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Abstract

We propose new ways of computing the stabilization parameters used in the stabilized ®nite element methods such as the

streamline-upwind/Petrov±Galerkin (SUPG) and pressure-stabilizing/Petrov±Galerkin (PSPG) formulations. The parameters are

computed based on the element-level matrices and vectors, which automatically take into account the local length scales, advection

®eld and the Reynolds number. We describe how we compute these parameters in the context of ®rst a time-dependent advection±

di�usion equation and then the Navier±Stokes equations of unsteady incompressible ¯ows. Ó 2000 Elsevier Science S.A. All rights

reserved.

1. Introduction

Stabilized formulations played a major role in the past two decades in making the ®nite element method
a reliable and powerful approach in ¯ow simulation and modeling. Among the most notable stabilized
formulations are the streamline-upwind/Petrov±Galerkin (SUPG) formulation for incompressible ¯ows [1],
SUPG formulation for compressible ¯ows [2], Galerkin/least-squares (GLS) formulation [3], and pressure-
stabilizing/Petrov±Galerkin (PSPG) formulation for incompressible ¯ows [4]. These stabilization tech-
niques prevent numerical oscillations and other instabilities in solving problems with high Reynolds and/or
Mach numbers and shocks and strong boundary layers, as well as when using equal-order interpolation
functions for velocity and pressure and other unknowns. The SUPG, GLS and PSPG formulations stabilize
the method without introducing excessive numerical dissipation. Because its symptoms are not necessarily
qualitative, excessive numerical dissipation is not always easy to detect. This concern makes it desirable to
seek and employ stabilized formulations developed with objectives that include keeping numerical dissi-
pation to a minimum.

When the implementation of the SUPG, GLS or PSPG formulations is based on a sound understanding
of these methods, they perform quite well. Furthermore, this class of stabilized formulations substantially
improve the convergence rate in iterative solution of the large, coupled nonlinear equation system that
needs to be solved at every time step of a ¯ow computation. Such nonlinear systems are typically solved
with the Newton±Raphson method, which involves, at its every iteration step, solution of a large, coupled
linear equation system. It is in iterative solution of such linear equation systems that using a good stabilized
method makes substantial di�erence in convergence, and this was pointed out in [5].
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The SUPG formulation for incompressible ¯ows was introduced in [6], with detailed description of the
formulation and numerical examples given in [1]. The SUPG formulation for compressible ¯ows was ®rst
introduced, in the context of conservation variables, in [2]. After that, several SUPG-like methods for
compressible ¯ows were developed. Taylor±Galerkin method [7], for example, is very similar, and under
certain conditions is identical, to one of the stabilization methods introduced in [2]. Another example of the
subsequent SUPG-like methods for compressible ¯ows in conservation variables is the streamline-di�usion
method described in [8]. Later, following [2], the SUPG formulation for compressible ¯ows was recast in
entropy variables and supplemented with a shock-capturing term [9]. It was shown in [10,11] that, the
SUPG formulation introduced in [2], when supplemented with a similar shock-capturing term, is very
comparable in accuracy to the one that was recast in entropy variables. It was shown in [12] for inviscid
¯ows and in [11] for viscous ¯ows that for 2D test problems computed, the SUPG formulation in con-
servation and entropy variables yield indistinguishable results. A recently introduced SUPG formulation
for compressible ¯ows in augmented conservation variables [13] leads to a proper incompressible ¯ow
formulation in the limit as the Mach number is taken to zero.

In the SUPG, GLS and PSPG methods, selection of the stabilization parameter, which is almost uni-
versally known as s, has attracted a signi®cant amount of attention and research. This stabilization pa-
rameter involves a measure of the local length scale (also known as ``element length'') and other parameters
such as the local Reynolds and Courant numbers. Selection of the element length also attracted attention.
Various element lengths and s's were proposed starting with those in [1,2] followed by the one introduced in
[14], and those proposed in the subsequently reported SUPG, GLS and PSPG methods. A number of s's,
dependent upon spatial and temporal discretizations, were introduced and tested in [15]. More recently, s's
which are applicable to higher-order elements were proposed by Franca et al. [16].

