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Abstract

We present, a multi-domain parallel computational method for simulation of unsteady flow past
a circular cylinder, including the two phases of vortex shedding in the near and far wake. The
base computational method is a finite element formulation with the streamline-upwind/Petrov-
Galerkin (SUPG) and pressure-stabilizing/Petrov-Galerkin (PSPG) stabilizations. The multi-
domain method divides the computational domain into an ordered sequence of overlapping subdo-
mains. The flow field computed over a leading subdomain supplies the inflow boundary conditions
for the following subdomain. Meshes constructed over the second and subsequent subdomains are
structured, because these subdomains do not involve any objects. In computations over these sub-
domains, a special-purpose implementation of the finite element formulation for structured meshes
is used to obtain much higher computational speeds compared to a general-purpose implementa-
tion. 2D and 3D multi-domain computations for flow past a cylinder are carried out to capture
the two phases of vortex shedding in the extended wake. The second shedding phase, where the

distance between the vortices is doubled, is clearly seen in 3D computation.

1 INTRODUCTION

Recently we have developed the Multi-Domain
Method (MDM) [1,2] for parallel 3D computation of
the unsteady wake flow in the far downstream of an
object and the influence of this wake on secondary
objects located far downstream. This class of prob-
lems pose a computational challenge because the two
objects are separated by a large distance compared to
the length scales of the objects, and therefore unsteady
flows need to be computed accurately over long wake
regions. A similar computational challenge is encoun-
tered in 3D computation of a classical fluid mechanics
problem: unsteady long-wake flow behind a circular
cylinder. Our objective is to numerically demonstrate
how the characteristics of the Karman vortex street
change from the near wake of the cylinder to the far
wake. Although in this case there is no secondary ob-
ject far downstream, the unsteady flow behavior still
needs to be computed over long wake regions, and this
needs to be accomplished without exceeding the prac-
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tical limits of our computational resources.

We present in this paper the MDM designed for
computation of unsteady flow in near and far wakes
of a circular cylinder. The base flow solver tech-
nique is a finite formulation of the Navier-Stokes
equations of incompressible flows with the streamline-
upwind/Petrov-Galerkin (SUPG) [3] and pressure-
stabilizing/Petrov-Galerkin (PSPG) [4] stabilization.
These stabilization techniques provide a finite element
formulation that possesses good stability and accuracy
properties even in problems with high Reynolds num-
bers and thin boundary layers. An important conse-
quence of this is to be able to prevent numerical os-
cillations without introducing excessive numerical dis-
sipation. These stabilization techniques also allow us
to use equal-order interpolation functions for velocity
and pressure without encountering the type stability
problems normally encountered in using such combi-
nations of interpolation functions.

In the MDM, the computational domain is divided
into an ordered sequence of overlapping subdomains.
Subdomain-1 (SD-1) is used for computation of the
unsteady flow around and in the near wake of the
cylinder. This subdomain is discretized with an un-
structured mesh, and the computations are carried out
by using a general-purpose implementation of the fi-
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nite element formulation. Subdomain-2, 3, ..., (SD-2,
3, ...) are used for computation of the unsteady wake
flows in regions beyond the region covered by SD-1.
Since these subdomains contain no objects they are
discretized by using highly-refined structured meshes.
This enables us to capture the long-wake flow accu-
rately. Because the meshes used in these subdomains
are structured, a special-purpose implementation of
the finite element formulation based on analytical inte-
gration is used. This special-purpose implementation,
with proper optimization, yields much higher compu-
tational speeds compared to the general-purpose im-
plementation.

Even with the MDM, the spatial and temporal dis-
cretizations generate very large sets of coupled, non-
linear equations that need to be solved at every time
step of the simulation. These nonlinear equation sys-
tems are solved with the Newton-Raphson iterations.
In turn, at each Newton-Raphson step, an equally-
large, coupled, linear equation system needs to be
solved iteratively. These innermost iterations require
computation of matrix-vector products. Our preferred
methods for the computation of these products are the
element-vector-based [5] and sparse-matrix-based [6]
methods. In these iterations, we use a diagonal pre-
conditioner, and to update the solution vector we em-
ploy the GMRES [7] search technique. These methods
have been implemented on parallel computing plat-
forms such as the CRAY T3E-900 and T3E-1200 by
using the MPI programming environment. With these
iterative solution strategies and parallel implementa-
tions, the MDM can be very effectively used for sim-
ulation of very large-scale, long-wake flow problems.

