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Abstract

We propose new ways of computing the stabilization parameters used in the stabilized finite element methods such as the
streamline-upwind/Petrov—Galerkin (SUPG) and pressure-stabilizing/Petrov—Galerkin (PSPG) formulations. The parameters are
computed based on the element-level matrices and vectors, which automatically take into account the local length scales, advection
field and the Reynolds number. We describe how we compute these parameters in the context of first a time-dependent advection—
diffusion equation and then the Navier-Stokes equations of unsteady incompressible flows. © 2000 Elsevier Science S.A. All rights
reserved.

1. Introduction

Stabilized formulations played a major role in the past two decades in making the finite element method
a reliable and powerful approach in flow simulation and modeling. Among the most notable stabilized
formulations are the streamline-upwind/Petrov—Galerkin (SUPG) formulation for incompressible flows [1],
SUPG formulation for compressible flows [2], Galerkin/least-squares (GLS) formulation [3], and pressure-
stabilizing/Petrov—Galerkin (PSPG) formulation for incompressible flows [4]. These stabilization tech-
niques prevent numerical oscillations and other instabilities in solving problems with high Reynolds and/or
Mach numbers and shocks and strong boundary layers, as well as when using equal-order interpolation
functions for velocity and pressure and other unknowns. The SUPG, GLS and PSPG formulations stabilize
the method without introducing excessive numerical dissipation. Because its symptoms are not necessarily
qualitative, excessive numerical dissipation is not always easy to detect. This concern makes it desirable to
seek and employ stabilized formulations developed with objectives that include keeping numerical dissi-
pation to a minimum.

When the implementation of the SUPG, GLS or PSPG formulations is based on a sound understanding
of these methods, they perform quite well. Furthermore, this class of stabilized formulations substantially
improve the convergence rate in iterative solution of the large, coupled nonlinear equation system that
needs to be solved at every time step of a flow computation. Such nonlinear systems are typically solved
with the Newton—Raphson method, which involves, at its every iteration step, solution of a large, coupled
linear equation system. It is in iterative solution of such linear equation systems that using a good stabilized
method makes substantial difference in convergence, and this was pointed out in [5].
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The SUPG formulation for incompressible flows was introduced in [6], with detailed description of the
formulation and numerical examples given in [1]. The SUPG formulation for compressible flows was first
introduced, in the context of conservation variables, in [2]. After that, several SUPG-like methods for
compressible flows were developed. Taylor—Galerkin method [7], for example, is very similar, and under
certain conditions is identical, to one of the stabilization methods introduced in [2]. Another example of the
subsequent SUPG-like methods for compressible flows in conservation variables is the streamline-diffusion
method described in [8]. Later, following [2], the SUPG formulation for compressible flows was recast in
entropy variables and supplemented with a shock-capturing term [9]. It was shown in [10,11] that, the
SUPG formulation introduced in [2], when supplemented with a similar shock-capturing term, is very
comparable in accuracy to the one that was recast in entropy variables. It was shown in [12] for inviscid
flows and in [11] for viscous flows that for 2D test problems computed, the SUPG formulation in con-
servation and entropy variables yield indistinguishable results. A recently introduced SUPG formulation
for compressible flows in augmented conservation variables [13] leads to a proper incompressible flow
formulation in the limit as the Mach number is taken to zero.

In the SUPG, GLS and PSPG methods, selection of the stabilization parameter, which is almost uni-
versally known as 7, has attracted a significant amount of attention and research. This stabilization pa-
rameter involves a measure of the local length scale (also known as “element length”’) and other parameters
such as the local Reynolds and Courant numbers. Selection of the element length also attracted attention.
Various element lengths and 7’s were proposed starting with those in [1,2] followed by the one introduced in
[14], and those proposed in the subsequently reported SUPG, GLS and PSPG methods. A number of 7’s,
dependent upon spatial and temporal discretizations, were introduced and tested in [15]. More recently, t’s
which are applicable to higher-order elements were proposed by Franca et al. [16].