In this paper we introduce new ways of computing the stabilization parameter s. The parameters we
propose are computed from the element-level matrices and vectors, and these automatically take into ac-
count the local length scales as well as the advection ®eld and the element-level Reynolds number. In
Section 2, we describe these new ways of computing the stabilization parameter for a time-dependent
advection±di�usion equation, and in Section 3 for the Navier±Stokes equations of unsteady incompressible
¯ows. Numerical examples and concluding remarks are given in Sections 4 and 5.

2. Advection±di�usion equation

Let us consider over a domain X with boundary C the following time-dependent advection±di�usion
equation:

o/
ot
� u � r/ÿr � �mr/� � 0 on X; �1�

where / represents the quantity being transported (e.g., temperature, concentration), u is a divergence-free
advection ®eld, and m is the di�usivity. The essential and natural boundary conditions associated with Eq.
(1) are represented as

/ � g on Cg; �2�
n � mr/ � h on Ch; �3�

where g and h are given functions, n is the unit normal vector at the boundary, and Cg and Ch are the
complementary subsets of C. The initial condition consists of the form

/�x; 0� � /0�x� on X: �4�

Let us assume that we have constructed some suitably de®ned ®nite-dimensional trial solution and test
function spaces Sh

/ and Vh
/. The stabilized ®nite element formulation of Eq. (1) can then be written as

follows: ®nd /h 2Sh
/ such that 8wh 2Vh

/:
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Z
X

wh o/h

ot

�
� uh � r/h

�
dX�

Z
X
rwh � mr/h dX

�
Xnel

e�1

Z
Xe

sSUPGuh � rwh o/h

ot

�
� uh � r/h ÿr � mr/hÿ ��

dX �
Z

Ch

whhdC: �5�

Here nel is the number of elements and Xe is the element domain corresponding to element e. sSUPG is the
SUPG stabilization parameter.

Let us use the notation b:
R

Xe
�. . .�dX: bV to denote the element-level matrix b and element-level vector bV

corresponding to the element-level integration term
R

Xe
�. . .�dX. We now de®ne the following element-level

matrices and vectors:

m :

Z
Xe

wh o/h

ot
dX : mV; �6�

c :

Z
Xe

whuh � r/h dX : cV; �7�

k :

Z
Xe

rwh � mr/h dX : kV; �8�

~k :

Z
Xe

uh � rwh uh � r/h dX : ~kV; �9�

~c :

Z
Xe

uh � rwh o/h

ot
dX : ~cV: �10�

We de®ne the element-level Reynolds and Courant numbers as follows:

Re � ku
hk2

m
kck
k~kk ; �11�

Cru � Dt
2

kck
kmk ; �12�

Crm � Dt
2

kkk
kmk ; �13�

Cr~m � Dt
2

sSUPG

k~kk
kmk ; �14�

where kbk is the norm of matrix b.

Remark 1. The Courant numbers de®ned above can be used for determining the time step size of the
computation.

The components of the element-matrix-based sSUPG are de®ned as follows:

sS1 � kckk~kk ; �15�

sS2 � Dt
2

kck
k~ck ; �16�

sS3 � sS1Re � kck
k~kk

 !
Re: �17�

Remark 2. Because ~c � cT, for some de®nitions of the matrix norm, k~ck � kck, and therefore sS2 � Dt=2� �.
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Remark 3. In the special case of a 1D problem, sS1 � �h=2juj�; sS2 � �Dt=2� and sS3 � �h2=4m�; which are
the popular limits for sSUPG for the advection-dominated, transient-dominated and di�usion-dominated
cases, respectively.

Several di�erent but similar ways have been used to construct sSUPG from its components. We propose the
form

sSUPG � 1

sr
S1

�
� 1

sr
S2

� 1

sr
S3

�ÿ1=r

; �18�

which is based on the inverse of sSUPG being de®ned as the r-norm of the vector with components 1=sS1,
1=sS2 and 1=sS3. We note that the higher the integer r is, the sharper the switching between sS1, sS2 and sS3

becomes.

