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Abstract: ln this paper we focus on 3D simulat ion of '  unsteady wake f low behind a circular c1' l incler.
We show that in addit ion lo i ' rccurate fbrmulations and suff iciently-ref ined meshes. etf icient eontputing
methods are essential components of an ef l 'ect ive simulat ion strategy. We usc the Mult i-Domain Method
(MDM) we developed recently in computation of two cases. At Reynolds number 300. we demonstratc
how the MDM enables us to use highly-ref ined meshes to capture wake patterns which we otherwise

cannot  fu l l y  represent .  A t  Reyno lds  number  140.  we show tha t  w i th  the  MDM we can ex tend our
computations sul l icicntly downstream, and with suff icient accuracy. to successful ly capture the second
phase of the Karman vortex street. which has bcen observed in laboratoly expcriments. and which has
double the spacing betwccn the vort ices comparcd to the f irst phase.

Keywords: unsteady wake f low, nrult i-domain method. vorte x shedding.

1. Introduction:
Simuiation and visualization of unsteady wake flow behind a circular cylinder has attracted a large number of
computat ional  researchers by provid ing a p lat form for  test ing new computat ional  ideas.  compar ing wi th
experimental results, and better understanding some of the fundamental f luid mechanics issues involved. The large
majority of the work of the past has been limited to 2D simulations where it is possible ro use very, r 'ery refined
meshes. 3D simulations are more challenging because using highly-retlned meshes to capture 3D behavior could
increase the computational burden significantly. especially i l  one wishes to extend the computations sufTiciently
downstream, and with sufflcient accuracy. to successfully capture a behavior expected to be seen f'ar downstream.
such as 300 diameters away.

Many researchers repor ted computat ional  and exper imenta l  s tudies of  3D behavior  behind a c i rcu lar
cylinder (see fbr example [-6]]). The unsteady behavior at f 'ar downstream. including the second phase of the
Karman vortex shedding. was particularly emphasized first in IJ, followed by [2-a].

In this paper we present 3D simulation and visualization of two cases clf unsteady wake flow behind a
cylinder. In the flrst case the Reynolds is 300. and the purpose is to see how using highly-refined meshcs enables
the detailed capture of 3D eff'ects and vortex shedding in the wake as far rs -1() diameters 1d1 downstream. In the
second case the Reynolds number is 140. The second phase o1'the Karman vortex shedding at this Rcynolds
number was reported earlier. and Cimbala [3] attributes this behavior to hydrodynamic instabil ity. Will iamson [5].
on the other hand, suggests that this behavior is caused by the sensitivity of the wake to small-scale perturbations.
Our purpose here was to capture the wake as far as -1007downstream, investigate the formation of the second
phase of the vortex shedding, and see how the 2D and 3D approaches differ in successful capture of this second
phase.
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To be able to carry out  these s imulat ions wi th suf f ic ient  mesh resolut ion and wi th suf f ic ient ly  long

computational dornains. we need efficient computing methods which wil l enable us to accomplish this goal without

exceeding the practical l imits of our computational resources. The Multi-Domiiin Method (MDM) [7.8] developed

recently was originally intendcd for parallcl 3D computation of the unsteady wake f' low in the tar downstream of

an c lb ject  and the in f luence of  th is  wake on secondary objects located I 'ar  downstream. Also recent ly ,  a

collputational technique [9] largely based on the MDM was designed for simulation o1 unsteady wake flows

behind a circular cylinder, including cases with computational domains extending far downstream.

The core l low solution technique in the MDM is a stabil ized finite fbrmulation of the Navier-Stokes

equations of incompressiblc flows (see [7.8i). The stabil ization techniqucs are the streamline-upwind/Petrov-

Galerkin (SUPG) l l0l and pressure-stabil izing/Petrov-Galerkin (PSPG) [ l I stabil izations. With these stabil ization

techniques.  we mainta in the stabi l i ty  of  the numer ical  formulat ion wi thout  in t roducing excessive nurner ica l

d iss ipat ion.  In  the MDM. the computat ional  domain is  d iv ided into an ordered sequence of  over lapping

subdomains. wherc the cylinder is placed in the first subdomain. Each subsequent subdomain rcceives its inflow

boundary conditions fl 'om the subdomain preceding it. This strategy allows us to divide the compLltational task into

manageable pieces and can'y out the computations fbr dift-erent subdomains essentially in parallel. This parallelism

is in addition to the main parallelism we havc within individual subdomains. Thc core t-low solver and thc MDM

have been irnplernented on parallel computing platforms such as the CRAY T3E-900 and T3E-1200. and this

further increases the speed of the computations.
In Section 2 we provide an overview of the MDM. The numerical results fiom the flrst (at Rr,=300) and

second (at Re=140) simulation cases are presented in Section 3 and Section 4, respectively. We provide our brief

concluding remarks in Section 5.