With the MDM, we computed two cases of flow
past a circular cylinder. The first simulation, at
Reynolds number (Re) 300, was carried out to investi-
gate the effect of mesh refinement. Many researchers
reported [8,9,10,11,12] 3D behavior behind a circular
cylinder. 3D simulations in the near wake region were
presented in Kalro and Tezduyar [13]. detail the 3D
effects and vortex shedding in the wake as far as 30
diameters (d) downstream. The second set of simula-
tions, in 2D and 3D, were carried out at Re=140 to
capture the wake as far as 300d downstream. Several
researchers [14,15,16,17] observed a second phase of
vortex shedding in the far wake. We were successful
in capturing these two phases of vortex shedding with
our 3D computation.

In Section 2, we review the governing equations.
Brief reviews of the base finite element formulation
and MDM are presented in Sections 3 and 4. The
numerical results from the investigation of the effect
of mesh refinement at Re=300 is presented in Section

5. In Section 6, we present the results from the case

at Re=140, and with the simulation domain extending
as far downstream as 300d. The concluding remarks
are provided in Section 7.

2 GOVERNING EQUATIONS

The Navier-Stokes equations of incompressible flows
for domain {2 with boundary I" are written as

p(%?-#u-Vu—f)—V-o-:O on 2 (1)

V-u=0 on 2 (2)
where p, u and f are the density, velocity and the
external force, respectively. The stress tensor o is
defined as

o(p,u) = —pI +2ue(u). (3)

Here p, I and i are the pressure, identity tensor and
the viscosity, respectively. The strain rate tensor e(u)
is defined as

e(w) = % (V) + (V)T) . (@)

Both Dirichlet- and Neumann-type boundary condi-
tions are accounted for:

u=g on I,
n-o=h on I (5)

Here I'y and I'j are complementary subsets of the
boundary I'; m is the unit normal vector, and g and
h are specified functions. A divergence-free velocity
field is specified as the initial condition.

3 FINITE ELEMENT FORMULATION
WITH STABILIZATION

The domain 2 is discretized into sub-domains (2.,
¢=1,2,---,n., where n.; is the number of elements.
We define the finite element interpolation function
spaces Sﬁ for velocity and S;L for pressure, and the

corresponding test function spaces V& and Vb
S u P

Sh = {uh]uh e [HMD]™, uh=g" on Fg},

h
(6)
Vh = {whlwh e [HMD)]™, wh=0 on Iy,
(7
Sy=vy={d"ld" e HM(D)}. 8)

Here H'™(2) is the finite-dimensional function space
over 2. The stabilized finite element formulation is
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written as follows: find u* € S} and p* € SI’,L such
that Yaw" € V) and ¢" € Vii:

n ah \

/ wh-p<d—y—+uh~Vuhf> 40
J0 ot

+ / e(wh) o uh)dQ
J12

+/ ¢V ourdQ
J0

Ng

1 1 v ]
+Z / e ; [TSUPG /Uu} -Vw} T Tpspo V(I}J ’
e=1"
dul h h R H ,
{p (_df_ +u - Vu > - V.o, u")—pfl d02°
Mot . ’
+Z/ 6V - whpV - uld ¢
e-1 (2
= / wh Ahd D (9)
JI,

For further details on the formulation see Teszduyvar [4]

4 THE MULTI-DOMAIN METHOD

The full simulation domain is divided into an ordered
sequence of overlapping subdomains.

SD-1 is used for computation of the unsteady flow
around the cylinder and in its near wake. The in-
fHow boundary conditions for this subdomain are the
free-stream conditions. This subdomain is discretized
using an unstructured mesh. A general-purpose im-
plementation of the finite clement formulation is used
for computations in this subdomain. An appropriately
positioned “outflow layer” is selected in this subdo-
main, downstream of the cylinder. This outflow laver
is used for extracting flow data at every time step.

