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Abstract In this paper we present parallel 2D and 3D
®nite element computation of unsteady, incompressible
free-surface ¯ows. The computations are based on the
Deformable-Spatial-Domain/Stabilized Space-Time (DSD/
SST) ®nite element formulation, which takes automatically
into account the motion of the free surface. The free-sur-
face height is governed by a kinematic free-surface con-
dition, which is also solved with a stabilized formulation.
The meshes consist of triangles in 2D and triangular-based
prism elements in 3D. The mesh update is achieved with
general or special-purpose mesh moving schemes. As ex-
amples, 2D ¯ow past spillway of a dam and 3D ¯ow past a
surface-piercing circular cylinder are presented.

1
Introduction
Free-surface ¯ow problems involve spatial domains which
change their shapes due to the motion of the free surface.
The location of the free surface is not known a priori and
is determined as part of the overall solution. This leads to a
geometric nonlinearity in addition to the nonlinearities
that are already part of the Navier-Stokes equations.

The Deformable-Spatial-Domain/Stabilized Space-Time
(DSD/SST) ®nite element formulation was ®rst introduced
in Tezduyar et al. (1992a) and Tezduyar et al. (1992b), and
was applied to many classes of ¯ow problems involving
moving boundaries and interfaces (see e.g. Tezduyar et al.
1996). In this approach, the stabilized ®nite element for-
mulations of the governing equations are written over the
space-time domain of the problem. With this, changes in

the shape of the spatial domain due to the motion of the
boundaries and interfaces are taken into account auto-
matically. This approach gives us the capability to solve a
large class of problems, such as free surfaces, two-¯uid
interfaces and ¯uid-structure interactions.

The standard Galerkin formulation of incompressible
¯ows can involve two well-known numerical instabilities.
The ®rst one is due to the presence of advection terms in the
governing equations. The second numerical instability is
unique to mixed methods and is caused by using
unacceptable combinations of interpolation functions to
represent the velocity and pressure ®elds. In the work re-
ported here, the DSD/SST formulation is based on
stabilization of the method with the Galerkin/least-squares
approach. The ®nite element functions are linear both in
space and time, continuous in space, but discontinuous in
time. This discontinuity in time allows the computations to
be carried out one space-time ``slab'' at a time, where the
``slab'' is a slice of the space-time domain between two con-
secutive time levels. It also gives us the option of changing the
spatial discretization from one time step to another.

In the DSD/SST formulation, a large, coupled system of
nonlinear equations needs to be solved at every time step
of the simulation. These systems are solved with Newton-
Raphson iterations. Each step of the Newton-Raphson
sequence requires the solution of a linear equation system.
These systems are also solved iteratively, using the GMRES
technique (Saad and Schultz 1986).

In Sect. 2, we review the Navier-Stokes equations of
incompressible ¯ows and describe the turbulence model.
The stabilized ®nite element formulations are presented in
Sect. 3. The mesh update method is discussed in Sect. 4.
The issues concerning moving contact line and out¯ow
boundary condition are addressed in Sect. 5 and 6, re-
spectively. The elements used, especially the triangular-
based prisms, are discussed in Sect. 7. In Section 8, we
report simulation of 2D ¯ow past spillway of a dam and 3D
¯ow past a surface-piercing circular cylinder. We provide
our concluding remarks in Sect. 9.

2
Governing equations
The computations are based on solution of the time-de-
pendent Navier-Stokes equations of incompressible ¯ows.
We consider a viscous, incompressible ¯uid occupying at
an instant t 2 �0;T� a bounded region Xt � Rnsd , with
boundary Ct, where nsd is the number of space dimen-
sions. In the DSD/SST formulation, the spatial domain
may change with respect to time, and the subscript t in-
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dicates such time-dependence. The symbols u�x; t� and
p�x; t� represent the velocity and pressure. The external
forces (e.g., the gravity) are represented by f�x; t�. The
momentum and mass balance equations can be written as
follows:

q
ou

ot
� u � ruÿ f

� �
ÿr � r � 0 on Xt 8t 2 �0;T� ;

�1�
r � u � 0 on Xt 8t 2 �0;T� ; �2�
where the density q is assumed to be constant. The stress
tensor r can be decomposed into its isotropic and devia-
toric parts:

r�u; p� � ÿpI� T : �3�
We consider only the Newtonian ¯uids, for which the
deviatoric stress is related linearly to the strain rate tensor:

