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Abstract

We present the multi-domain method (MDM) for computation of unsteady flow past a cargo aircraft and around a parachute
crossing the aircraft’s far wake. The base computational methods used here are the stabilized semi-discrete and space-time finite el-
ement formulations developed earlier. In the MDM, the computational domain is divided into an ordered sequence of overlapping
subdomains. The flow field computed over Subdomain-1, which contains the aircraft, supplies the inflow boundary conditions for
Subdomain-2, which is used for computing the long-wake flow. Subdomain-3 contains the parachute, and moves across Subdomain-2.
The boundary conditions for Subdomain-3 are extracted from the flow field computed over Subdomain-2, at locations corresponding
to the positions of the boundaries of Subdomain-3 as it crosses Subdomain-2. The computation over Subdomain-1, which contains a
complex but fixed object, is based on a general-purpose implementation of the semi-discrete formulation. The computation over
Subdomain-2, which contains no objects, is based on a special-purpose implementation that exploits the simplicity of the mesh to
increase the computational speed. The computation over Subdomain-3, which contains a complex and moving object, is based on a
general-purpose implementation of the space-time formulation. With a numerical example, we show that different methods can be
brought together in the context of the MDM to address the computational challenges involved in the aerodynamics of a parachute
crossing the far wake of an aircraft. © 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

The multi-domain method (MDM) [1] was introduced for computation of a special class of problems,
where the objective is to predict the long-wake flow generated by a primary object and, in some cases, also is
to determine the influence of this wake flow on a secondary object placed far downstream. This class of
problems poses a significant computational challenge because the length of the wake region is rather large
compared to the length scales of the objects involved, and therefore unsteady flows need to be computed
accurately over long-wake regions.

Applications of the MDM to a number of 3D problems were reported in [2-4], including flow around a
small wing placed in the wake of a larger wing, and flow in the wake of a circular cylinder up to 300 di-
ameters downstream. In the case of the cylinder problem, at Reynolds number 140, we were able to show
that with the MDM we can extend our computations sufficiently downstream, and with sufficient accuracy,
to successfully capture the second phase of the Karman vortex street, which has been observed in
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laboratory experiments, and which has double the spacing between the vortices compared to the first phase
(see [1,3,4]).

In the MDM, the problem domain is subdivided into a sequence of overlapping subdomains. The pri-
mary object is placed in Subdomain-1. The subsequent subdomains are used for computing the long-wake
flows and flow past secondary objects. The inflow boundary conditions for Subdomain-1 are the free-
stream conditions. The inflow conditions for each of the remaining subdomains is extracted from the
subdomain preceding it.

In this paper we present the MDM for computation of unsteady flow past a cargo aircraft, in the long-
wake region behind the aircraft and around a parachute crossing the aircraft’s far wake. Early results from
this computation were first reported in [1]. Subdomain-1 contains the aircraft. The long-wake flow is
computed over Subdomain-2. Subdomain-3 contains the parachute, and moves across Subdomain-2. In
this particular case, the boundary conditions for Subdomain-3 are extracted from the flow field computed
over Subdomain-2, at locations corresponding to the positions of the boundaries of Subdomain-3 as it
crosses Subdomain-2. In our application here, we focus on the aerodynamics of a rigid parachute, and
therefore do not take into account the fluid-structure interactions. However, the formulation we describe in
this paper can be applied to cases where the parachute undergoes prescribed shape changes, and is free to
undergo rigid-body motions that can be determined as part of the overall solution.

Depending on the nature of the flow problem in each subdomain, we use as base methods the stabilized
semi-discrete and space-time finite element formulations developed earlier. The semi-discrete formulation is
based on streamline-upwind/Petrov—Galerkin (SUPG) [5,6] and pressure-stabilizing/Petrov—Galerkin
(PSPQ) [7] stabilizations. The space-time formulation is the deforming-spatial-domain/stabilized space-time
(DSD/SST) formulation [7-9]. These stabilized formulations remain stable in computation of flows with
high Reynolds numbers and boundary layers, without introducing excessive numerical dissipation. They
also allow us to use, without facing numerical stability problems, equal-order interpolation functions for
velocity and pressure.

The class of problems we want to solve result in large, coupled nonlinear equation systems that need to
be solved at every time step. We solve these equations with the Newton—Raphson method. At each step of
the Newton—Raphson sequence, we are faced with solving a large, coupled linear equation system. We solve
this linear system also iteratively, with the GMRES search technique [10]. We have implemented these
solution techniques for distributed-memory parallel computing, and the results reported here were obtained
by carrying out the computations on a CRAY T3E-1200.