2. The Multi-Domain Method for Wake Computations
In  the MDM, the computat ional  domain is  d iv ided into an ordered sequence of  over lapping subdomains.

Subdomain-1 (SD-1) contains the cylinder and is used fbr computation of the unsteady f-low around and in the near

wake. The int-low boundary conditions fbr this first subdomain are the fiee-stream conditions. This subdornain is

d iscrct ized wi lh  an unstructured mesh.  and the computat ions are carr ied out  by us ing a general -purpose

implementat ion of  the f in i te  e lement  formulat ion,  appl icable to e lements of  any shape.  In th is  subdomain.

somewhere sufflciently ahcacl of the outflow boundary. we place an "outflow layer." As the computations proceed.

the inflow boundary conditions filr thc subsequent subdornain are extracted from this outflow layer.

The subsequent subdomains, SD-2. SD-3. ..., are used fbr computation of the unsteady flow in wake regions

further downstream. Typically these subdornains are longer than SD-1, but have mesh resolutions comparable tct

that of SD-1. and therefitrc lcad to much larger equation systems to be solved. However, these subdomains do not

contain any ob.jects, and therefbre are discretized with highly-refined meshes with very regular-shaped elerrrents.
Because the element shapes are special. the computations are carried out with a special-purpose implementation of

the finite elemcnt lbrrnulation. In this special implementation, the sirnplif ied data structure is recognized and

exploited to speed up the computation. The special-purpose implementation includes perfbrming the element level

integrations analytically rather than numerically. This special-purpose implementation, with proper optimization.

yields much higher computational speeds compared to the general-purpose implementation. We note that the

cornputations over SD-2. SD-3. .... can also be accomplished by methods which might be pref'erable to the finite

clement rnethod when meshes with regular-shaped elements are used. The inflow boundary conditions fbr each of

these subdorrrains are extracted fiom the outflow layer of the preceding subdomain. The extraction is accomplished

by perforning a pro.jection opcration at each time step. This pro.jection step has also been implemented in parallel.

The computations within each subdomain is carried out in parallel, where the elements in a subdomain are

distributed among the i ivailable processors in an optimal fashion. Normally we tirst can'y out the computations fbr

SD-1. followed by the computiit ions fbr SD-2. and so on. However. we note that the computations over these

different subdomains can bc pcrfirrmed cssentially in parallel. providcd a leading subdornain is at least one time

step ahead of the fbllowing subdomain. In fact computations over dif l 'erent subdomains can even be carried out on

diffbrent computational platforrns (essentially) in paralle l. because the data transf'er between the different platfbrms

would just be a 2D data exchange and therefbre would not add a significant cornmunication cost. For further details

on the MDM see [8] .
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3. Re=300: Effect of Mesh Refinement
The pffpose here js to see how using higlly-reflned neshes in simularions based on the MDM enabtes rhe deraited
capture of the 3D effects and vo&x shedding. We compare ihe soluiions obrained with the sj.ste donain and
multr-domain nethods, where the .nesh used wirh rhe MDM is more refined_

ln the singie domain compnralion, we use the same mesh as the one repo edin 16l. The span tengLh ofthe
cylinder is 4d. The upstream. downsaeam, and crossflow (i.e_ top and bonom laterat) boundaries are locared,
rcspectively, at 7.54 304 and 7.54 The mesh consisrs of 197,948 nodes and 186,2.10 hexahedfal etements. and
leads to 760,107 equarions. The boundary condiLio.s consisr of uniform inflow velocity, zero sheaf srress anat
nomal velocity at laterai boundaries, traction-free condition ar the ouiflow boundary. and no-stip condition on the
L y l : n J e r  , u n d c e .  t l r e  o u r l o s , J ) e r ; . i o r b r e d J r 2 A d o w n . L . e a n  r o m l h e ( y t  n d e r c c f l e r

In the multi-domain computarion, SD 1 consists of the domain we used in the singte domain compurarion.
The wake subdonain, SD-2, extends 284 4land lsAalung rhe srrermwi\e, \pln\ ise, and crossflow dnections.
respectively. SD-2 mesh consists of i.163,565 nodes and 1.126.400 hexahedral eteDrenrs, and teads ro 4,553,457
equaLions. Compared 1o the wake region ofthe single-domain nodel. the number ofelements in SD-2 is precisely
2.0 times l!]ger in the spanwise direction, and approximareb 3.3 and 1.8 tines larger in the st.eanwise anrl
crossflow direcrions. The inflow boundary conditions are exrracted by projecrion from the sotution obrained ir the
single-domain compuiation- The condirions imposed at the lareral and downstream boundaries are the same as
those we had in the single-domain nodel.