Remark 4. It is conceivable that we calculate a separate s for each element node, or degree of freedom, or
element equation. In that case, each component of s would be calculated separately for each element node,
or degree of freedom, or element equation. For this, we ®rst represent an element matrix b in terms of its
row vectors or row matrices: b1; b2; . . . ; bnex

. If we want a separate s for each element node, then
b1; b2; . . . ; bnex

, would be the row matrices corresponding to each element node, with nex � nen, where nen is
the number of element nodes. If we want a separate s for each degree of freedom, then b1; b2; . . . ; bnex

, would
be the row matrices corresponding to each degree of freedom, with nex � ndof , where ndof is the number of
degrees of freedom. If we want a separate s for each element equation, then b1; b2; . . . ; bnex

would be the row
vectors corresponding to each element equation, with nex � nee, where nee is the number of element equa-
tions. Based on this, the components of s would be calculated using the norms of these row matrices or
vectors, instead of the element matrices. For example, a separate sS1 for each element node would be
calculated by using the expression sS1� �a � kcak=k~kak, a � 1; 2; . . . ; nen. We should also note that in some
special cases some of these alternative ways of computing s might give the same result.

The components of the element-vector-based sSUPG are de®ned as follows:

sSV1 � kcVk
k~kVk

; �19�

sSV2 � kcVk
k~cVk ; �20�

sSV3 � sSV1Re � kcVk
k~kVk

 !
Re: �21�

With these three components,

�sSUPG�V �
1

sr
SV1

�
� 1

sr
SV2

� 1

sr
SV3

�ÿ1=r

: �22�

Remark 5. The de®nition of sSUPG given by Eq. (22) can be seen as a nonlinear de®nition because it depends
on the solution. However, in marching from time level n to n� 1 the element vectors can be evaluated at
level n. This might be preferable in some cases.

Remark 6. In some cases it might be desirable to have a dynamic switching between sSUPG and �sSUPG�V
during the computation.

Remark 7. Both de®nitions of sSUPG are applicable to higher-order elements.
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Remark 8. It was pointed out in [5], and it is now well-known that the stabilization substantially improves
the convergence in iterative solution of the linear equation system that needs to be solved at each Newton±
Raphson step of the solution of the nonlinear equation system encountered at each time step.

Remark 9. It is also well-known that using higher-order elements degrades the convergence in iterative
solution of such linear equation systems. It has been observed that [17] using interpolation functions which
are spatially discontinuous across element boundaries improves the convergence for higher-order elements.
Leaving aside the fact that such discontinuous methods come with substantial increases in computational
cost which might render the approach impractical in large-scale 3D computations, it is our opinion that this
convergence improvement is due to breaking the global, unintended approximation of the lower-order
functions by the higher-order functions. As one uses higher- and higher-order functions, the global ap-
proximation of the lower-order functions by the higher-order functions gets better, and the approximate
and unintended linear dependence of the lower-order functions on the higher-order functions increases. The
spatial discontinuity breaks this global approximate linear dependence.

Remark 10. In Eq. (5), the SUPG stabilization term involves the residual of the governing equation, which
includes the second-order term r � �mr/h�. For linear (triangular and tetrahedral) elements this term
vanishes. For bilinear (quadrilateral) and trilinear (hexahedral) elements, this term vanishes for certain
special geometries (e.g. rectangles and bricks), and is largely under-represented for more general geometries.
This steals away from the consistency of the stabilized ®nite element formulation as de®ned by Eq. (5). If
one desires to remedy the situation, it is our opinion that this could be accomplished by modifying the
stabilized formulation given by Eq. (5) in such a way that the terms representing the discontinuity of the
¯ux mr/h across element boundaries (i.e. ¯ux ``jump'' terms) are included in the SUPG stabilization terms.
It is also our opinion that the best way to derive e�ective stabilized formulations is to start with the
Galerkin formulation of the problem, reverse integrate-by-parts to derive the ®nite-dimensional Euler±
Lagrange form of the equations, and consider including as a factor in the stabilization terms any of the
terms appearing in the Euler±Lagrange form (such as the governing partial di�erential equations and the
¯ux jump terms as well as the di�erence between the natural boundary condition and the ¯ux at that
boundary). The procedure is described in more detail in Appendix A.

