering tire partition components

from the global vectors, followed by sparse partii,ion-lcvel nratrix-vector multiplications, and scat-

tering back to global vectors.
The preconditioning phase is irnplementecl as iollows. As explained earlier, the preconditioning

matrix is formed as a series product of partition trtatriccs. For all the intcrior nodes, multiplication

with the corrcsponding partition conponont of t,ltc prcconclitioning rnatrix is executcd in parallel.
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However. tire boundary nodes have to be clealt u'ith in a seqriential fashion. For this purpose, thc
proccssors are colored such tha,t no two plocessors in thr.l same color group share nodes.

The Grcedy Algorithm 17] is uscd to color the processors (clusters) as described below:

o trstablish the connectivitv between clusters. where chrsters are declared to be neighbors if they
sirarc nodcs.

o Applv Greedy Algorithrn

1. Ini t ia l ize:
d o  i  :  1 . . . . . 4 b
Color ( i )  :  0 ;
errd do
n c o l  :  1 :

2. Coior Clusters:
d o  i  :  1 . 2 . . . . , 1 V t )
Search a.ll the neighboring clustels and determirre the first color (mincolor) not present;
If there is no such color tlten
n c o l : r t c o L + l l
C o i o r ( i ) :  I L c o I )
else
Color ( i ) :  m i 'nco lo r ;
errcl if
errtl do

In{brrnation on the boundary nodes sharcd by processors of different color is processed, and a
conrrnunication trace similar to the ga,ther setup is stored. An ILUO factorization is performed in
parallcl for each partition component of the preconditioning matrix. The forward and backward
solves are tirus irnplemented as follows:

1. Parallel forward solve for all interior nodes on the partii ions.

2. Sequcrrtial loop over colors; for each color:

o Forward solve followed by a backward solve {br all boundary nodes of partitions with the
currcnt color.

. {,Tpdate the boundary nodes on unprocessed colors.

3. Parallel backward solve for ali interior nodes on the partition.

Remark:

1. With the L-ILU0 preconditioncr, the sequential solves and corresponding communications are

totally avoided.

5. SCALABILITY AND PERFORMANCE OF THE SPARSE SCHEMES .WITH DIAGONAL
PRECONDITIONERS

Irr this section, we evaluate the scalability and pcrforrnance of the sparse schemes with diagonal
precorrditioners. Ihese schemes are usecl for sta,biiizc<1, finite element formulation [10] of incom-

pressible flow siurulations. The timings are based on a single step of a Newton-Raphson iteration

sequence. All the stages involved in that Newton--Rapltson step are accounted for in the timings.

These include elernent-based computations, assembly of partition-level matrices and vectors, for-

mation of the global residual vector, and solutiorr of the resulting linear equation system with the

t77
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GMRES update technique. One point qtradratuxr is useci for tctrahedlal rnesircs and eight points
for hexahedral ntcshcs. Four different meshes arc rrsccl for the evaluations. Table 1 gives a bricf
description of each of these nteshes wirich are dr;rrv'rr {i 'orn t,vpical finite element flow sirnulations.
The Krylov space size in the GN,IRtrS updatc is sct to 2tl. The tirnings (nreasurecl in seconds) are
split into the components listed below.

o COMM: Tirne for the commurricat,ion-basc<l t:orrrponents.

o FOR,M: Time for the fornation of the ccuatiorr svstem.

r MV: Time for partition-level rnatrix-vr:ctor prorlrrr:ts.

e COMP: Total time for all the computation-bascd cornporrcnts

o TOTAL: Overal l  t ime (COMP + COMM)

Table 1. Description of the rneshes used for perforrriirncc cvaluations of sparse schemes rvith diagonal
preconr l i t  io r rc r : .