SD-2, 3, ..., are used for computation of the un-
steady flow in the wake regions further downstream.
These subdomains would typically be much longer
than SD-1.  Since SD-2, 3, contain no ob-
jects, they are discretized by highly-refined structured
meshes. A special-purpose implementation of the fi-
nite element formulation for structured grids is used
in these subdomains. This special-purpose, optimized
implementation is based on analytical integration over
finite element domains, and enables us to compute at
higher speeds compared to what we can get with the
general-purpose implementation. Furthermore, the
computations over these subdomains can also be ac-
complished by methods other than the finite element
method. For example, a spectral method might be
more desirable for computations with very regular ge-
ometries.

The time-dependent boundary conditions at the in-
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flow layer of SD-2 are obtained by parallel projection
from the outflow layer of SD-1. The inflow layer of
SD-2 overlaps with outflow layer of SD-1. In obtain-
ing the results reported in this paper, we specify the
velocity and pressure at the first planc of the inflow
layer, and the velocity at the second plane. As we did
for SD-1, we select a suitably located outflow layer in
SD-2.

The computation for downstream subdomains, such
as SD-3, 4, ..., are carried out in a fashion similar to
what we had for SD-2. We note that the computations
over these different subdomains can be performed on
different computational platforms and essentially in
parallel. provided a leading subdomain is at least one
time step ahead of the following subdomain. This par-
allelism is in addition to the one we have within indi-
vidual subdomains.

For further details on the MDM see [2].

5 CYLINDER WAKE COMPUTATION AT
Re = 300: EFFECT OF MESH
REFINEMENT

We computed this problem first with the single-
domain and then with the multi-domain method.

In the single-domain computation we used the same
mesh as the one used by Kalro and Tezduvar [13].
[n the multi-domain computation we used a highly-
refined structured mesh (see Fig.1). The diameter of
the cylinder is 2 units, and the span length is 8 units.
The center of the cylinder is located at the origin of the
computational domain. The upstream, downstream,
and crossflow (i.e. top and bottom lateral) bound-
aries are located, respectively, at 15, 60 (30d) and 15
units from the origin (see Fig.1). The mesh consists
of 197,948 nodes and 186,240 hexahedral eclements,
and results in 760,107 equations. The boundary con-
ditions consist of uniform inflow velocity, zero-shear
stress and zero-normal velocity at lateral boundaries,
traction-free condition at the outflow houndary, and
no-slip condition on the cylinder. The outflow layer
is selected in such a way that its upstrecam plane is
located 4 units downstream of the origin.

In the multi-domain computation, the wake sub-
domain (SD-2) stretches 56, 8 and 30 uuits along
the streamwise, spanwise, and crossflow directions,
respectively. SD-2 mesh consists of 1,163,565 nodes
and 1,126,400 hexahedral elements, and results in
4,553,457 equations. Compared to the wake region of
the single-domain model, the number of clements in
SD-2 is around 3.3 and 1.8 times larger in the stream-
wise and crossflow directions, and 2.0 times larger in
the spanwise direction. The inflow boundary condi-
tions are extracted by projection from the solution ob-
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Fig.1: Cylinder wake computation at Re=300: effect of mesh refinement. Mesh for the
single-domain computation (upper) and for the multi-domain computation (lower).
For visual clarity, the bottom frame shows a diluted version of the actual mesh,
coarsened by a factor of 2 in the spanwise direction.

tained in the single-domain computation. Boundary
conditions similar to those for the single-domain com-
putation are imposed at the lateral and downstream
boundaries. For the purpose of clarity, the bottom
image in Fig.1 shows a mesh coarsened by a factor of
2 in the spanwise direction.