The computations were carried out on a CRAY T3E-900. The visuatizations were obtained by using ar SGI
Onyx2 and the visualization software Ensighr. Figure I shows the isosxrfaces corfesponding ro the 0.5 value ofrhe
vorlicity magnitude. Figure I also shows the in plane mesh. Clearly the soturion over SD 2 caprures the flow
features in greater detail. and maintains rhese feaiures all the way to ihe outllow bonrdary. tn ihe near wake, the
isosurfaces representing the spanwise vorricity of rhe Karman vottex srreet are lrlmost stfaight in the vertical
dtrection. The isosudaces representing the in,p]anc vorticity, on rhe other. hand, folm horizontally layered arch
shapes. These two typcs of votices interacr with each other as it is revealed by rhe visualization provided in Fig. t.

Fig. 1. ne+00: efiect ol mesh fefinerneni. The isosurfaces corresponding io rhe 0.5 vaue oJ rhe vort ciry
magnitude. Obtained with the singe-domain (upper) and muLl-domaf (tower) compularjons.

4. Re=1.40
The puryose in this case is to extend oul compntations sufficiently downstream ro caprure the long-wake ftow
behavior including the second phase of the Karmm voftex shedding, and to see rhe difference bcrween atrempting
this in 2D and 3D.

ln rhe 2D simulation ihe entire domain is divided into two subdomains (see Fig. 2). For SD I, the upstream,
downstream, and crossflow boundaries are located, rcspecrivety. dL 7 5a -t0Aand  rAfrom the cenrer of rhe
cylinder. SD-l mesh consists of 8.216 nodes and 8.000 quadrilatcral elemenis, and teads to 24,094 equarions.
The boundary conditions are imposed jn rhe same way as we did for SD 1 in the R€=300 case. Thc outflow tayer is
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Fig. 4. 2D cornputailon at Pe=140. side view ot the eevalion

lndicalesthe va !e oJthe vorticily (red: posltive, blue:negalive)

xtso selecred in the same way as before. sD 2 srarrs ai 2ddownstream from the cenler of lhe cylnider and extends

to l00Z SD-2 mesh consists o1912.033 nodes and 905.920 quaddtaieral elements, and leads Lo 2,723'416

equations. The inflow boundary conditions are extracted by pdection fron the solution obtained over SD-l The

condiLions imposed at thc laLeral and downstream boundaries are the same as those used for SD-.

The computations lvere carried out on i CRAY T3E 1200- Figlre 3 shows the vorlicitv. Figure 4 shows the

side view of thc elevation plo! for thc vorticiiy for SD 2 The color indicales the value of the vorticiry' Wc note

ihat. becausc of the highly-refined mesh, lhe near wrl€ Karman vofticcs obtained with the SD-2 are more clearlv

defined. However, we also notc that no second phase of vortex shedding is seen in lhe far wake A clearly periodrc

vorticiiy distribution is observed in ihe near wake, bul ihis distnbution de.ays downstream (see Fig. 4). According

1() the laboratory expcriments 12.31. the traDsition between the firsl and second phases of the vortex shedding is

exDected at 10041501 However in this 2D simulation, vorticity decays in thal region (see Fig 4) This leads us io

"", ffiffiffi
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Fig. 2. 2D compulalon al Fie14O. Arrangemenl oJ the two subdomains. Frames do not show fhe aclual

s o r  I
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!  |  l :  : : :  : l -
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Fig. 3.2D computation al Fe=140. Vortic iy lor SD-1 (upper) and SD-2 (lower)
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plot ior the vonicity for SD'2. The color
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Fig. 7. 3D computation at Re=140. Side view ol the eevation ploi lor the spanwjse cornponent of the
voriicity atihe cenlered horizonlalplane for SD-2 (upper)and SD-s (wilh diflerent scale) (tower). The cotor
indicatesihe value oithevorticily (red: positive, blue: negative).
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believe ihat the 3D effects are the cause of the second phase of the vofex shedding.
In 3D simulation the donain is divided into tlree subdonains Gee Fig. 5). The in plane dimensions ofsD-l