NlESH GEO\,'IETR\' T\ 'PT NODtrS ELE}'IENTS

i AIRCRAFT TET 1 92,595 1 ,110 ,016

2 AUTON'{OBILE TtrT .148.691r 2 , 8 1 5 , 5 1 8

SPHERE HEI 509.432 .195.000

4 PAR,ACHUTE IIE\ 1 .1  14 .241 1 ,085 ,016

From Table 2 we observe that the corriputation-interisive components (FORM and MV) exhibit a
nearly linear speed-up with the machitre size. Fclr a given mesh, comrnunication costs increasc with
machine size due to the incrcase in the numbcr of bounclary nodes. The proportion of computation
is higher for hexahedral meshcs due to larger rurrrrirer of quadrature points. Provided the mesh is
sufficiently large to load the processor, close to iincar speed-up is obtainablc for overall performance.
The memory requirements are - 4.5 Kbytes,/rrockr lbr tetrahedral rnesires. and - 6.5 Kbytes/node
for hexahedral neshes.

Table 2. Timings (measured in sec:onds) for ther pr:r lunrrance cvaluations of sparse schernes with diagonal
preconoit rolrcl  s.

\{ESH PN cor.r\1 F O R \ J I \ I \ ' I C O \ I P TOTAL c()MNi(%)

I J I 2 . 1 0 1 0 . 7 2  1 3 . 9 0  I  1 5 . 9 6 i8.06 1 1 . 0 7

I 64 2 . t 1 5 3 6 2 . { } i i 8 .02 1 0 . 1 6 2 1 . 0 6

2 64 3.48 1 3 . 6 . 1  l n r r i  2 0 . 2 ; 23.7i) 14.65

2 i28 3 .81 6 . 8 J  |  ? 9 r  I  1 0 . 5 2 1,1.36 26.74

IJ 64 3 .56 3 ; . 3 9  I r ; i i  i  1 7 . 7 0 51.26 6.95

3 L28 4.00 18.;3 I +.-tr, i 2J o-1 28.01 11.26

4 128 5 .87 1 i . 0 2  t r 0 r i s  I  5 3 . 6 0 59.47 9 .87

4 256 6 .98 2 l . ; { | : , r 7  2 7 . 9 7 3,1.9 5 19 .97
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6. PERFORMANCE OF THE CEBE-ILUO PRECONDITIONER

In this section. the performancc of the CtrBE-ILU0 prcr;onclitioner is evaluated and compared with
r i iagonal precondit ioning.

'Ihree test problems whicir are listed below arc considercd.

o Flow arourrd a SPHtrRtr at  Re:400.

e Flow around a CYLINDtrR at Re : 300.

r Flow arouncl a ram-air PARACHTITE at Re: I07 "

The problem descriptions are given in Table 3.

Table 3. Description of the problems used for evaluatirrg the performance rhe CEBE-ILU6 preconditioners.

\ IESH GEO\ItrTR\' TYPE NODES ELE]!{ENTS EQNS NCOLOR

1 SPHERE TET 13,282 258.569 162,096 |tz 7
2 CYLINDER }IEX 197,949 186.2.10 760,017 o.l 8
3 PARACTIUTE HEX 169,4C3 455 ,520 1 ,833 ,216128 I

The not'tnalizcd timings (seconds/GNIRtrS iteration) and percentage cost of various components
of the soiution step are shotvn in Tables 4 and 5. These correspond to a Krylov space size of 50.

Table 4' Normalized timings (seconds/GNIREil:T,1Hl) for thc solution step rvith the CEBE-ILU0

CASE \{V G S REDN HtrSS PCBE SCBE CCBE TCBE

SPH .0493 0251 .0141 0075 0459 .1388 .0764 .2671

C\'L .1885 .0636 .0777 .0686 1 5 1 5 .3981 .1810 .7306
PAR,A .2027 1390 .0932 .0838 1829 .6042 4303 1.2174

Table 5. Percentage costs per iteration for the solution step rvith the CEBE-ILUg preconditioner

CASE NI\,' GS RtrDN HESS PCBE SCBE CCBE TCBtr

SP}I 13.80 7.02 3.94 2 . 1 0 12.85 38.86 21 .39 73.r2
CYL i6 .69 5 .63 6.88 6 .07 13.,12 35.26 16.03 64.72
Pr\R.A 11.67 8 .00 o . J  I .1 83 i  0 .53 34.80 24.78 70. i2

We define beiow thc symbols nsed in these tables which wel'e not defined previo,slv in Section b.

r GS: Gather and scatter operations.

o IItrDN: Reduction operation.

o IIESS: Forrnatiori arrd solution of reduced Hessenberg svstem.

o PCBtr: Parallel {brward arrrl backward solvers in CEBE-ILUO preconditioning.

r SCBE: Sequerrtial forward and backward solves in CEBE-ILU0 preconditioning.