In Section 2, we review the governing equations. The semi-discrete stabilized formulation and the DSD/
SST formulation are described in Section 3. Further details and remarks on the MDM are given in Section
4. The numerical example is presented in Section 5, and the concluding remarks are provided in Section 6.

2. Governing equations

Let Q, C R™ be the spatial fluid mechanics domain with boundary I', at time ¢ € (0,T), where the
subscript ¢ indicates the time-dependence of the spatial domain and its boundary. The Navier—Stokes
equations of incompressible flows can be written as

d
p(al;+u-vu—f)—va:o on Q Vte (0,7), W
V-u=0 on® Vie(0,T), ;

where p, u and f are the density, velocity and the external force, respectively. The stress tensor ¢ is defined
as

o(p,u) = —pl + 2ue(u). (3)

Here p, I and u are the pressure, identity tensor and the viscosity, respectively. The strain rate tensor &(u) is
defined as
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1 T
s(w) =5 ((Vw) + (Va)"). (4)
Both Dirichlet- and Neumann-type boundary conditions are accounted for:

u=g on (I),, )

n-¢=h on (I),

Here (I') . and (I',), are complementary subsets of the boundary I';, n is the unit normal vector at the
boundary, and g and h are given functions. A divergence-free velocity field is specified as the initial condition.

3. Finite element formulations for incompressible flows
3.1. Semi-discrete stabilized formulation

Let us consider a fixed spatial domain Q and its boundary I", where subscript ¢ is dropped from both €,
and I',. The domain Q is discretized into sub-domains Q°, e = 1,2,...,ny, where ng is the number of el-
ements. For this discretization, the finite element trial function spaces ¢ for velocity and yﬁ for pressure,
and the corresponding test function spaces ¥ and ¥ ;’7 are defined as follows:

yi’, = {uh|uh S [H”’(Q)]"sd7 uhigh on Fg}, (6)
“/z = {Wh|Wh € [H"(Q)"¢, w'=0 on Fg}, (7)
In=71"0=1{q"l¢d" € H"(Q)}. (8)

Here H'(Q) is the finite-dimensional function space over Q. The stabilized finite element formulation is
written as follows: find u* € &, and p" € &) such that Yw" € ¥, and ¢" € 7"

) h
/wh-p<l+uh-Vuh—fh)dQ+/s(wh) :a(ph,uh)dQ—/ wh‘hhdF+/th~uth
Q 6t Q ry Q

el

1
+2 / ;[TSUPGP“}’ - VW' + tpsp6 V'] - {p<

e=1

ou” h h hoh J
§+u1~Vu 7V~o(p,u)fpf dQ

Ne|

+ Z /e TLSICv . wth . uth =0. (9)

In this formulation, tsypg, Tpspg and 7isic are the stabilization parameters (see [1]). For an earlier, detailed
reference on this stabilized formulation see [7].

3.2. Deforming-spatial-domain/stabilized space-time formulation

In discretization of the space-time domain, the time interval (0, T) is partitioned into subintervals /, =
(t4,t.11), Where ¢, and ¢, belong to an ordered series of time levels 0 = ¢ <t --- <ty =T. Let Q, = Q,,
and I', = I',, to simplify the notation. The space-time slab Q, is defined as the domain enclosed by the
surfaces Q,, Q,,1, and P,, where P, is the lateral surface of O, described by the boundary I, as ¢ traverses I,.
The Dirichlet- and Neumann-type boundary conditions are specified over (P,), and (B,),. For this dis-
cretization, the finite element trial function spaces (%) for velocity and (), for pressure, and the
corresponding test function spaces (#™) and (7 f,)n are defined as follows:

(1), = { o € (1), w' =g on (P, }, (10)
(170, = {W' W € (0], w'=0on (P, ], (1)
(1), =), = {d'l¢" € H"(0,)}. (12)
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Here H'(Q,) is the finite-dimensional function space over the space-time slab Q,. Over the element domain,
this space is formed by using the first-order polynomials in both space and time. The interpolation func-
tions are continuous in space but discontinuous in time.

The stabilized finite element formulation is written as follows: given (u"),, find v € (¥") and
p' € (¥7), such that vw" € (77), and ¢" € (¥7),:

P
/ w -p<%+uh -Vu' — fh>dQ+/ g(wh) : o-(ph,uh)dQ—/ w' - hth—i—/ ¢"V -u"dQ
n n (Pn)h n

(me1),, h
o Lo p(w; - wde sy [ (B ) -7 al)]
Q, e=1 i

Ne|

0 h
[P(a—ut-i-uh~Vuh) —V-a(ph,uh)—pfh]dQ—l— g / t5icV - wpV -u"dQ = 0. (13)
e=1 On

This formulation is sequentially applied to all of the space-time slabs Qq, Oy, 0>, . . ., Oy_1. The computation
starts with

(llh)(; = Uy, V- Uy = 0 on .Q(). (14)

Here 7 v and 1pg1c are the stabilization parameters (see [1,11]). For an earlier, detailed reference on this
stabilized formulation see [7].