T � 2le�u�; e�u� � 1

2
ru� �ru�T
� �

; �4�
where l is the dynamic viscosity. The Dirichlet and
Neumann-type boundary conditions are represented as

u � g on �Ct�g ; �5�
n � r � h on �Ct�h ; �6�
where �Ct�g and �Ct�h are complementary subsets of the

boundary Ct.
Boundary conditions imposed on the free surface con-

sist of kinematic and dynamic conditions. The kinematic
condition requires that the free surface is a material sur-
face; i.e. the ¯uid particles which are at some time on the
free surface always stay on it. This condition is used to
describe the motion of the free surface. For a 3D problem,
on the free-surface z � H�x; y; t�,
@H

ot
� us

oH

ox
� vs

oH

oy
ÿ ws � 0 on S 8t 2 �0;T� ;

�7�
where H is the free-surface elevation and the subscript s
refers to quantities at the free surface. The domain S is the
lower-dimensional region over which H is determined,
typically obtained from Xt by projection. The surface
tension effects are neglected, and the stress-free condition
is imposed as the dynamic condition on the free surface.

The initial condition consists of a divergence-free ve-
locity ®eld speci®ed over the entire domain:

u�x; 0� � u0; r � u0 � 0 on X0 : �8�
In the present study, there are two dimensionless param-
eters that characterize the ¯ow. They are the Reynolds
number:

Re � qUL

l
; �9�

which is the ratio of inertial forces to viscous forces; and
the Froude number:

Fr � U�����
gL
p ; �10�

which is the ratio of inertial forces to gravity forces. In
these de®nitions, U and L denote characteristic velocity
and length, respectively.

Because the typical meshes are not able to resolve the
¯ow features well enough to fully capture turbulence ef-
fects at high Reynolds numbers, introduction of a turbu-
lence model becomes necessary. In the present study, a
simple Smagorinsky turbulence model is employed. In this
model, the kinematic viscosity m is augmented by an eddy
viscosity mt which is de®ned as

mt � �Ch�2 2e�u� :e�u�� �12 ; �11�

where C is a constant and h is the element length de®ned
here as the maximum of the edge lengths for the element.
Here, we set C to 0.15.

3
Stabilized finite element formulations
The computations are based on the space-time ®nite
element method, in which the weak form of the gov-
erning equations is written over the associated space-
time domain of the problem. To construct the ®nite
element function spaces for the space-time method we
partition the time interval �0;T� into subintervals
In � �tn; tn�1�, where tn and tn�1 belong to an ordered
series of time levels 0 � t0 < t1 < � � � < tN � T. Let
Xn � Xtn

and Cn � Ctn
. We will de®ne the space-time

slab Qn as the domain enclosed by the surfaces Xn,
Xn�1, and Pn, where Pn is the surface described by the
boundary Ct as t traverses In. As it is the case with Ct,
surface Pn is decomposed into �Pn�g and �Pn�h with re-

spect to the type of boundary condition (Dirichlet and
Neumann) being applied.

For each space-time slab Qn, we de®ne the following
®nite-dimensional trial solution (�Sh

u�n and �Sh
p�n) and

test function (�Vh
u�n and �Vh

p�n) spaces for the velocity
and pressure:

�Sh
u�n �

n
uh juh 2 H1h�Qn�

� �nsd
; uh�: gh on �Pn�g

o
;

�12�

�Vh
u�n �

n
wh jwh 2 H1h�Qn�

� �nsd
; wh�: 0 on �Pn�g

o
;

�13�
�Sh

p�n � �Vh
p�n � ph j ph 2 H1h�Qn�

� 	
; �14�

where H1h�Qn� represents the ®nite-dimensional function
space constructed over the space-time slab Qn by using
®rst-order polynomials in space and in time. The inter-
polation function spaces are discontinuous in time and
continuous in space.