In this paper we introduce new ways of computing the stabilization parameter 7. The parameters we
propose are computed from the element-level matrices and vectors, and these automatically take into ac-
count the local length scales as well as the advection field and the element-level Reynolds number. In
Section 2, we describe these new ways of computing the stabilization parameter for a time-dependent
advection—diffusion equation, and in Section 3 for the Navier—Stokes equations of unsteady incompressible
flows. Numerical examples and concluding remarks are given in Sections 4 and 5.

2. Advection—diffusion equation

Let us consider over a domain Q2 with boundary I' the following time-dependent advection—diffusion
equation:
0¢
E—i—u-V@’)—V-(qub):O on Q, (1)
where ¢ represents the quantity being transported (e.g., temperature, concentration), u is a divergence-free
advection field, and v is the diffusivity. The essential and natural boundary conditions associated with Eq.
(1) are represented as

¢ =g onlYy, )
n-vwWe¢=~h onl), (3)

where g and / are given functions, n is the unit normal vector at the boundary, and I', and I', are the
complementary subsets of I'. The initial condition consists of the form

$(x,0) = ¢o(x) on Q. )

Let us assume that we have constructed some suitably defined finite-dimensional trial solution and test
function spaces 5/’2’) and 7. The stabilized finite element formulation of Eq. (1) can then be written as
follows: find ¢" € % such that Yw" € "V";):
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h
/wh(ad)+uh~v¢h> dQ+/th~qu§”dQ
Q ot Q

ne| h
+ Z / Tsupg” - Vw' (% +u" Vo' -V (quSh)) dQ = / w'hdr. (5)
e=1 @ Iy
Here ny is the number of elements and €, is the element domain corresponding to element e. tsypg is the
SUPG stabilization parameter.

Let us use the notation b: f o (...)dQ: by to denote the element-level matrix b and element-level vector by
corresponding to the element-level integration term fg( ..)dQ. We now define the following element-level
matrices and vectors:

h
m:/ wh%dQ S my, (6)
o ot
c:/ wh' - V¢ dQ ey, (7)
Q.
k:/ W' W' dQ - ky, (8)
Q.
12;/ u -V -V dQ  :ky, (9)
Qe
a h
é:/ o v 2 40 Ly (10)
Qé’ at

We define the element-level Reynolds and Courant numbers as follows:

_ I llell (1)
el
=5 Tl (12)
Ar |k
cr, :{ﬁ (13)
Cr; :%TSUPGﬁy (14)

where ||b|| is the norm of matrix b.

Remark 1. The Courant numbers defined above can be used for determining the time step size of the
computation.

The components of the element-matrix-based tsypg are defined as follows:

e
s1 ==, (15)
K|
At |c]
_ Al (16)
22 e

el )
T3 = TSlRe = — | Re. (17)
(Ikll

Remark 2. Because ¢ = ¢T, for some definitions of the matrix norm, ||¢|| = ||¢||, and therefore s, = (At/2).
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Remark 3. In the special case of a 1D problem, t5; = (h/2|u|), ts2 = (At/2) and 153 = (h*/4v), which are
the popular limits for tgypg for the advection-dominated, transient-dominated and diffusion-dominated
cases, respectively.

Several different but similar ways have been used to construct tsypg from its components. We propose the

form
11 1\
TSUPG = <T+T+T> ) (18)

Ts1 Ts2  Ts3

which is based on the inverse of tsupg being defined as the r-norm of the vector with components 1/7g,
1/ts; and 1/1s3. We note that the higher the integer r is, the sharper the switching between tg;, 75, and 7s;
becomes.