4. The multi-domain method

In the MDM, in addition to dividing the problem into computationally more manageable pieces, we can
use different numerical methods for different subdomains. With this approach, the method used for a
subdomain is the most effective one for the flow conditions of that subdomain. Furthermore, in the MDM,
in addition to using parallel computation for each subdomain where clusters of elements in that subdomain
are assigned to different processors, we find a second level of parallelism. This second parallelism is based
on recognizing that the computation for each subdomain needs to lag only one time step behind the
subdomain preceding it. In fact different subdomains can be assigned to different computers, or can even be
assigned to computers at different geographical locations. This is because only 2D data needs to be
transferred between the subdomains, and this does not result in as much of a communication burden as
transferring 3D data.

Subdomain-1 contains a complex but fixed object, and consequently does not involve any changes in the
spatial domain occupied by the fluid. Therefore, for Subdomain-1 we use a general-purpose implementation
of the semi-discrete formulation. In the general-purpose implementation, we assume that the elements of
the tetrahedral finite element mesh can be of any shape. Subdomain-2 does not involve any objects, and
therefore is handled with a special-purpose implementation of the semi-discrete formulation, where the
mesh is assumed to be made of box-shaped hexahedral elements. The special-purpose implementation
exploits the simplicity of the mesh to increase the computational speed (see [2]). Furthermore, to capture the
details of the wake behavior more accurately, the method used in Subdomain-2 is supplemented with the
enhanced-discretization interface-capturing technique (EDICT).

The EDICT was first introduced in [12] for the purpose of increasing the accuracy in representing the
interface in computation of a two-fluid flow problem with an interface-capturing method. To enhance the
discretization near the interfaces, the finite element functions are defined as functions with multiple com-
ponents, with each component coming from a different level of finite element mesh. Mesh-1 is the base
mesh, and a Mesh-2 is generated by constructing a second-level mesh over a subset of the elements in Mesh-
1. This subset of elements in Mesh-1 changes periodically during the computation, and as the interface
moves, it is enveloped in regions covered by this subset of elements. For further details on the EDICT, see
[13]. The EDICT was later extended in [14] to computation of compressible flows with shocks. This ex-
tension is based on re-defining the “interface” to mean the shock front, and at and near the shock fronts
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enhanced discretization is used to increase the accuracy in representing those shocks. In the extension of the
EDICT to computation of vortex flows, the definition of the interface is extended to mean regions where
the vorticity magnitude is larger than a specified value. This version of the EDICT gives us the capability to
compute the long-wake flows more accurately, without making the computations too costly.

Subdomain-3 contains a complex object that can move and change its shape. Therefore, the computation
over Subdomain-3 is based on a general-purpose implementation of the DSD/SST formulation and a
tetrahedral mesh.

For computations over Subdomain-1 and Subdomain-3, we use a Smagorinsky turbulence model [15]
with its constant C = 0.15, and wall damping based on what has been proposed by Van Driest [16].

5. Numerical example
5.1. Subdomain-1: Unsteady flow past the cargo aircraft

The aircraft is assumed to be traveling at 200 ft/s, with an angle of attack of 10°. We assume symmetry
with respect to the plane passing through the middle of the aircraft. The original aircraft model was in-
troduced in [17]. Here the model has been improved by adding the wing flaps and winglets. The Reynolds
number based on the aircraft length and flight speed is set to 2 x 10°, which is about nine times larger than
the typical value corresponding to the expected flight conditions. In nondimensional numbers, the aircraft
length is taken as 8.8 units, and the flight speed as 1 unit. The upstream, downstream, lower crossflow,
upper crossflow, and side boundaries are located, respectively, at 3.2, 6.8, 5.0, 3.0, and 2.7 unit lengths from
the nearest aircraft surface. The boundary conditions are uniform inflow velocity, no-slip on the aircraft
surface, zero normal velocity and zero shear stress at the crossflow and side boundaries, and traction-free
condition at the outflow boundary. An automatic mesh generation software [18] has been used to produce
the tetrahedral mesh that has 599,101 nodes and 3,489,881 elements (see Fig. 1). The vertical plane where
the inflow conditions for Subdomain-2 are extracted from is placed at the end of the horizontal stabilizer.
The computation is carried out with a time step size of 0.05. Fig. 2 shows the air pressure distribution on the
aircraft surface, streamlines around the left wing, and isosurfaces corresponding to the 6.0 value of the
vorticity magnitude.