The free-stream velocity is 1.0, and the time step
size is 0.1. The number of nonlinear iterations per
time step is 2. In the GMRES update, the size of
the Krylov space is 10, without restart. These com-
putations were carried out on a CRAY T3E-900. The
computation, per time step, requires 26 seconds on 32
processors for the single-domain computation, and 26

seconds on 48 processors for SD-2.

Figure 2 shows the velocity and pressure for both
computations. Figure 3 shows the vorticity iso-
surfaces from these computations. These figures
clearly show that the solution on SD-2 captures the
flow features in greater detail, and maintains these
features all the way to the outflow boundary. The
spanwise vorticity iso-surfaces corresponding to the
Karman vortex are almost straight in vertical direc-
tion in the near wake. The in-plane vortices form
arch shapes in horizontal planes. ‘These two types of
vortices interact with each other. The spanwise vor-
tex would be bent by the in-plane vortex. On the
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other hand, the in-plane vortex would not be bent
by the spanwise vortex, because the in-plane vortex
is already curved and have similar distance from the
center of the spanwise vortex. Midway in SD-2, the
spanwise vortices become twisted. Near the outflow
boundary, the spanwise vortices are broken down, yet
the in-plane vortices keep their arch shapes. Figure 4
shows the streamwise component of the vorticity at
the centered horizontal plane. In SD-2, the stream-
wise component of the vorticity shows largest value at
around 23d. This location is close to where the span-
wise component of the vorticity starts breaking down
in Fig.3.

These results show clearly that highly-refined
meshes are required to accurately capture the wake
flow behavior.

6 CYLINDER LONG-WAKE
COMPUTATION AT Re = 140

With the MDM, we computed the unsteady flow past
a circular cylinder at Re=140 to capture the long-
wake flow behavior. The second phase of vortex
shedding in the far wake of a cylinder was first re-
ported by Taneda [14], followed by many other re-
searchers [12,15,16,17]. The second phase shedding is
reported at Re=140, which is within laminar regime.

Fig.2: Cylinder wake computation at Re=300: effect of mesh refinement. Comparison of
the solutions obtained with the single-domain and multi-domain computations;
streamwise component of the velocity (upper-left), crossflow component of the
velocity (upper-right), spanwise component of the velocity (lower-left), and pressure
(lower-right).
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Fig.3: Cylinder wake computation at Re=300: effect of mesh refinement. Vorticity
iso-surfaces corresponding to 0.6 value, obtained with the single-domain
computation (left), and the multi-domain computation (right).

Fig.4: Cylinder wake computation at Re=300: effect of mesh refinement. The streamwise
component of vorticity at the centered horizontal plane, obtained with the
single-domain computation (upper), and the multi-domain computation (lower).

Cimbala [16] attributes this behavior to hydrodynamic
instability, while Williamson [12] suggests that this is
caused by the sensitivity of the wake to small-scale
perturbations. 3D numerical simulation of this prob-
lem is not an easy task because of its long-wake do-
main extending to 300d downstream.

First a 2D simulation was performed. The entire
domain was divided into two subdomains: one around
the cylinder, and the other one in the wake domain,
starting at 2d downstream from the center of the cylin-

der and extending to 300d (see Fig.5). Both subdo-
mains have one element in the spanwise direction.

The first subdomain (SD-1) contains the cylinder,
located at the origin of the computational domain.
The radius and the span length are both one unit.
The upstream, downstream, and crossflow boundaries
are located, respectively, at 15, 60 and 20 units from
the origin (see Fig.6). SD-1 mesh consists of 16,432
nodes and 8,000 hexahedral elements, and results in
48,188 equations. The same boundary conditions as
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Fig.5: 2D cylinder long-wake computation at Re = 148.""Arrangement of the two
subdomains. Frames do not show the actual meshes.

Fig.6: 2D cylinder long-wake computation at Re = 140. Mesh for Subdomain-1 (upper),
and for the upstream 1/8 of Subdomain-2 (lower). For visual clarity, the lower

image shows a diluted version of the actual mesh, coarsened by a factor of 2 in the
streamwise and crossflow directions.
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Fig.7: 2D cylinder long-wake computation at Re = 140. Magnitude of the vorticity for
Subdomain-1 (upper) and Subdomain-2 (lower).