3. Navier±Stokes equations of incompressible ¯ows

We write the Navier±Stokes equations of incompressible ¯ows as

q
ou

ot

�
� u � ruÿ f

�
ÿr � r � 0 on X; �23�

r � u � 0 on X; �24�
where q is density (constant in this case), u is the velocity vector, f is the external force and r is the stress
tensor

r�p; u� � ÿpI� T: �25�
Here p is the pressure, I is the identity tensor and

T � 2le�u�; �26�
where l � qm is the viscosity, m is the kinematic viscosity, and e is the strain-rate tensor

e�u� � 1

2
��ru� � �ru�T�: �27�

The essential and natural boundary conditions associated with Eq. (23) are represented as

u � g on Cg; �28�
n � r � h on Ch: �29�

T.E. Tezduyar, Y. Osawa / Comput. Methods Appl. Mech. Engrg. 190 (2000) 411±430 415



The initial condition on u is given as

u�x; 0� � u0�x�; �30�
where r � u0 � 0.

Let us again assume that we have some suitably de®ned ®nite-dimensional trial solution and test
function spaces for velocity and pressure: Sh

u, Vh
u, Sh

p and Vh
p �Sh

p. The stabilized ®nite element for-

mulation of Eqs. (23) and (24) can then be written as follows: ®nd uh 2Sh
u and ph 2 Sh

p such that 8wh 2Vh
u

and qh 2Vh
p:Z

X
wh � q ouh

ot

�
� uh � ruh ÿ f

�
dX�

Z
X

e�wh� : r�ph; uh�dX�
Z

X
qhr � uh dX

�
Xnel

e�1

Z
Xe

1

q
�sSUPGquh � rwh � sPSPGrqh� � q

ouh

ot

��
� uh � ruh

�
ÿr � r�ph; uh� ÿ qf

�
dX

�
Xnel

e�1

Z
Xe

sLSICr � whqr � uh dX �
Z

Ch

wh � hh dC: �31�

Here sPSPG is the PSPG (pressure-stabilizing/Petrov±Galerkin) stabilization parameter and sLSIC is the LSIC
(least-squares on incompressibility constant) stabilization parameter.

We now de®ne the following element-level matrices and vectors:

m :

Z
Xe

wh � q ouh

ot
dX : mV; �32�

c :

Z
Xe

wh � q�uh � ruh�dX : cV; �33�

k :

Z
Xe

e�wh� : 2le�uh�dX : kV; �34�

g :

Z
Xe

�r � wh�ph dX : gV; �35�

gT :

Z
Xe

qh�r � uh�dX : gT
V; �36�

~k :

Z
Xe

�uh � rwh� � q�uh � ruh�dX : ~kV; �37�

~c :

Z
Xe

�uh � rwh� � q ouh

ot
dX : ~cV; �38�

~c :

Z
Xe

�uh � rwh� � rph dX : ~cV; �39�

b :

Z
Xe

rqh � ouh

ot
dX : bV; �40�

c :

Z
Xe

rqh � �uh � ruh�dX : cV; �41�

h :

Z
Xe

rqh � rph dX : hV; �42�

e :

Z
Xe

�r � wh�q�r � uh�dX : eV: �43�

Remark 11. In the de®nition of the element-level matrices listed above, we assume that uh appearing
in the advective operator (i.e. in uh � ruh and uh � rwh) is evaluated at time level n rather than n� 1.
The de®nition would essentially be the same if we, alternatively, assumed that it is evaluated at time
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level n� 1 but nonlinear iteration level i rather than i� 1. Except, in the ®rst option, in the advective
operator we use �uh�n, whereas in the second option we use �uh�in�1. The second option can be seen as
a nonlinear de®nition. The ®rst option might be preferable in some cases. In the de®nition of the
element-level-vectors, we face the same choices in terms of the evaluation of uh in the advective
operator.

Remark 12. We note that ~c � cT and ~c � cT.

The element-level Reynolds and Courant numbers are de®ned the same way as they were de®ned before,
as given by Eqs. (11)±(14).

Remark 13. Remark 1 applies also in this case.

The components of the element-matrix-based sSUPG are de®ned the same way as they were de®ned be-
fore, as given by Eqs. (15)±(17).

Remark 14. Remarks 2 and 3 also apply in this case.

sSUPG is constructed from its components the same way as it was constructed before, as given by
Eq. (18).

Remark 15. Remark 4 applies also in this case.