5.2. Subdomain-2: Unsteady long-wake flow

We assume symmetry in the same way we did for Subdomain-1. This subdomain extends 33.7, 7.00 and
10.0 length units, respectively, in the streamwise, horizontal and vertical cross flow directions. The inflow
conditions are extracted from the flow field computed over Subdomain-1, as described before. The other
boundary conditions are zero normal velocity and zero shear stress at the crossflow and side boundaries,
and traction-free condition at the outflow boundary. Mesh-1, shown in Fig. 3, consists of 602,112 nodes
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Fig. 1. Mesh for Subdomain-1.
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Fig. 2. Flow in Subdomain-1. Left: streamlines around the left wing. Right: isosurfaces corresponding to the 6.0 value of the vorticity
magnitude. In both pictures, the colors on the aircraft surface show the pressure distribution.

Fig. 3. Mesh-1 for Subdomain-2. Front and side views.
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Fig. 4. EDICT applied to computation of wake flows. The top picture shows the EDICT concept for wake flows, and the lower
pictures show an element from Mesh-1 (left) and a cluster of elements from Mesh-2 (right).
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and 575,280 hexahedral elements. The top picture in Fig. 4 shows the EDICT concept for computation of
wake flows. The lower pictures show an element from Mesh-1 and a cluster of elements from Mesh-2.
Mesh-2 consists of two parts: a fixed part that does not change during the computation and a dynamic part
that is updated as the computation proceeds. The fixed part extends from the upstream boundary to 0.6
length units downstream, and is made of 87,253 nodes and 90,240 hexahedral elements. Updating the
dynamic part of the Mesh-2 is based on defining as interface the regions where the vorticity magnitude is
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Fig. 5. EDICT for Subdomain-2. Time history of the enhanced discretization. Left: the ratio of the number of enhanced elements in
Mesh-1 to the number of all elements in Mesh-1. Right: total number of elements in Mesh-1 plus Mesh-2.

Fig. 6. Flow in Subdomain-2. Isosurfaces corresponding to the 1.0 value of the vorticity magnitude. Left: obtained with Mesh-1 plus
the fixed part of Mesh-2. Right: obtained with Mesh-1 plus both the fixed and dynamic parts of Mesh-2. Shown at at time step 700
(upper) and 1500 (lower).
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larger than 0.1. Although in this numerical example we use only one subdomain for computation of the
wake flow, for more realistic modeling of the actual conditions, longer wake regions and more subdomains
would be needed. Keeping this in mind, we designed Mesh-1 in such a way that the inflow conditions for a
subsequent subdomain covering the wake flow would be extracted from a vertical plane positioned at 3.84
length units forward of the downstream boundary of Subdomain-2. The mesh between that vertical plane
and the downstream boundary is made of stretched, coarser elements. For this computation, the time step
size is 0.05. Fig. 5 shows the time history of the enhanced discretization in terms of the number of elements.
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In Fig. 6, we compare, at time steps 700 and 1500, the solutions obtained with Mesh-1 plus the fixed part of
Mesh-2 and Mesh-1 plus both the fixed and dynamic parts of Mesh-2. The comparison is made in terms of
the isosurfaces of the vorticity magnitude. We note that the solution obtained with the inclusion of the
dynamic part of Mesh-2 captures more details of the wake flow at the downstream regions.

5.3. Subdomain-3: Unsteady flow around the parachute

The parachute is modeled after a US Army C-9 personnel parachute, where the canopy diameter is
approximately 1.2 (see Fig. 7). The Reynolds number based on the parachute diameter and the descent
velocity of 20 ft/s is 2.33 x 10°. We also include a barrel-shaped payload in our model. This payload is
positioned relative to the parachute in such a way that the suspension lines join at the top of the payload.

Fig. 9. Flow in Subdomain-3. Vertical component of the velocity in the centered vertical plane, and the pressure distribution on the
parachute and payload surfaces. Parachute in uniform flow (upper), and in the wake at t = 0.4 (lower left) and ¢ = 0.8 (lower right).
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The dimensions of Subdomain-3 are 9.5 in height and 7 x 7 in the horizontal plane. The mesh is made of
212,177 nodes, 1,286,063 tetrahedral elements in the interior, and 10,089 prismatic elements in the one-
element-thick layer surrounding the subdomain (see Fig. 7).