Remark 4. It is conceivable that we calculate a separate 7 for each element node, or degree of freedom, or
element equation. In that case, each component of T would be calculated separately for each element node,
or degree of freedom, or element equation. For this, we first represent an element matrix b in terms of its
row vectors or row matrices: by, b,,...,b, . If we want a separate t for each element node, then
by, by, ..., b, , would be the row matrices corresponding to each element node, with ne, = ne,, Where ne, 1s
the number of element nodes. If we want a separate t for each degree of freedom, then by, by, ..., b, , would
be the row matrices corresponding to each degree of freedom, with ne, = ngor, Where ngor is the number of
degrees of freedom. If we want a separate t for each element equation, then by, b, ..., b, would be the row
vectors corresponding to each element equation, with ne = ne., where n is the number of element equa-
tions. Based on this, the components of T would be calculated using the norms of these row matrices or
vectors, instead of the element matrices. For example, a separate t5; for each element node would be
calculated by using the expression (ts;), = ||c,||/||kall, @ = 1,2, ..., 1. We should also note that in some
special cases some of these alternative ways of computing T might give the same result.

The components of the element-vector-based tsypg are defined as follows:

[lev ]l

Tsvl = 7= (19)
(kv
llev

TSV2 = 7= » (20)
l[evl

Tsv3y = ’ESVIRe = < HSV” )Re (21)

kvl
With these three components,
1 1 1\

(TSUPG) = <r—+)—+r—> . (22)

v Tsvi Tsva Tsvs

Remark 5. The definition of tsupg given by Eq. (22) can be seen as a nonlinear definition because it depends
on the solution. However, in marching from time level n to n + 1 the element vectors can be evaluated at
level n. This might be preferable in some cases.

Remark 6. In some cases it might be desirable to have a dynamic switching between tsupg and (tsupc)y
during the computation.

Remark 7. Both definitions of zgypg are applicable to higher-order elements.
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Remark 8. It was pointed out in [5], and it is now well-known that the stabilization substantially improves
the convergence in iterative solution of the linear equation system that needs to be solved at each Newton—
Raphson step of the solution of the nonlinear equation system encountered at each time step.

Remark 9. It is also well-known that using higher-order elements degrades the convergence in iterative
solution of such linear equation systems. It has been observed that [17] using interpolation functions which
are spatially discontinuous across element boundaries improves the convergence for higher-order elements.
Leaving aside the fact that such discontinuous methods come with substantial increases in computational
cost which might render the approach impractical in large-scale 3D computations, it is our opinion that this
convergence improvement is due to breaking the global, unintended approximation of the lower-order
functions by the higher-order functions. As one uses higher- and higher-order functions, the global ap-
proximation of the lower-order functions by the higher-order functions gets better, and the approximate
and unintended linear dependence of the lower-order functions on the higher-order functions increases. The
spatial discontinuity breaks this global approximate linear dependence.

Remark 10. In Eq. (5), the SUPG stabilization term involves the residual of the governing equation, which
includes the second-order term V - (vW¢"). For linear (triangular and tetrahedral) elements this term
vanishes. For bilinear (quadrilateral) and trilinear (hexahedral) elements, this term vanishes for certain
special geometries (e.g. rectangles and bricks), and is largely under-represented for more general geometries.
This steals away from the consistency of the stabilized finite element formulation as defined by Eq. (5). If
one desires to remedy the situation, it is our opinion that this could be accomplished by modifying the
stabilized formulation given by Eq. (5) in such a way that the terms representing the discontinuity of the
flux vW¢" across element boundaries (i.e. flux “jump” terms) are included in the SUPG stabilization terms.
It is also our opinion that the best way to derive effective stabilized formulations is to start with the
Galerkin formulation of the problem, reverse integrate-by-parts to derive the finite-dimensional Euler—
Lagrange form of the equations, and consider including as a factor in the stabilization terms any of the
terms appearing in the Euler—Lagrange form (such as the governing partial differential equations and the
flux jump terms as well as the difference between the natural boundary condition and the flux at that
boundary). The procedure is described in more detail in Appendix A.