The stabilized space-time formulation of Eqs. (1)

and (2) can then be written as follows: given �uh�ÿn , ®nd

uh 2 �Sh
u�n and ph 2 �Sh

p�n such that 8wh 2 �Vh
u�n and

8qh 2 �Vh
p�n:
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Z
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�
Z
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e�wh� : r�uh; ph� dQ�
Z
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qhr � uh dQ

�
Z
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dX

�
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e�1

Z
Qe

n

sMOM

1

q

� q
owh

ot
� uh � rwh

� �
ÿr � r�wh; qh�

� �
� q

ouh

ot
� uh � ruh ÿ f

� �
ÿr � r�uh; ph�

� �
dQ

�
X�nel�n

e�1

Z
Qe

n

sCONTr � whqr � uhdQ

�
Z
�Pn�h

wh � hh dP : �15�

The following notation is being used in Eq. (15):

�uh��n � lim
e!0

u�tn � e� ; �16�Z
Qn

� � � dQ �
Z

In

Z
Xh

t

� � � dX dt ; �17�Z
Pn

� � � dP �
Z

In

Z
Ch

t

� � � dC dt : �18�

The de®nitions of the stabilization parameters sMOM and
sCONT can be found in Behr and Tezduyar (1994).

The solution to Eq. (15) is obtained for all of the space-
time slabs Q0;Q1; . . . ;QNÿ1 sequentially, and the compu-
tations start with

�uh�ÿ0 � uh
0 : �19�

The stabilized ®nite-element formulation of Eq. (7) can be
written asZ

S

wh oHh

ot
� uh

s

oHh

ox
� vh

s

oHh

oy
ÿ wh

s

� �
dS

�
Xnel

e�1

Z
Se

sDC

owh

ox

oHh

ox
� owh

oy

oHh

oy

 !
dS

�
Xnel

e�1

Z
Se

sSUPG uh
s

owh

ox
� vh

s

owh

oy

 !

� oHh

ot
� uh

s

oHh

ox
� vh

s

oHh

oy
ÿ wh

s

� �
dS � 0 : �20�

The stabilization parameter for the discontinuity-captur-
ing term can be de®ned as

sDC � Ch2
s r�Hh� ; �21�

r�H� �
oH
ot � uh

s
oH
ox � vh

s
oH
oy ÿ wh

s

��� ���
max H ÿmin H

; �22�

or, alternatively, as

sDC � CUhs ; �23�
where C is typically set to 1. The U in Eq. (23) represents
reference velocity. The ``arti®cial diffusion'' form of the
coef®cient (23) is intended to be used only as a transi-
tional measure, allowing the simulation to continue
through dramatic surface deformations encountered dur-
ing the initial stages. As the free surface stabilizes, more
accurate transient behavior can be obtained using the
consistent form (21).

The stabilization parameter for the SUPG term has the
standard form:

sSUPG � hs

2 usj j ; �24�

where hs is a measure of the element length.
Both of the nonlinear systems given by Eqs. (15) and (20)

are solved with the Newton-Raphson method. The solution
of ¯ow variables and free surface updates are carried out in
succession within the nonlinear iteration. This formulation
has been implemented on parallel architectures, under data
parallel model using Connection Machine Fortran (See
Kennedy et al. 1994), and under message passing model
using MPI library (See Tezduyar et al. 1996).

4
Mesh update method
In computation of free-surface ¯ows with an interface-
tracking technique, one needs to handle the changing
spatial domain by updating the mesh. Two main update
approaches can be employed for this purpose. The ®rst
one is based on moving the nodal points of the mesh. The
second one is based on remeshing (i.e. generating a new
set of nodes and elements). These two approaches can be
used alone or in combination. The motion of the nodal
points will be subject to boundary conditions conforming
to the motion of the free surface. The motion of the free-
surface is determined at every nonlinear iteration by sol-
ving the equation governing the free-surface height.

Once the new location of the free surface is known, we
can use two different methods to determine the motion of
the nodal points. One approach is to employ an automatic
mesh moving scheme (Johnson and Tezduyar 1994). In
this method, the modi®ed equations of linear elasticity are
solved using the ®nite element method to determine the
internal nodal displacements. We can combine automatic
mesh moving with remeshing as needed. Generation of the
starting mesh and remeshing are typically accomplished
by using an automatic mesh generator. The automatic
mesh moving technique is used in the 2D example pre-
sented later in this paper.