Fig.8: 2D cylinder long-wake computation at Re = 140, Magnitude of the vorticity for the
upstream half of Subdomain-2 (upper) and downstream half of Subdomain-2 (with
smaller magnitude of contours) (lower).

- Subdomain-1

0 100 260 diameter of cylinder 360

Fig.9: 3D cylinder long-wake computation at Re = 140. Arrangement of the three
subdomains. Frames do not show the actual meshes.



Yasuo Osawa and Tayfun Tezduyar

304

|

il

the first subdomain
lower).

Mesh for

140.

(upper), and for the upstream 1/4 of the first wake subdomain (

Fig.10: 3D cylinder long-wake computation at Re

1. For the purpose of clarity, the bottom image in

are extracted by projection from the solution over SD-
Fig.6 shows the upstream 1/8 of SD-2, with a mesh
coarsened by a factor of 2 in the streamwise and cross-

flow directions.

The outflow layer is also selected in the same way as -

those of SD-1 in the previous computation are used.
before.

MRES update, the size of the Krylov

The free-stream velocity is 1.0 and the time step size
is 0.1. The number of nonlinear iterations per time
space is 20, without restart. These computations were
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carried out on a CRAY T3E-1200. The computation,
per time step, requires 1.9 seconds on 16 processors

similar to those for SD-1 are imposed at the lateral
and downstream boundaries. The inflow conditions
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Fig.11: 3D cylinder long-wake computation at Re = 140. Magnitude of the vorticity for
Subdomain-1 (upper), Subdomain-2 (middle), and Subdomain-3 (lower).
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Fig.12: 3D cylinder long-wake computation at Re = 140. Magnitude of the vorticity for
Subdomain-2 (upper) and Subdomain-3 (with smaller magnitude of contours)

(lower).

for SD-1, and 26 seconds on 48 processors for SD-2.

Figure 7 shows the magnitude of the vorticity in
these computations. Figure 8 shows the magnitude of
the vorticity for the upstream and downstream halves
of SD-2. We note that, because of the highly-refined
mesh, the solution over SD-2 captures vortices which
are much clearer in the near wake. No second phase
vortex shedding is observed in the far wake, though
the Karman vortex street is captured in the near wake.
From laboratory experiments [15,16], the transition
between these two phases is expected at 100d ~ 150d.
However in our simulation, vorticity decays in that
region (see Fig.7). This leads us to think that the
3D effects are the cause of the second phase vortex
shedding.

We also computed this problem in 3D, but with
three subdomains: first one around the cylinder; sec-
ond one starting at 2d downstream from the center of
the cylinder and extending to 155d; and the third one

starting at 150d and extending to 300d (see Fig.9).

The first subdomain (SD-1) has the same boundary
conditions and in-plane domain size as those of SD-1
in 2D computations. The difference is that the span
length of the cylinder is 8 units. SD-1 mesh consists of
213,856 nodes and 201,600 hexahedral elements, and
results in 822,479 equations (see Fig.10).

The upstream wake subdomain (SD-2) stretches
306, 8 and 40 units along the streamwise, spanwise and
crossflow directions, respectively. SD-2 mesh consists
of 4,470,025 nodes and 4,308,480 hexahedral elements,
and results in 17,536,577 equations. The inflow condi-
tions are obtained by projection from the solution over
SD-1. Boundary conditions similar to those for SD-1
are imposed at the lateral and downstream bound-
aries. The inflow layer is selected in such a way that
its upstream plane is located 300 units downstream of
the origin (10 units upstream of the outflow bound-
ary). For the purpose of clarity, SD-2 mesh in Fig.10
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Fig.13: 3D cylinder long-wake computation at Re = 140. Streamwise component of the
vorticity at the centered horizontal plane, shown for Subdomain-2 (upper) and
Subdomain-3 (lower).

Fig.14: 3D cylinder long-wake computation at Re = 140. For Subdomain-2 at the centered
horizontal plane, spanwise components of the velocity (with contour range
—5x 1079 ~ 5 x 10~?) (upper) and residual (with contour range —5 x 10712 ~
5 x 10712) (lower).