3. Navier-Stokes equations of incompressible flows

We write the Navier-Stokes equations of incompressible flows as

p(%l;Jru-Vu—f)—V-a—O on (23)
V-u=0 on Q, (24)

where p is density (constant in this case), u is the velocity vector, f is the external force and o is the stress
tensor

o(p,u) = —pl+T. (25)
Here p is the pressure, I is the identity tensor and
T = 2us(u), (26)

where pu = pv is the viscosity, v is the kinematic viscosity, and ¢ is the strain-rate tensor

((Vu) + (Vu)"). (27)

| =

g(u) =
The essential and natural boundary conditions associated with Eq. (23) are represented as

u=gon [, (28)
n-oc=hon I, (29)
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The initial condition on u is given as
ll(X, O) = ll()(X),

where V -uy = 0.

(30)

Let us again assume that we have some suitably defined finite-dimensional trial solution and test
function spaces for velocity and pressure: yﬁ, 4 'ﬁ, Vﬁ’) and 7~ Z = yﬁ. The stabilized finite element for-
mulation of Eqgs. (23) and (24) can then be written as follows: find u" € ! and p’ € yﬁ such that Yw" € 7!

and ¢" € V;ﬁ:

) h
/wh-p(l+uh-Vu"—f)dQ—f—/s(w"):a(ph,uh)dQ+/th-uth
Q ot Q Q

Ne)

e=1

1
+2 / ;[TSUPGP“}' VW' + Tpspo V'] - ['0 (

ou” h h hoh d
§+u-Vu —V-o-(p,u)—pf Q

el
+Z / TLSICv'Wth'uth:/ Wh'hhdr. (31)
e=1 Q@ Iy

Here tpspg is the PSPG (pressure-stabilizing/Petrov—Galerkin) stabilization parameter and 7 gic is the LSIC
(least-squares on incompressibility constant) stabilization parameter.
We now define the following element-level matrices and vectors:

ou”
: hop—dQ
m /Qew P, d
c:/ w' . p(d" - Vu')dQ
Q.
k:/ g(w") : 2ue(u”)dQ
Q.
g:/ (V-whp'dQ
Q.

gT:/ q"(V-u")dQ

e

-l

: / (u" - vw") - p(u" - Vu")dQ
Qe

o

h
: / (u" - vw") 'paldQ
o ot

?:/(u“VW”)-Vp”dQ
Q.
ou”
: . — dQ
b ngq ot d

Yy / Vq' - (u" - Vu")dQ
Q.

>

: / V4" - VphdQ
Q.

o

:/Q(V-w")p(v-uh)dQ

-y,
. Cy,
: kVa
‘8v,
gy,
:kV7
. Cy,
: ?V7
: ﬂVa
v
: 9V7

Cey.

Remark 11. In the definition of the element-level matrices listed above, we assume that u”" appearing
in the advective operator (i.e. in u”- Vu" and u"- Vw") is evaluated at time level n rather than n 4+ 1.
The definition would essentially be the same if we, alternatively, assumed that it is evaluated at time
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level n + 1 but nonlinear iteration level 7 rather than i + 1. Except, in the first option, in the advective
operator we use (u”),, whereas in the second option we use (u”),,,. The second option can be seen as
a nonlinear definition. The first option might be preferable in some cases. In the definition of the
element-level-vectors, we face the same choices in terms of the evaluation of uw" in the advective
operator.

Remark 12. We note that ¢ = ¢ and j = yT.

The element-level Reynolds and Courant numbers are defined the same way as they were defined before,
as given by Egs. (11)-(14).

Remark 13. Remark 1 applies also in this case.

The components of the element-matrix-based tsypg are defined the same way as they were defined be-
fore, as given by Eqgs. (15)—(17).

Remark 14. Remarks 2 and 3 also apply in this case.

Tsupg 1S constructed from its components the same way as it was constructed before, as given by
Eq. (18).