Another approach is to use a special-purpose mesh
moving scheme, typically in conjunction with a special-
purpose mesh generator, to specify the motion of the mesh
based on some pre-de®ned rules. This approach can be
employed only in cases where the changes in the shape of
the spatial domain is suf®ciently simple. An earlier ex-
ample, parallel 3D computation of sloshing in a vertically
vibrating container, can be found in Behr and Tezduyar
(1994).
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In the 3D free-surface ¯ow problem presented in Sect.
8.2, we move the nodal points only in the vertical direc-
tion. Once the new location of the free surface is calcu-
lated, the nodes are redistributed along the vertical lines
according to a geometric progression rule. By doing so, we
place the smaller elements near the free surface. An ad-
vantage of this method over the automatic mesh moving
scheme is that we don't need to solve an additional
equation system to update the mesh at every nonlinear
iteration.

5
Moving contact line
In computation of free-surface ¯ow past a solid object,
special attention needs to be paid to handling a contact
line where the free surface intersects the solid boundary.
Imposing no-slip condition at the contact line gives rise to
a stress singularity there. To circumvent this problem, the
no-slip condition needs to be relaxed. This can be achieved
by employing Navier's slip condition (Navier 1823) that
makes the tangential components of stress at the solid
surface proportional to the local slip velocity:

Iÿ nn� � � n � r� � � ÿ 1

b
Iÿ nn� � � uÿ v� � ; �25�

where u is the velocity of the ¯uid, v is the velocity of the
solid object and b is an empirical slip coef®cient. The n
represents the unit normal to the surface, and conse-
quently, Iÿ nn is a geometric tensor which projects vec-
tors onto the plane tangent to this surface. The no-slip
(b � 0) and perfect slip (b!1) conditions can be ob-
tained as the limiting cases. In the 3D example reported in
this paper, we use perfect slip condition on the surface-
piercing body.

6
Outflow boundary condition
In computation of the Navier-Stokes equations, the com-
putational domain needs to be truncated to a ®nite size.
The conditions imposed at the boundaries of the compu-
tational domain are typically in the form of in¯ow or
out¯ow conditions. These boundary conditions must be
chosen carefully enough to obtain realistic solutions. It is a
common practice to specify the velocity pro®le at an in-
¯ow boundary. At an out¯ow boundary, on the other
hand, the choice is not as clear. Often one seeks an out¯ow
boundary condition that allows the ¯ow to exit the domain
with the least in¯uence on the upstream regions. In the
absence of a body force ®eld (e.g. a gravitational ®eld), one
can use a stress-free boundary condition. However, the
stress at the out¯ow boundary is not zero for free-surface
¯ows, and the contributions coming from the boundary
integral term on the right-hand side of Eq. (15) have to be
taken into account. In the 3D simulation of free-surface
¯ows which involves an arti®cial out¯ow boundary, we use
the ``free boundary condition'' of Papanastasiou et al.
(1992). The free boundary condition can be described as
imposing no boundary condition at all. Therefore it is also
called ``no boundary condition out¯ow boundary condi-
tion''. In this boundary condition, the validity of weighted

residual momentum equation is extended to the out¯ow
boundary, and the boundary integral is evaluated in terms
of unknown values of the velocity and pressure.

To further eliminate the effects of possible arti®cial
re¯ections from the out¯ow boundary, one can enlarge the
computational domain by placing the out¯ow boundary
far downstream, so that within a given time period the
re¯ected waves do not reach the region of interest.

7
Triangular-based prism elements
In this study, we use meshes composed of triangular ele-
ments in the 2D case, and a mesh that consists of trian-
gular-based prism elements (see Fig. 1) in the 3D case. The
latter is structured in the vertical direction but it may be
structured or unstructured in the horizontal plane. This
allows the use of a special-purpose mesh moving scheme.
Only the triangular faces of the prism elements lie on the
free surface. This is advantageous because the abrupt
changes in the free-surface elevation, e.g. hydraulic jumps,
can be more easily handled by using triangular elements
on the free surface.

8
Numerical examples

8.1
2D free-surface flow past spillway of a dam
This simulation complements our earlier 3D simulation of
¯ow past the spillway of the Olmsted Dam on the Ohio
River, reported in Tezduyar et al. (1996). This dam design
is currently under study by the U.S. Army Corps of En-
gineers. This simulation is an example application of the
DSD/SST formulation coupled with the elasticity-based
automatic mesh update method, and a stabilized for-
mulation of the equation governing the free-surface height.