Fig.15: 3D cylinder long-wake computation at Re = 140. For Subdomain-3 at the centered
horizontal plane, spanwise components of the velocity (with contour range
—5x 1071 ~ 5 x 10~11) (upper) and residual (with contour range —5 x 10714 ~
5 x 10~1%) (lower).
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shows the upstream 1/4 of the SD-2.

The downstream wake subdomain (SD-3) stretches
300, 8 and 40 units along the streamwise, spanwise,
and crossflow directions, respectively. The mesh den-
sity in SD-3 is the same as what we have in SD-2. SD-3
mesh consists of 4,382,449 nodes and 4,224,000 hexa-
hedral elements, and results in 17,192,513 equations.
The inflow conditions are obtained by projection from
the solution over SD-2. Boundary conditions similar
to those for SD-2 are imposed at the lateral and down-
stream boundaries.

The free-stream velocity is 1.0 and the time step
size is 0.1. The number of nonlinear iterations per
time step is 2. In the GMRES update, the size of the
Krylov space is 20, without restart. Only for SD-3
computation, the number of nonlinear iterations per
time step is three. These computations were carried
out on a CRAY T3E-1200. The computation, per time
step, requires 9 seconds on 64 processors for SD-1, 35
and 51 seconds on 128 processors for SD-2 and SD-3,
respectively.

Figure 11 shows the magnitude of the vorticity at
the centered horizontal plane in these computations.
Figure 12 shows close-up view of the magnitude of the
vorticity at the centered horizontal plane in SD-2 and
SD-3. SD-2 captures the transition of vortex shedding
near the outflow boundary, in addition to the Kar-
man vortex street in the near wake. SD-3 successfully
captures the second phase of vortex shedding. The
spacing between the vortices in the second phase of
vortex shedding is about twice as large compared to
the spacing we see in the first phase. Fig.13 shows, at
the centered horizontal plane, the streamwise compo-
nent of the vorticity in SD-2 and SD-3. In SD-2, the
pattern of the in-plane vortices is similar to the those
seen at Re=300.

The magnitude of the streamwise vortices in these
subdomains is very small, such as 5 x 10~% and
5 x 10711, respectively. We compared at the same
plane the spanwise components of the velocity and
residual to confirm the true existence of these vortices.
This component of the velocity creates the streamwise
vorticity and 3D effects. In Figs.14 and 15, we com-
pare, at the centered horizontal plane, the spanwise
components of the velocity and residual in SD-2 and
SD-3. The residual is much smaller than the velocity.
For SD-2, the maximum contour value for the velocity
is 5 x 1072, and 5 x 10712 for the residual. For SD-3,
the numbers are 5 x 10771 for the velocity 5 x 10714
for the residual. These observations imply that the
spanwise velocity component we see is real, and not
numerical error. From these verifications, we can con-
clude that the streamwise vorticity component we see

is also real.

From these results, we confirm the existence of
streamwise vortices, which is a 3D behavior, for
Reynolds numbers even as small as 140. The mag-
nitude of these vortices is much smaller compared to
the other components of the vorticity. The shapes
of these vortices at the centered horizontal plane are
similar to those in higher Reynolds number (such as
300) flows. Comparison of 2D and 3D computations
suggests that the in-plane vortices play an important
role in producing the second phase of vortex shedding
in far downstream. From these observations, we can
conclude that the second phase of vortex shedding is
generated by very small 3D effects.

7 CONCLUDING REMARKS

With our multi-domain parallel computational me-
thod, we were able to capture the details of unsteady
wake flow behind a circular cylinder. At Reynolds
number 300 we show that the wake exhibits strong 3D
behavior. This 3D behavior includes in-plane vortices
breaking the spanwise (Karman) vortices. We also
show that this class of flows involve 3D effects for cases
with Reynolds numbers as low as 140. For Reynolds
number 140 we also show that at far downstream the
distance between the vortices approximately doubles.
and a second phase of vortex shedding is generated.
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