180 V. Kaho and T. Tezduyar

o CCBE: Communications involved in CEBBILU0 preconditioning

. TCBE: Total time for CEBF-ILUo preconditioning.

The times for MV, GS, and TCBE rary linea,rly with the Krylov space size (i,tg), while the times
for REDN and HESS va,ry quadratically with i*9 Ou:r observations from Tables 4 and 5 axe given
below.

Approximately 60-70% of the time is spent in the prcconditioning phase. This means CEBE-
ILU0 preconditioning ta.kes 2.5 3.5 times more time thar diagonal preconditionitrg.

A significant amount of time is spent in the sequentia,l solve phase (- 50-60% for SCBE +
CCBE). This time is propo*ional to the number of colom. If ncol is the mrmber of colors used
to color the proce6sors, each processo|willbe active for only 1/ncol ofthe time during sequential
solves. A more eficient scheme would entail allowing more than one cluster per processor. Each
processol would then hold clusters belonging to ev€ry color and would be active throughout the
prcconditioning phase.

Figures 1 3 show the pedormarce of CEBF-ILU0, L-[U0 and diagoral preconditioned as
futrctions of CPU time and number of iterations For the test ca6es presented, the diagonal
preconditioner works out to be most economical for a convergence level of 2 orde$ of magnitude,
followed by LILU0 for a convergence level of 3 orde$ of magnitude However, the CEBF-ILUo
preconditioner exhibits stperior performance in terms of overall convelgence.

2.

1 .

3.

jI
" l

:l;l
ti
;l

E 4
=
g . s
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Fig. 1. Colvergence of CEBE-I],U0 ud LILU0 preconditionds for 3D flow pa.!t a sphoe at Fe = 40{l
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CPUGE)
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Fis. 2. Cotrverse&e of CEBDILU0 and L-ILU0 prccolditiotrds fo! 3D flow pst a cvliader at -Re = 300
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FiA. 3. Corvogetr@ of CEBBILUo ed L[-U0 Feonditiorcrs for flN pdt a re_air peachute at

7. EXAMPI,E APPLICATION. 3D TIME.DEPENDENT FLOIM PAST A CIRCI]LAR CYLINDER

In this section, results ftom the 3D simulation of timedepmdent incompressible flow axound cylin-
de$ at Reynolds numbe$ 300 and 800 axe prcsented. Eaxlier results with mat x-Ilee computations
were reported io Kalro and Tezduyar 111]. A hexahedral mesh rvith 197,948 nodes and 186,240
elements is used. This simulatiotr ie$rfues solution of 760,107 coupled, nonlineal equations at ev-
ery time step. Diagona.I preconditioning is used in the iterations with GMRES update technique.
These computations take 33.15 sec/time step on a 64-processor CRAY T3D. Visua,lization of the
isosurfaces of vorticity cleaxly indicates 3D efiects in the form of spa,nwise waves along tbe axis of
the cylinder. These structures are regularly spated at Re = 300 (see Fig. 4). At Be = 800 (see
Fig. 5) there is a brea.kdown in stluctu:re and the wake is turbulent.

= i.s

;J

Fig. 4. 3D Aow pst a cyliEder at fie = 300
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FiA. 5. 3D flow p6i a cyliider at ,Re = 800

8, CoNcLUDINc REMARI<S

In this paper we presented parallel methods {or computing matrix-vector products using a spaxse
storage scbeme. The cotrventiona.l CSR stomge format was modifred to utilize the nodat-block struc-
tule of matlices adsing ftom fnite element discretizations. The resulting sparse-scheme-based flo$r
solver shows good scalability and enables carrying out large-sca.le simrjlations in short turn around
times. The spaxse schemes also enable use of sophisticated preconditioners, such as CEBE-1LU0
and L-ILUo. Tests involving typical fow simulation apptications indicate that these precorditiore$
are capable of yielding better convergence rates. However, depending rpon the convergence level
desired, they may not necessarily be mole economical than diagonal preconditiorlrg.
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