The model represents a 500 ft-long section of the na-
vigation pass, and includes a long upstream channel, the
spillway crest, and the stilling basin. The initial mesh
consists of 7966 space-time nodes and 7571 triangular
elements. A ¯ow rate of 271 cfs/ft is assumed, and the
Reynolds number based on the upstream velocity and the
spillway length is approximately 7� 106. The Froude
number based on the upstream velocity and depth is 0.217.
Starting with a ¯at water surface, the ¯ow is computed for
185 time steps with a time step size of 0.1 s, with the
discontinuity-capturing coef®cient as de®ned by Eq. (21),
until large mesh deformations force us to remesh. Frames
from this initial part of the simulation are shown in Figs. 2
and 3, displaying the deforming mesh and the velocity
®eld. After remeshing, the ¯ow is computed for another

Fig. 1. A triangular-based prism element
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2000 time steps with a time step size of 0.025 s, using the
discontinuity-capturing term as de®ned by Eq. (23). The
¯ow eventually reaches a time-periodic state. The frames
from this part of the simulation are shown in Figs. 4 and 5.

This simulation is part of a collaborative project with
R. Stockstill and C. Berger at the Waterways Experiment
Station. The computation was carried out on a CRAY T3D.

8.2
3D free-surface flow past a circular cylinder
In this problem, free-surface ¯ow past a circular cylinder is
simulated. The cylinder stands vertically and penetrates

the free surface. The Reynolds number based on the up-
stream velocity and cylinder diameter is 1� 107. The up-
stream Froude number is 0.564. The surface height at the
upstream and the velocity pro®le at the in¯ow boundary
are speci®ed. Perfect slip condition is imposed on the
cylinder surface. At the side and bottom boundaries the
tangential components of the stress and the normal com-
ponent of the velocity are set to zero. The mesh consists of
230,480 triangular-based prism elements and 258,764
space-time nodes; it is shown in Figs. 6 and 7. The
computation was carried out on the Thinking Machines
CM-5.

Fig. 2. 2D free-surface ¯ow
past spillway of a dam: mesh at
t � 0, 5, 10, 15 and 18 s

Fig. 3. 2D free-surface ¯ow
past spillway of a dam: velocity
®eld at t � 0, 5, 10, 15 and 18 s
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Figure 8 shows the free-surface mesh at an instant.
Figure 9 shows the computed wave patterns close to the
cylinder. Here, the free surface is color-coded with the

Fig. 4. 2D free-surface ¯ow
past spillway of a dam: mesh at
t � 25, 35, 45, 55 and 65 s

Fig. 5. 2D free-surface ¯ow
past spillway of a dam: velocity
®eld at t � 25, 35, 45, 55 and
65 s

Fig. 6. 3D free-surface ¯ow past a circular cylinder: mesh in the
x±y plane

Fig. 7. 3D free-surface ¯ow past a circular cylinder: mesh in the
x±z plane

Fig. 8. 3D free-surface ¯ow past a circular cylincdr: free-surface
mesh near the cylinder at an instant
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velocity magnitude, and the side boundary is color-co-
ded with the ¯uid pressure. In the vertical plane of
symmetry, the ¯ow comes to rest at the upstream face
of the cylinder. Since the ¯ow decelerates in this region,
the static pressure increases and as a result the water
level rises; i.e. a bow wave forms in front of the cylin-
der. Then, the ¯ow accelerates as it goes around the
cylinder. This results in a corresponding decrease in the
static pressure and a rapid lowering of the water surface
is observed; i.e. a hollow forms behind the cylinder. In
addition, an oblique hydraulic jump is observed at the
cylinder wake. This is in the form of an abrupt increase
in the free-surface height and turns the de¯ected ¯ow to
the streamwise direction.

9
Concluding remarks
We presented methods for parallel ®nite element com-
putation of unsteady incompressible ¯ows with free
surfaces. Our computations are based on the Deform-
able-Spatial-Domain/Stabilized Space-Time (DSD/SST)
®nite element formulation that automatically takes into
account the motion of the free surface. The free-surface
height is governed by a kinematic free-surface condition,
which is solved also with a stabilized formulation. The
meshes used consist of triangular elements in 2D and
triangular-based prism elements in 3D. The mesh update
is achieved with general- or special-purpose mesh
moving schemes. As examples, 2D ¯ow past spillway of
a dam and 3D ¯ow past a circular cylinder were pre-
sented.
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