The components of the element-vector-based sSUPG are de®ned the same way as they were de®ned
before, as given by Eqs. (19)±(21). The construction of �sSUPG�V is also the same as it was before, given by
Eq. (22).

Remark 16. Remarks 5±7 apply also in this case.

The components of the element-matrix-based sPSPG are de®ned as follows:

sP1 � kg
Tk
kck ; �44�

sP2 � Dt
2

kgTk
kbk ; �45�

sP3 � sP1Re � kgTk
kck

� �
Re: �46�

Remark 17. Remark 3 applies also in this case.

sPSPG is constructed from its components as follows:

sPSPG � 1

sr
P1

�
� 1

sr
P2

� 1

sr
P3

�ÿ1=r

: �47�

Remark 18. Remark 4 applies also in this case.

The components of the element-vector-based sPSPG are de®ned as follows:

sPV1 � sP1; �48�
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sPV2 � sPV1

kcVk
kbVk

; �49�

sPV3 � sPV1Re: �50�

With these components,

�sPSPG�V �
1

sr
PV1

�
� 1

sr
PV2

� 1

sr
PV3

�ÿ1=r

: �51�

Remark 19. Remarks 5±7 apply also in this case.

The element-matrix-based sLSIC is de®ned as follows:

sLSIC � kckkek : �52�

Remark 20. In the special case of a 1D problem, sLSIC � jujh=2.

Remark 21. Remark 4 applies also in this case.

We de®ne the element-vector-based sLSIC to be identical to the element-matrix-based sLSIC

�sLSIC�V � sLSIC: �53�

Remark 22. Remark 7 applies also in this case.

Remark 23. Remarks 8 and 9 apply also to the Navier±Stokes equations of incompressible ¯ows.

Remark 24. Remark 10 applies also to the stabilized formulation of the Navier±Stokes equations of
incompressible ¯ows. However it needs to be pointed out that, for both the advection±di�usion and
Navier±Stokes equations, under-representation of the second-order terms r � �mr/h� and r � �2le�uh��
does not steal much from the consistency of the stabilized ®nite element formulation at Reynolds
numbers high enough (i.e. Re� 1) to render these second-order terms negligible compared to the ad-
vective term.

4. Numerical tests

For the purpose of numerical tests and comparison with stabilization parameters we used earlier, we
de®ne here those stabilization parameters which are based on an earlier de®nition of the length scale
h [14]:

hUGN � 2 kuhk
Xnen

a�1

juh � rNaj
 !ÿ1

; �54�
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where Na is the interpolation function associated with node a. The stabilization parameters are de®ned as
follows:

sSUGN1 � hUGN

2kuk ; �55�

sSUGN2 � Dt
2
; �56�

sSUGN3 � h2
UGN

4m
; �57�

�sSUPG�UGN �
1

s2
SUGN1

�
� 1

s2
SUGN2

� 1

s2
SUGN3

�ÿ1=2

; �58�

�sPSPG�UGN � �sSUPG�UGN; �59�

�sLSIC�UGN �
hUGN

2
kuhkz: �60�

Here z is given as follows:

z �
ReUGN

3

� �
ReUGN6 3;

1 ReUGN > 3;

8<: �61�

where ReUGN � ku
hkhUGN

2m
.

4.1. Elements with simple shapes

In this section, for some 2D simple element shapes, we compare the stabilization parameters calculated
with the approaches described in this paper. We use four di�erent quadrilateral elements and three di�erent
triangles. The quadrilateral elements are: a square, a rectangle with aspect ratio 2, a parallelogram, and a
trapezoid (see Fig. 1). The triangular elements are: a right isosceles triangle, a right triangle, and an

Fig. 1. Quadrilateral elements used in numerical tests with 2D simple element shapes. A square (upper-left), a rectangle with aspect

ratio 2 (upper-right), a parallelogram (lower-left), and a trapezoid (lower-right).
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Fig. 2. Triangular elements used in numerical tests with 2D simple element shapes. A right isosceles triangle (left), a right triangle

(middle), and an equilateral triangle (right).

Fig. 3. sSUGN1, sS1, and sP1 for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-

lelogram (lower-left), and a trapezoid (lower-right).
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equilateral triangle (see Fig. 2). We set kuhk � 1 and Dt � 1, and vary the ¯ow direction from 0° to 360° at
equal intervals.