Subdomain-1 and Subdomain-2 computations were carried out in a coordinate frame attached to the
aircraft, and we take this into account when we extract the boundary conditions for Subdomain-3. We
assume the aircraft that deployed the parachute is flying at the same speed as the aircraft that generated the
wake: 200 ft/s. We also assume that at the end of a short, initial period following the deployment of the
parachute, its horizontal velocity becomes zero in a coordinate frame attached to the ground, and it attains
a descent velocity of 20 ft/s.

Based on these conditions, we can approximate the trajectory of the parachute as a parabolic curve
(corresponding to the short, initial period), and an oblique line with a tangent of 0.1 (corresponding to the
period when the parachute has zero horizontal velocity and a descent velocity of 20 ft/s) (see Fig. 8). In this
paper, we focus on the trajectory phase represented by the oblique line. Furthermore, we pick the case
where the lateral position relative to the aircraft that the parachute crosses the wake is close to the midpoint
between the wingtip and the outer engine.

The boundary conditions for Subdomain-3 consist of inflow conditions at the bottom and side
boundaries, outflow conditions at the top boundary, and no-slip on the parachute and payload surfaces.
The inflow conditions are extracted from the solution obtained in computations over Subdomain-2. The
stress conditions at the outflow boundary are computed from the flow data extracted from Subdomain-2.
Prior to using the velocity boundary conditions extracted from Subdomain-2, we modify the horizontal and
vertical velocity components by amounts calculated from taking into account the parachute trajectory
described above. In describing the results here, 1 = 0 marks the beginning of the trajectory phase repre-
sented by the oblique line in Fig. 8. In this computation the time step size is 0.005.

Fig. 9 shows the vertical component of the velocity for a parachute descending through a wake-free air
(i.e., the parachute is in a uniform vertical flow) and the parachute crossing the wake. These results cor-

Fig. 10. Flow in Subdomain-3. Pressure distribution on the parachute surface. Parachute in uniform flow (left), and in the wake at
t = 0.4 (middle) and ¢ = 0.8 (right). The upper and lower parachute surfaces are shown, respectively, in the upper and lower rows of
pictures.
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Fig. 11. Flow in Subdomain-3. Time history of the aerodynamical forces acting on the parachute for the one in uniform flow and the
one in the wake. Graphs show the forces in the aircraft’s flight direction (left), the vertical drag (middle), and the force in lateral
direction (right).

respond to the centered vertical plane, and are displayed at two different instants for the parachute in the
wake. Fig. 10 shows the pressure distribution on the upper and lower surfaces of the parachute for the one
in uniform flow and the one crossing the wake. The results for the parachute crossing the wake are dis-
played at the same time steps as those in Fig. 9. We note that, at t = 0.8, for some parts of the parachute,
the pressure on the upper surface is larger than the pressure on the lower surface. Fig. 11 shows the
aerodynamical forces acting on the parachute for the one in uniform flow and the one in the wake.

6. Concluding remarks

We described the MDM for computation of the unsteady flow past an aircraft and in its long-wake and
around a parachute crossing the far wake. The computational domain is divided into three overlapping
subdomains. Subdomain-1 contains the aircraft. Subdomain-2 is used for computing the long-wake flows.
Subdomain-3 contains the parachute and moves across Subdomain-2. The inflow boundary conditions for
Subdomain-1 are the free-stream conditions, whereas the inflow conditions for Subdomain-2 are extracted
from Subdomain-1. The boundary conditions for Subdomain-3 are extracted from Subdomain-2. Subdo-
main-1 contains a fixed object, and therefore does not need a method designed to handle changes in the
spatial domain. With this in mind, for Subdomain-1, we use a semi-discrete stabilized formulation. This
stabilized formulation is based on SUPG and PSPG stabilizations. However, because Subdomain-1 in-
volves a complex object, we use the general-purpose implementation of the semi-discrete formulation, so
that we can use unstructured meshes. On the other hand, Subdomain-2 does not involve any objects, and
therefore we use a special-purpose implementation of the semi-discrete formulation. This special-purpose
implementation takes into account the simplicity of the mesh, and results in faster computations. Fur-
thermore, to capture the details of the wake behavior more accurately, the method used in Subdomain-2 is
supplemented with the EDICT. Subdomain-3 contains a complex and moving object. For this subdomain,
we use the general-purpose implementation of the DSD/SST formulation developed earlier. In our appli-
cation here, we focused on the aerodynamics of a rigid parachute, and therefore did not take into account
the fluid—structure interactions. Our presentation in this paper included a numerical example. With this
example, we showed that, the MDM, which brings together different numerical methods most effectively for
different subdomains, enables us to address the complexities involved in the aerodynamics of a parachute
crossing the far wake of an aircraft.
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