Remark 15. Remark 4 applies also in this case.

The components of the element-vector-based tsupg are defined the same way as they were defined
before, as given by Eqs. (19)—(21). The construction of (zsypg)y is also the same as it was before, given by
Eq. (22).

Remark 16. Remarks 5-7 apply also in this case.

The components of the element-matrix-based tpspg are defined as follows:

lg"l
TP = 7 7 (44)
P

At gl
Tpy = — , (45)
T2 8]

T

Tp3 = TpRe = < ”"I(’;H” )Re. (46)

Remark 17. Remark 3 applies also in this case.

TpspG 18 constructed from its components as follows:

o1 1\
TpSPG = <,++) . (47)

r T
Tp1 Tp2 Tp3

Remark 18. Remark 4 applies also in this case.

The components of the element-vector-based tpspg are defined as follows:

Tpvl = Tp1, (48)
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Tpv2 = Tpvi |||;:/]|||| ) (49)
Tpv3y — ‘va]R@. (50)

With these components,

(rpspa)vz< ! +1+1>W. (51)

r r r
Tpvi Tpva  Tpvs

Remark 19. Remarks 5-7 apply also in this case.

The element-matrix-based tigc is defined as follows:

Remark 20. In the special case of a 1D problem, tysic = |u|h/2.

Remark 21. Remark 4 applies also in this case.

We define the element-vector-based 7 g;c to be identical to the element-matrix-based tigic

(TLSIC)V = TLSIC- (53)

Remark 22. Remark 7 applies also in this case.
Remark 23. Remarks 8 and 9 apply also to the Navier-Stokes equations of incompressible flows.

Remark 24. Remark 10 applies also to the stabilized formulation of the Navier-Stokes equations of
incompressible flows. However it needs to be pointed out that, for both the advection—diffusion and
Navier-Stokes equations, under-representation of the second-order terms V - (vW¢") and V - (2ug(u”))
does not steal much from the consistency of the stabilized finite element formulation at Reynolds
numbers high enough (i.e. Re > 1) to render these second-order terms negligible compared to the ad-
vective term.

4. Numerical tests

For the purpose of numerical tests and comparison with stabilization parameters we used earlier, we
define here those stabilization parameters which are based on an earlier definition of the length scale
h [14]:

-1
huon =2 [ (Z - vzva) , (54)

a=1
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where N, is the interpolation function associated with node a. The stabilization parameters are defined as
follows:

huon
TSUGNI = 7771 (55)
2{u]
At
TSUGN2 = 77> (56)
2
TSUGN3 = hUGN (57)
4y’
1 1 1\
(TSUPG)UGN :( 2 t5 +3 > ) (58)
TsuoNt  TsueN2  TSUGN3
(TPSPG)UGN = (TSUPG)UGNa (59)
_ huoN | 60
(tsic)uon = — W'z (60)

Here z is given as follows:

Re
7= ( gGN ) ReUGN < 37

1 Reygn > 3,

u'||h
where Reygn = ””2%

4.1. Elements with simple shapes

In this section, for some 2D simple element shapes, we compare the stabilization parameters calculated
with the approaches described in this paper. We use four different quadrilateral elements and three different
triangles. The quadrilateral elements are: a square, a rectangle with aspect ratio 2, a parallelogram, and a
trapezoid (see Fig. 1). The triangular elements are: a right isosceles triangle, a right triangle, and an

1 2

Fig. 1. Quadrilateral elements used in numerical tests with 2D simple element shapes. A square (upper-left), a rectangle with aspect
ratio 2 (upper-right), a parallelogram (lower-left), and a trapezoid (lower-right).
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-
1 1 1

Fig. 2. Triangular elements used in numerical tests with 2D simple element shapes. A right isosceles triangle (left), a right triangle
(middle), and an equilateral triangle (right).
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Fig. 3. tsugni» Tsi, and tp; for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-
lelogram (lower-left), and a trapezoid (lower-right).
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421

Fig. 4. tsugni, Ts1» and tp; for triangular elements. A right isosceles triangle (upper-left), a right triangle (upper-right), and an

equilateral triangle (lower).

equilateral triangle (see Fig. 2). We set ||u”|| = 1 and At = 1, and vary the flow direction from 0° to 360° at

equal intervals.