Figs. 3 and 4 show, for the quadrilateral and triangular elements respectively, sSUGN1, sS1, and sP1. We
note that for the triangular elements all three are equivalent.

Fig. 4. sSUGN1, sS1, and sP1 for triangular elements. A right isosceles triangle (upper-left), a right triangle (upper-right), and an

equilateral triangle (lower).
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Figs. 5 and 6 show, for the quadrilateral and triangular elements respectively, sSUGN2, sS2, and sP2. For
the quadrilateral elements all three are di�erent from each other, except for the special shapes of square and
rectangle, for which sSUGN2 and sP2 are identical. For the triangular elements for all three shapes sSUGN2 is
di�erent than than the other two.

Fig. 5. sSUGN2, sS2, and sP2 for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-

lelogram (lower-left), and a trapezoid (lower-right).
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Fig. 6. sSUGN2, sS2, and sP2 for triangular elements. A right isosceles triangle (upper-left), a right triangle (upper-right), and an

equilateral triangle (lower).

Table 1

RMS of the error at the nodes

(sSUPG�UGN sSUPG �sSUPG�V
Along y � 0:5 7.67Eÿ2 7.73Eÿ2 7.59Eÿ2

Along x � 0:5 4.97Eÿ2 5.01Eÿ2 4.91Eÿ2
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Figs. 7 and 8 show, for the quadrilateral and triangular elements respectively, �sLSIC�UGN and sLSIC. We
note that in all cases sLSIC smaller than �sLSIC�UGN.

4.2. 2D advection±di�usion problem

Here we compare the performance of the stabilization parameters in a 2D advection±di�usion problem,
where the advection is skew to the mesh and the di�usivity is negligible. Fig. 9 shows the problem set up.
The di�usivity m � 1� 10ÿ6 and kuhk � 1. The ¯ow direction is 30° from the x-axis. The domain is square
and is discretized by using 20� 20 square elements. The time step size is 0.1. The stabilization parameters
tested are: �sSUPG�UGN, sSUPG, and �sSUPG�V.

Fig. 10 shows the solution along y � 0:5 and x � 0:5. The exact solution is calculated by assuming zero
di�usion. Table 1 shows the root-mean-square (RMS) of the error at the nodes. We observe that the so-
lutions obtained with the stabilization parameters tested are almost identical.

Fig. 7. �sLSIC�UGN and sLSIC for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-

lelogram (lower-left), and a trapezoid (lower-right).
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Fig. 8. �sLSIC�UGN and sLSIC for triangular elements. A right isosceles triangle (upper-left), a right triangle (upper-right), and an

equilateral triangle (lower).

Fig. 9. 2D advection±di�usion problem. Problem set up.
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Fig. 10. 2D advection±di�usion problem. Solution obtained with three di�erent stabilization parameters, compared to the exact so-

lution. Along y � 0:5 (left) and x � 0:5 (right).

Fig. 11. Flow past a cylinder. Mesh.
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4.3. 2D Navier±Stokes problem

In this section, we compare the stabilization parameters in computation of 2D ¯ow past a cylinder at
Re � 100. The cylinder, with the radius one unit, is located at the origin of the computational domain. The
upstream, downstream and cross¯ow (i.e. top and bottom lateral) boundaries are located, respectively, at
16, 45 and 16 units from the origin (see Fig. 11). The mesh consists of 4558 nodes and 4424 quadrilateral
elements. The boundary conditions consist of uniform in¯ow velocity, zero-shear stress and zero-normal
velocity at the lateral boundaries, traction-free condition at the out¯ow boundary, and no-slip condition on
the cylinder. The free-stream velocity is set to 1, and the time step size to 0.1. Three Newton±Raphson
iterations are performed at every time step. At each Newton±Raphson step, the linear equation system
encountered is solved iteratively with the GMRES update method with a Krylov space size of 20 and
without restart.

Fig. 12 shows, at later stages of the computation, time history of the drag and lift coe�cients. Table 2
shows the average drag coe�cient and Strouhal number. Here �s�UGN represents the group of stabilization
parameters �sSUPG�UGN, �sPSPG�UGN, and �sLSIC�UGN; s represents sSUPG, sPSPG, and sLSIC; and �s�V represents
�sSUPG�V, �sPSPG�V, and �sLSIC�V. Fig. 13 shows the values of the stabilization parameters along the vertical
line passing through the origin and starting from the upper cylinder surface.