are the same as those of SD-l in 2D simulatior. In ihe spanwise direction. the cylinder and domain dimensions are
4; The mesh consists of 213,856 nodes and 201,600 hexrnedral elements, and leads to 822,479 equations. The
boundary conditions are imposed in the same way as we did for earlier SD-l computations repo ,ed in this paper.
The ouiflow layer is also selected in the slme way as beforc. SD 2 starts at 2d downstream ftom the center of tbe
cylinder and extEnds to 1552 SD-3 srarts ai 1507and exlends to.l00A SD-2 rDesh cotrsrsts of 4,470,025 nodes rnd
4,308,480 he)€nedrrl elemenrs. and leads to 17,536.577 equations. The idow boundall conditions are extracted
by projcction liom the solution obtained over SD 1. The condiiions imposed at the lateral and downsrream
boundaries are the same as those used for SD-l. The ouftlow layer is located at 150d downstream from the center
of the cylinder (i.e. saahead of Lhe outflow boundary). The mesh density for SD-3 is the same as that fo. SD 2.
SD-3 mesh consists of 4,382.449 nodes and 4,224,000 hexahedrrl elements, and leads to 17,192,513 equations.
The inflow boundary conditions are extracted by projeclion ftom the solution obtained over SD-2. The condiiions
imposed al the lateral and dowistream boundmies are the same as those used for SD_2.

The computations were canied oul on a CRAY T3E 1200. Figue 6 shows the spanwise component ofthe
volricity al the centered hodzontal p1ane. Figure 7 shows the side view of the elevation plot for the sPanwise
component of the vodicity for SD 2 and SD-3. The color indicates the vrlue of the vorticity. SD-2 captures the
Karman votex street in the near wake and the tmnsition, nerr the outllow boundary, from the first to the second
phase of the vortex shedding. SD 3 successfully captures the second phase. The spacing betwe€n the vortices in ihe
second phase is appmximately twice as ldrge compared to the spacing we see in the fint phase. Near the outllow
boundary of SD 2, in the rransition frcm the first phase 1() the second, the volticity loses some of its periodicity. In
the upsiiean regions of SD 3 the vorticily shows wider peaks. Downstrem, this changes lo periodic sharp peaks

Fig. 8. 3D computation ai Be=140. Side view of the elevation poi Jor ihs strcamwise componenl of ihe

voriicity atihe cenlered horizontalplane for SD-2 (uppe0 and SD-3 (wilh dltferenl scae) (Lower). The color

indicateslhe value oi the vorticily {red:positive, blue: negalive).



O.rttwu. Y. uttd Tc:t:lt.rtttr, T r33

Figure 8 shows. for SD-2 and SD-3. the side view of the elevation plot fbr the streamwise component of the
vorticity at thc centered horizontal plane. These results show us the prescnce of in-planc vortices for Rcynolds
numbers as small as 140. Although the magnitude of thesc vortices is much srnaller compared to the spanwise
vortices, the 3D behavior is evidcnt. Comparison of 2D and 3D computations suggests that the in-plane vortices
play an important role in precipitating, in far downstream. the second phase of the vortex shcdding. In other words,
the second phasc of the vortex shedding is generated by vcry small 3D ctfects. which of course cannot bc
represented in a 2D simulation. We also note here that in the 2D computations we usecl a mesh which had rnore
than four tirnes as many elemcnts compared to the in-plane mesh of thc 3D computations. Despite that the 2D
solution failed to capture the second phase of thc vortex shedding.

5. Concluding Remarks
With accurate formulations and sufficiently-refined rneshes. combined with the effbctiveness ol the Multi-Dornain
Method (MDM) we developed recently. we were able to simulate and visualize the details of unstcady wake tlow
behind a circular cylinder. We simulated and visualized two different cases. At Reynolds nuntber 300. we showcd
how the MDM enables us to use highly-rellncd meshes and rcpresent wake patterns which we otherwise cannot
fLrl ly represent. At Reynolds nurrber 140. we carried out the computations in both 2D and 3D. We showed that
with the MDM we can extcnd our 3D computations sufficiently downstream, have sufficient accuracy. and capture
the second phase of the Karman vortex shedding which has double the spacing between the vortices comparetl to
the flrst phase. This second phase has been observed in laboratory experimcnts. Our computations also suggest that
the transition to the second nhase is caused bv 3D efTects.
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