Figs. 3 and 4 show, for the quadrilateral and triangular elements respectively, tsugni, Tsi, and tp;. We

note that for the triangular elements all three are equivalent.
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1
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Fig. 5. tsugn2, Ts2, and tp; for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-
lelogram (lower-left), and a trapezoid (lower-right).

Figs. 5 and 6 show, for the quadrilateral and triangular elements respectively, tsugnz, Ts2, and Tp,. For
the quadrilateral elements all three are different from each other, except for the special shapes of square and
rectangle, for which tsygne and tp; are identical. For the triangular elements for all three shapes tsygny 18
different than than the other two.
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Fig. 6. tsugna, Ts2, and tp; for triangular elements. A right isosceles triangle (upper-left), a right triangle (upper-right), and an
equilateral triangle (lower).

Table 1
RMS of the error at the nodes

(TsurG ) ugn TSUPG (TsurG)y

Along y = 0.5 7.67E—2 7.73E-2 7.59E—2
Along x = 0.5 4.97E-2 5.01E—2 491E-2
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Fig. 7. (tusic)ygn and tisic for quadrilateral elements. A square (upper-left), a rectangle with aspect ratio 2 (upper-right), a paral-
lelogram (lower-left), and a trapezoid (lower-right).

Figs. 7 and 8 show, for the quadrilateral and triangular elements respectively, (tsic)ygy and tisic. We
note that in all cases 71g;c smaller than (tisic)ygy-

4.2. 2D advection—diffusion problem

Here we compare the performance of the stabilization parameters in a 2D advection—diffusion problem,
where the advection is skew to the mesh and the diffusivity is negligible. Fig. 9 shows the problem set up.
The diffusivity v = 1 x 107® and ||u”|| = 1. The flow direction is 30° from the x-axis. The domain is square
and is discretized by using 20 x 20 square elements. The time step size is 0.1. The stabilization parameters
tested are: (TSUPG)UGN’ TSUPG» and (TSUPG)V~

Fig. 10 shows the solution along y = 0.5 and x = 0.5. The exact solution is calculated by assuming zero
diffusion. Table 1 shows the root-mean-square (RMS) of the error at the nodes. We observe that the so-
lutions obtained with the stabilization parameters tested are almost identical.
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Fig. 9. 2D advection—diffusion problem. Problem set up.
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4.3. 2D Navier—Stokes problem

In this section, we compare the stabilization parameters in computation of 2D flow past a cylinder at
Re = 100. The cylinder, with the radius one unit, is located at the origin of the computational domain. The
upstream, downstream and crossflow (i.e. top and bottom lateral) boundaries are located, respectively, at
16, 45 and 16 units from the origin (see Fig. 11). The mesh consists of 4558 nodes and 4424 quadrilateral
elements. The boundary conditions consist of uniform inflow velocity, zero-shear stress and zero-normal
velocity at the lateral boundaries, traction-free condition at the outflow boundary, and no-slip condition on
the cylinder. The free-stream velocity is set to 1, and the time step size to 0.1. Three Newton—-Raphson
iterations are performed at every time step. At each Newton—Raphson step, the linear equation system
encountered is solved iteratively with the GMRES update method with a Krylov space size of 20 and
without restart.

Fig. 12 shows, at later stages of the computation, time history of the drag and lift coefficients. Table 2
shows the average drag coefficient and Strouhal number. Here () 5y represents the group of stabilization
parameters (Tsupc)ygns (TpsPG)uans and (Tisic)ygns T represents Tsupg, Tpspa, and trsic; and (t)y, represents
(tsurc)ys (TpspG )y, and (trsic)y- Fig. 13 shows the values of the stabilization parameters along the vertical
line passing through the origin and starting from the upper cylinder surface.