The solution obtained with s shows slightly less dissipation than the other two solutions, as indicated by
a slightly higher Strouhal number (in this Reynolds number range, the Strouhal number increases with
increasing Reynolds number [18]).

Fig. 12. Flow past a cylinder. Time history of the drag (left) and lift (right) coe�cients.

Table 2

Flow past a cylindera

�s�UGN s �s�V
Drag coe�cient 1.422 1.421 1.417

Strouhal number 0.167 0.169 0.168

a Average drag coe�cient and Strouhal number.

T.E. Tezduyar, Y. Osawa / Comput. Methods Appl. Mech. Engrg. 190 (2000) 411±430 427



5. Concluding remarks

In this paper, we introduced new methods for computing the stabilization parameters used in the sta-
bilized ®nite element methods, particularly the SUPG and PSPG formulations. The parameters we pro-
posed are computed from the element-level matrices and vectors, without separately computing local length
scales. However, these parameters automatically take into account the local length scales, as well as the
advection ®eld and the element-level Reynolds number. We described these new methods of computing the
stabilization parameters for a time-dependent advection±di�usion equation and the Navier±Stokes equa-
tions of unsteady incompressible ¯ows. We carried out a number of numerical tests to demonstrate that
these new methods produce stabilization parameters which are in some special cases comparable to those
we designed earlier, and which are e�ective in ¯ow problems governed by the advection±di�usion and
Navier±Stokes equations.

Fig. 13. Flow past a cylinder. Stabilization parameters: sSUPG (upper-left), sPSPG (upper-right), and sLSIC (lower).
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Appendix A. Inclusion of the ¯ux jump terms in the stabilized formulation

We start with the Galerkin formulation of Eq. (1):Z
X

wh o/h

ot

�
� uh � r/h

�
dX�

Z
X
rwh � mr/h dXÿ

Z
Ch

whhdC � 0: �A:1�

Re-write the second term as follows:Z
X
rwh � mr/h dX �

Xnel

e�1

Z
Xe
rwh � mr/h dX: �A:2�

Then integrate-by-parts:Z
Xe
rwh � mr/h dX �

Z
Ce

whn � mr/h dCÿ
Z

Xe
whr � mr/hÿ �

dX: �A:3�

Furthermore:Xnel

e�1

Z
Ce

whn � mr/h dC �
Xnel

e�1

Z
Ce

if

whn � mr/h dC�
Z

Ch

whn � mr/h dC; �A:4�

where Ce
if is the interior boundary (interior faces) of the element e. The ®rst term on the right-hand side can

also be written as a sum over interior faces:Xnel

e�1

Z
Ce

if

whn � mr/h dC �
Xnif

k�1

Z
Ck

wh n1 � mr/h
1

ÿ � n2 � mr/h
2

�
dC; �A:5�

where nif is the number of interior faces, Ck is the kth interior face, and the subscripts 1 and 2 refer to
elements sharing that face (see Fig. 14).

Fig. 14. The interior face.
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Consequently, we can write:Xnel

e�1

Z
Xe

wh o/h

ot

�
� uh � r/h ÿr � mr/hÿ ��

dX�
Xnel

e�1

Z
Ce

if

whJ dC�
Z

Ch

wh n � mr/hÿ ÿ h
�

dC; �A:6�

where J � n1 � mr/h
1 � n2 � mr/h

2 is the ¯ux jump term.
Based on Eq. (A.6), we modify the stabilized formulation given by Eq. (5) as follows:Z

X
wh o/h

ot

�
� uh � r/h

�
dX�

Z
X
rwh � mr/h dX

�
Xnel

e�1

Z
Xe

sSUPGuh � rwh o/h

ot

�
� uh � r/h ÿr � mr/hÿ ��

dX�
Xnel

e�1

Z
Ce

if

sSUPGuh � rwh J dC

�
Z

Ch

sSUPGuh � rwh�n � mr/h ÿ h�dC �
Z

Ch

whhdC: �A:7�
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