The solution obtained with  shows slightly less dissipation than the other two solutions, as indicated by
a slightly higher Strouhal number (in this Reynolds number range, the Strouhal number increases with
increasing Reynolds number [18]).

(Tau)_UGN. —
144 Tau ===
(Tau)_Vi -----
g £
g 3
8 z
g =
5 3
1.405
1.4 -0.4
50 55 60 65 70 75 80 8 90 95 100 50 55 60 65 70 75 80 8 90 95 100
Time Time
Fig. 12. Flow past a cylinder. Time history of the drag (left) and lift (right) coefficients.
Table 2

Flow past a cylinder®

(Duen T (D)
Drag coefficient 1.422 1.421 1.417
Strouhal number 0.167 0.169 0.168

% Average drag coefficient and Strouhal number.
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Fig. 13. Flow past a cylinder. Stabilization parameters: tsypg (upper-left), tpspg (upper-right), and i gc (lower).

5. Concluding remarks

In this paper, we introduced new methods for computing the stabilization parameters used in the sta-
bilized finite element methods, particularly the SUPG and PSPG formulations. The parameters we pro-
posed are computed from the element-level matrices and vectors, without separately computing local length
scales. However, these parameters automatically take into account the local length scales, as well as the
advection field and the element-level Reynolds number. We described these new methods of computing the
stabilization parameters for a time-dependent advection—diffusion equation and the Navier—Stokes equa-
tions of unsteady incompressible flows. We carried out a number of numerical tests to demonstrate that
these new methods produce stabilization parameters which are in some special cases comparable to those
we designed earlier, and which are effective in flow problems governed by the advection—diffusion and
Navier—Stokes equations.
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Appendix A. Inclusion of the flux jump terms in the stabilized formulation

We start with the Galerkin formulation of Eq. (1):

h
/wh<%+uh-v¢h> dQ+/th-quSth—/ w'hdll = 0. (A1)
Q ot o) r,
Re-write the second term as follows:
/ V' wWe'de=Y" [ VW' -vVe'dQ. (A.2)
Q e—1 J°
Then integrate-by-parts:
/ vw' W' dQ = / wn - vWo'dI — / W'V - (W) dQ. (A.3)
Q° re Q°
Furthermore:
> / wn-wWe'dl =" / wh - yWo'dr + / wh - yWe'dr, (A.4)
e=1 ¢ e=1 5 Iy

where I'; is the interior boundary (interior faces) of the element e. The first term on the right-hand side can
also be written as a sum over interior faces:

el nif

> / w'n vV dr =" / wh (g - VW +ny - vWeh)dr, (A.5)
e=1 i k=1 YTk

where n;e is the number of interior faces, I'; is the kth interior face, and the subscripts 1 and 2 refer to
elements sharing that face (see Fig. 14).

n:

o/

Fig. 14. The interior face.
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Consequently, we can write:

Ne)

o a¢h h h h
§: M<—+ hove' -V - (W )d9+§ whidlr + [ w'(n-vW¢" —h)dr, A6
1 /e at " d) (v qs ) e=1 /ff /I—;, (n ' d) ) ( )

e=

where J =n; - qu’)}l’ +n; - vV(f)g is the flux jump term.
Based on Eq. (A.6), we modify the stabilized formulation given by Eq. (5) as follows:

h
/wh(%ﬂh - v(/)h) dQ + / v yWe"dQ
Q ot Q
Nel

Nel a h
+> / TsupGU” - Vi (ai; +u" - V¢' - V- (de)h)) de+> / tsupcU" - VW' J dI’
3 e=1 YT

e=1

+ / tsupcll’ - VW' (n - vWe" — h)dI' = / w'hdr. (A7)
I, Iy
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